SOME NEW GEOMETRICAL SIGNIFICANCES OF THE
PROJECTIVE CURVATURES AND THE CURVATURE
FORM OF A SPACE CURVE
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Su has recently established (*) the projective theory of space curves
by- &~ purely geometrical method .and has shown among other _things
that the projective invariants of a curve can simply be expressed by cer-
tain double ratios. In my former paper(®) I have interpreted the curvature
form by the Von Staudt’s double ratios of the tangent of the space curve
C at a point infinitely near an ordinary point P with respect to funda-
mental tetrahedron of Sannia at P.

The object of this paper is to give some simpler geometrical signi-
ficances of the projective curvatures and the curvature form of a space
curve C.

Let the coordinates of the vertices P, P,, P.. I’. of the normal
tetrahedron of Su be (x), (a1). (a.), (w3) respectively. then the pro-
jective Frenet-Serret Formulae take on the form (%)

!

r =2,
!
2, =—31lz + z,,

) <m;=—-156 o= 41z + xy,

Lz§=—tlw—é:m—31xf_,,
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where the dash represents the derivative with respect to the projective

arc o; I and J denote respectively the first and second projective cur-
vatures of Sannia.

It is well known that any seven-point quadric of a space curve C

at a point P always passes through the eighth fixed point S, namely, the
point of Sannia.

If we express the projective homogeneous (oordmates of any point
M(Y) in space by the form .

2) Y=?/1x+ygzl+y!x2+y4w3’

where ¥, ¥., ¥3, ys denote the local coordinates of M with respect to
the normal tetrahedron { PP,P.Py} of C at P with the unit point
(x+z,+x2+2x;), then the coordinates of S are

h=1-—9zaj,
Y, =2 3%,

(3) ”s =% o,
Ys =>g‘ 3,

%o being defined by

(@) Zo= 3

5J°

Whence the coordinates of the point of intersection S of the plane
[P:P,;, S] and the tangent PP, are

(5) yl-1—9‘53, 1!2"3%, ‘!Ia-oa y‘-o;

and the principal point of Sannia R is
(6) N=5J, p=—4, ys=0, y4=0.

From (5) and (6) it follows that the double ratio of the four
points P, P;, R, S is equal to
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, . 1, 3.2
(7) DE(PP],ILS[=_§+53J3;
oY

T
M g S

5 (1 4+ 3D)"
Thus we arrive at the following
Theorem 1. Let S be the point where the tangent PPy intersects
the plane determined by the cdge P.Py of the normal tetrahedron und
the Sannia point S. If R be the priveipal point of Sannic and D the

- double ratio of the fowr points P. Py, R, S, they. the second projective
curvativre J s given by the equation (I).

In the next place we shall express the first projective curvature
I by another simple double ratio of four ¢lements of a primitive geometric
form.

The equation of the osculating conic €, of C at P is given by
n 8
) Vo=~ gt =0,

and from (1) we obtain that the equation of the tangent ¢, to the curve
(P]) at 1'1 is

(9) 1+ 31y = 0.

Let Q¢ denote the points of intersection ot ¢, and C., then their coordinates
are

(10) yr=—31, yo=¢e/—8], =1 yi=0,

where ¢==1. On the other hand the tangent of the curve (£%) at [’y
meets the osculating plane of the curve at the point P, with the co-
ordinates

(1) Y= .1, ?/2:%,- ya =31, yi=0.

Therefore the double ratio of the four lines PP,, PP., PP.* PQ¢
is equal to

PP, P, It Qo= "2 el /=81,
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or

2
(an r=- [ pep,re i)

Thus we are led to -

{

Theorem II. Let Qg (e=1 v —1) denote one of the points where
the tangent t; of the curve (P,) at P, intersects the osculating contc
C, of C at P, and let P;* be the point where the tangent of the curve
(P3) at P, meets the osculating plane; then the cube of the first pro-

jective curvalure I of C is, except a numemcal faatov — 252, equal to

" the square of the dorubie ratio of the four lines PP, PPo, PP,,* PQ:.

. Finally, we shall give a simple geometric significance of the cur-
vature form

The consecutive point P’ (x(6 + do)) of P of the curve C may
be regarded as a point on the osculating plane provided that the in-
finitesimals of order 2 3 be neglected. Thus

2
$(0+d0)=(1—’g_ld62)$+d011+ dg‘ T2 »

and consequently the local coordinates of P’ are given by
2
'y1=1—‘g’ld021 yg=d01 1]3="d§"; y(=0.
Any point on the line PP’ is of the coordinates

) do?
(12) 2/1=1—_g‘1d02—9' Y =do, Ys= “20“, ys=0,

¢ being a parameter. If Q, Q' denote the points of intersection of PP’
with P,P. and the tagent ¢, of (P;) respectively, then the corresponding
parameters of Q, @’ are 1-—- -3—1 do® and 1 respectively. Hence the double

ratio of P, P’, Q’, Q is

A=S(PF,QQ =1— %Ido’.
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Therefore we have the following theorem:

Theorem II1. Let P’ be a point on C so near the point I’ that
on the osculating plane but not on the tawgent of C at P If the line
PP’ intcrscets the Une PiP. and the tangent t, of (Py) ot Q aund Q'
respectively, aund if A devote the double ratio of the four points I, D7,

Q’, Q. then

(i Ido® = %(1 —A).
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