Forecasting Using Principal Components
From a Large Number of Predictors

James H. Stock and Mark W. WATSON

This article considers forecasting a single time series when there are many predictors (N) and time series observations (7). When the
data follow an approximate factor model, the predictors can be summarized by a small number of indexes, which we estimate using
principal components. Feasible forecasts are shown to be asymptotically efficient in the sense that the difference between the feasible
forecasts and the infeasible forecasts constructed using the actual values of the factors converges in probability to 0 as both N and T
grow large. The estimated factors are shown to be consistent, even in the presence of time variation in the factor model.

KEY WORDS: Factor models; Forecasting; Principal components.

1. INTRODUCTION

This article considers forecasting one series using a large
number of predictor series. In macroeconomic forecasting, for
example, the number of candidate predictor series (N) can be
very large, often larger than the number of time series obser-
vations (7') available for model fitting. This high-dimensional
problem is simplified by modeling the covariability of the
series in terms of a relatively few number of unobserved latent
factors. Forecasting can then be carried out in a two-step pro-
cess. First, a time series of the factors is estimated from the
predictors; second, the relationship between the variable to be
forecast and the factors is estimated by a linear regression. If
the number of predictors is large, then precise estimates of the
latent factors can be constructed using simple methods even
under fairly general assumptions about the cross-sectional and
temporal dependence in the variables. We estimate the factors
using principal components, and show that these estimates are
consistent in an approximate factor model with idiosyncratic
errors that are serially and cross-sectionally correlated.

To be specific, let y, be the scalar time series variable to be
forecast and let X, be a N-dimensional multiple time series
of candidate predictors. It is assumed that (X,,y,,,) admit a
factor model representation with » common latent factors F,,

X, =AF, +e, (1)

and
YVitn = BIFFI + B,wwr +&tn (2)

where e, is a N x 1 vector idiosyncratic disturbances, & is the
forecast horizon, w, is a m x 1 vector of observed variables
(e.g., lags of y,), that together with F, are useful for forecasting
Yi+n> and g, is the resulting forecast error. Data are available
for {y,, X,, w,}_,, and the goal is to forecast y;_,.

If the idiosyncratic disturbances e, in (1) were cross-
sectionally independent and temporally iid, then (1) is the
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classic factor analysis model. In our macroeconomic forecast-
ing application, these assumptions are unlikely to be satisfied,
and so we allow the error terms to be both serially corre-
lated and (weakly) cross-sectionally correlated. In this sense,
(1) is a serially correlated version of the approximate factor
model introduced by Chamberlain and Rothschild (1983) for
the study of asset prices. To construct forecasts of y;, ,, we
form principal components of {X,}_, to serve as estimates of
the factors. These estimated factors, together with w,, are then
used in (2) to estimate the regression coefficients. The fore-
cast 1s constructed as y., = BFFT +B wr, where BF, Bw,
and FT are the estimated coefficients and factors.

This article makes three contributions. First, under general
conditions on the errors discussed in Section 2, we show that
the principal components of X, are consistent estimators of
the true latent factors (subject to a normalization discussed
in Sec. 2). Consistency requires that both N and T — oo,
although there are no restrictions on their relative rates of
increase. Second, we show that the feasible forecast, y;,,,
constructed from the estimated factors together with the esti-
mated coefficients converge to the infeasible forecast that
would be obtained if the factors and coefficients were known.
Again, this result holds as N, T — oo. Thus the feasible fore-
cast is first-order asymptotically efficient. Finally, motivated
by the problem of temporal instability in macroeconomic fore-
casting models, we study the robustness of the consistency
results to time variation in the factor model. We show that
these results continue to hold when the temporal instability
is small (as suggested by empirical work in macroeconomics)
and weakly cross-sectionally dependent, in a sense that is
made precise in Section 3.

This article is related to a large literature on factor anal-
ysis and a much smaller literature on forecasting. The liter-
ature on principal components and classical factor models is
large and well known (Lawley and Maxwell 1971). Sargent
and Sims (1977) and Geweke (1977) extended the classical
factor model to dynamic models, and several researchers have
applied versions of their dynamic factor model. In most appli-
cations of the classic factor model and its dynamic general-
ization, the dimension of X is small, and so the question of
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consistent estimation of the factors is not relevant. However,
several authors have noted that with large N, consistent esti-
mation is possible. Connor and Korajczyk (1986, 1988, 1993)
discussed the problem in a static model and argue that the fac-
tors can be consistently estimated by principle components as
N — oo even if the errors terms are weakly cross-sectionally
correlated. Forni and Reichlin (1996, 1998) and Forni, Hallin,
Lippi, and Reichlin (1999) discussed consistent (N, T — o)
estimation of factors in a dynamic version of the approximate
model. Finally, in a prediction problem similar to the one con-
sidered here, Ding and Hwang (1999) analyzed the properties
of forecasts constructed from principal components in a set-
ting with large N and 7. Their analysis is conducted under
the assumption that error process {e,, £,,,} is cross-sectionally
and temporally iid, an assumption that is inappropriate for
economic models and when interest focuses on multiperiod
forecasts. We highlight the differences between our results and
those of others later in the article.

The article is organized as follows. Section 2 presents the
model in more detail, discusses the assumptions, and presents
the main consistency results. Section 3 generalizes the model
to allow temporal instability in the factor model. Section 4
examines the finite-sample performance of these methods in a
Monte Carlo study, and Section 5 discusses an application to
macroeconomic forecasting.

2. THE MODEL AND ESTIMATION
2.1 Assumptions

As described in Section 1, we focus on a forecasting sit-
uation in which N and T are both large. This motivates our
asymptotic results requiring that N, T — oo jointly or, equiv-
alently, that N = N(T) with lim;_ ., N(T) — oo. No restric-
tions on the relative rates of N and T are required.

The assumptions about the model are grouped into assump-
tions about the factors and factor loading, assumptions about
the errors in the (1), and assumptions about the regressors and
errors in (2).

Assumption F1 (Factors and Factor Loading).

a. (NVA/N)— 1.

b. E(F,F]) = 3, where 2, is a diagonal matrix with
elements 0; > 07; > 0 for i < j.

C. Al A <o

d T'Y,FF 5 3,

Assumption F1 serves to identify the factors. The nonsin-
gular limiting values of (A’A/N) and 3, imply that each of
the factors provides a nonnegligible contribution to the aver-
age variance of x;,, where x;, is the ith element of X, and
the average is taken over both i and 7. Moreover, because
AF, = ARR™'F, for any nonsingular matrix R, a normaliza-
tion is required to uniquely define the factors. Said differ-
ently, the model with factor loadings AR and factors R™'F,
is observationally equivalent to the model with factor load-
ings A and factors F,. Assumption Fl(a) restricts R to be
orthonormal, and this together with Assumption F1(b) restricts
R to be a diagonal matrix with diagonal elements of 1. This
identifies the factors up to a change of sign. Equivalently,
Assumption F1 provides this normalization (asymptotically)
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by associating A with the ordered orthonormal eigenvectors of
(NT)"' YT AF,F/A’ and {F,}"_, with the principal compo-
nents of {AF,}T_,. The diagonal elements of 3, correspond
to the limiting eigenvalues of (NT)~' 3""_, AF,F/A’. For con-
venience, these eigenvalues are assumed to be distinct. If they
were not distinct, then the factors could only be consistently
estimated up to an orthonormal transformation.

Assumption F1(b) allows the factors to be serially corre-
lated, although it does rule out stochastic trends and other pro-
cesses with nonconstant uncondititional second moments. The
assumption also allows lags of the factors to enter the equa-
tions for x;, and y,,, . A leading example of this occurs in the
dynamic factor model

x; = N(L)f, +e; (3)

and
Yivn = Bf(L),f: +B:uwt +€r+h’ (4)

where A;(L) and B,(L) are lag polynomials is nonnegative
powers of the lag operator L. If the lag polynomials have
finite order ¢, then (3)—~(4) can be rewritten as (1)—~(2) with
Fo=(f/fl_, - f/-,) and Assumption F1(b) will be satisfied
if the f, process is covariance stationary.

In the classical model, the errors or “uniquenesses” are
assumed to be iid and normally distributed. This assumption is
clearly inappropriate in the macroeconomic forecasting appli-
cation, because the variables are serially correlated, and many
or the variables (e.g., alternative measures of the money sup-
ply) may be cross-correlated even after the aggregate factors
are controlled for. We therefore modify the classic assump-
tions to accommodate these complications.

Assumption M1 (Moments of the Errors e,).

a. E(ee,,/N)= 'YN,r(u)» and
th——)oo Supt Zuz—oo lYN,t(u)l < 0.
Let ¢, denote the ith element of e,; then
. 1N N
b. E(eitejt) = Tij o limy_, , sup, N : 2in Z,‘:] ITij,tl < 00,
and
. 1N N
c. limy_, sup, N7'Y1, 30 [cov(e, e, ej5e;,)| < oo

Assumption M1(a) allows for serial correlation in the e,
processes. As in the approximate factor model of Chamber-
lain and Rothschild (1983) and Connor and Korajczyk (1986,
1993), Assumption M1(b) allows {e;} to be weakly corre-
lated across series. Forni et al. (1999) also allowed for serial
correlation and cross-correlation with assumptions similar to
Ml(a)~(b). Normality is not assumed, but M1(c) limits the
size of fourth moments.

It is assumed that the forecasting equation (2) is well
behaved in the sense that if {F,} were observed, then ordi-
nary least squares (OLS) would provide a consistent estimator
of the regression coefficients. The specific assumption is as
follows.

Assumption Y1 (Forecasting Equation).
and 8 = (B B,,)". Then the following hold:

’ Srr 2 w
a. E(Z,Z,) = Ezz = [EF: Fi

b T7'Y,2,2, 53,

Let z, = (F, w])

] a positive definite matrix.
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P
c. T7'Y, 2,6, — 0.
d. T7'Y, &, > o2
e. |B| < oo.

Assumptions Y1(a)—(c) are a standard set of conditions that
imply consistency of OLS from the regression of y,,, onto
(F/ w}). Here F, is not observed, and the additional assump-
tions are useful for showing consistency of the OLS regres-
sion coefficients in the regression of y,,, onto (F 'w;) and the
resulting forecast of y;_,.

2.2 Estimation

In “small-N” dynamic factor models, forecasts are gener-
ally constructed using a three-step process (see, e.g., Stock
and Watson 1989). First, parametric models are postulated for
the joint stochastic process {y,.,, X,, w,, ¢,}, and the sample
data {y,,,, X,, w,}-" are used to estimate the parameters of
this process, typically using a Gaussian Maximum likelihood
estimator (MLE). Next, these estimated parameters are used
in signal extraction algorithms to estimate the unknown value
of F;. Finally, the forecast of y;,, is constructed using this
estimated value of the factor and the estimated parameters.
When N is large, this process requires estimating many param-
eters using iterative nonlinear methods, which can be compu-
tationally prohibitive. We therefore take a different approach
and estimate the dynamic factors nonparametrically using the
method of principal components.

Consider the nonlinear least squares objective function,

V(F,A)=(NT)"' .3 (x, = L), )

written as a function of hypothetlcal values of the factors (F )
and factor loadings ( (A) where F=(F\F,.. . F;) and A, is the
ith row of A. Let F and A \ denote the minimizers of V(F A)
After concentrating out F, minimizing (5) is equivalent to
maximizing tr[A X’XA] subject to A'A/N = 1I,, where X is
the T x N data matrix with ¢th row X; and r(-) denotes the
matrix trace. This is the classical principal components prob-
lem, which is solved by setting A equal to the eigenvectors of
X'X corresponding to its r largest eigenvalues. The resulting
principal components estimator of F is then

F=X2A/N. (6)

Computation of F requires the eigenvectors of the N x N
matrix X'X; when N > T, a computationally simpler approach
uses the T x T matrix XX'. By concentrating out . A minimiz-
1ng (5) is equivalent to maximizing tr[F ’(XX’)F F], subject to
FF /T = I, which yields the estimator, say F, which is the
matrix of the first r eigenvectors of XX'. The column spaces
of F and F are equivalent, and so for forecasting purposes
they can be used interchangeably, depending on computational
convenience.

2.3 Consistent Estimation of Factors
and Forecasts (1) and (2)

The first result presented in this section shows that the prin-
cipal component estimator is pointwise (for any date ¢) con-
sistent and has limiting mean squared error (MSE) over all ¢
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that converges in probability to 0. Because Assumption F1
does not identify the sign of the factors, the theorem is stated
in terms of sign-adjusted estimators.

Theorem 1. Let S; denote a variable with value of +1, let
N,T — oo, and suppose that F1 and M1 hold. Suppose that
k factors are estimated, where k may be < or > r, the true
number of factors. Then S; can be chosen so that the following
hold:

a. Fori=l,2,- > T, T- Z: ](Sl it P‘”)Z_p)o
b. Fori=l,2,..., ,SiF,.,—>Fi,.
C. Fori:r+150"7k9 T_lZIT=1FA2 ‘

The details of the proof are provided in the Appendix;
here we offer only a few remarks to provide some insight
into problem and the need for the assumptions given in
the preceding section. The estimation problem would be
considerably simplified if it happened that A were known,
because then F, could be estimated by the least squares
regression of {x;}Y, onto {A;}¥ . Consistency of the result-
ing estimator would then be studied by analyzing f’\, —-F, =
(ANA/N)(N7'Y; Ae;,). Because N — oo, (A'A/N) — I,
[by Fl(a)], and N='¥; A;e;, - 0 [by Ml(a) and F1(c)], the
consistency of I?, would follow directly. Alternatively, if F
were known, then A; could be estimated by regression {x;,}"_,
onto {F,}T,, and consistency would be studied analyzing
(T-'Y,F,F))"'T~'Y,F,e,, as T — oo in a similar fashion.
Because both F' and A are unknown, both N and T — oo are
needed, and as it turns out, the proof is more complicated than
these two simple steps suggest. The strategy that we have used
is to show that the first r eigenvectors of (NT)~'X'X behave
like the first r eigenvectors of (NT)™'A’F'FA (Assumption
M1 is critical in this regard), and then show that these eigen-
vectors can be used to construct a consistent estimator of F
(Assumption F1 is critical in this regard).

The next result shows that the feasible forecast (constructed
using the estimated factors and estimated parameters) con-
verges to the optimal infeasible forecast and thus is asymptoti-
cally efficient. In addition, it shows that the feasible regression
coefficient estimators are consistent.

The result assumes that the forecasting equation is estimated
using the k = r factors. This is with little loss of generality,
because there are several methods for consistently estimating
the number of factors. For example, using analysis similar to
that in Theorem 1, Bai and Ng (2001) constructed estimators
of r based on penalized versions of the minimized value of
(5), and in an earlier version of this article (Stock and Watson
1998a), we developed a consistent estimator of r based on the
fit of the forecasting equation (2).

Theorem 2. Suppose that Y1 and the conditions of The-
orem 1 hold. Let B, and Bw denote the OLS estimates of
Br and B, from the regression of {y, ,}7-/* onto (F,, w, }t
Then the following conditions hold:

A~ oA »

a. (B FT+B wr) = (BxFr + B,wr) — 0.

b. Bw B. % 0and S; (deﬁned in Theorem 1) can be cho-
sen so that SB,F Bir 50 fori= 1,.
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The theorem follows directly from Theorem 1 together with
Assumption Y1. The details of the proof are given in the
Appendix.

3. TIME-VARYING FACTOR LOADINGS

In practice, when macroeconomic forecasts are constructed
using many variables over a long period, some degree of tem-
poral instability is inevitable. In this section we model this
instability as stochastic drift in the factor loadings, and show
that if this drift is not too large and not too dependent across
series (in a sense made precise later), then the results of Theo-
rems 1 and 2 continue to hold. Thus the principal components
estimator and forecast are robust to small and idiosynchratic
shifts in the factor loadings.

Specifically, replace the time-invariant factor model (1) with

Xip = /\itFt +e; (7)

and
Ay =Ny +8&irda )]
fori=1,...,Nand t=1,...,T, where g;; is a scalar and

{,, is an r x 1 vector of random variables. This formulation
implies that factor loadings for the ith variable shift by an
amount, g;;{;,, in time period ¢. The assumptions given in this
section limit this time variation in two ways. First, the scalar
g7 is assumed to be small [g;; ~ O,(T~")] which is consistent
with the empirical literature in macroeconomics that estimates
the degree of temporal instability in macroeconomic relations
(Stock and Watson 1996, 1998b). This nesting implies that
means that A,z — Ay ~ O,(T~"/%). Second, {;, is assumed to
have weak cross-sectional dependence. That is, whereas some
of the x variables may undergo related shifts in a given period,
wholesale shifts involving a large number of the x’s are ruled
out. Presumably such wholesale shifts could be better repre-
sented by shifts in the factors rather than in the factor load-
ings. In any event, this section shows that when these assump-
tions hold (along with technical assumptions given later), then
the instability does not affect the consistency of the principal
components estimator of F,.

To motivate the additional assumptions used in this section,
rewrite (7) as

X, = AoF, +a;, (9)

where ai;=¢€ + (/\ir - )‘iO)Ft =€ +giT Z;=1 {i,sFt‘ This €qua-
tion has the same general form of the time-invariant factor
model studied in the last section, with A,y and a,, in (9) replac-
ing A; and ¢;, in the time-invariant model. This section intro-
duces two new sets of assumptions that imply that A;, and q;,
in (9) satisfy the assumptions concerning A; and e;, from the
preceding section. This means that the conclusions of Theo-
rems 1 and 2 will continue to hold for the time-varying factor
model of this section.
The first new assumption is as follows.

Assumption F2.

a. gr is independent of F,, e;,, and {}, for all i, j, and ¢
and sup; ; 4 T[E(IgingTngngl)l/4] < k < oo for all i,
J, k, and m.
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b. The initial values of the values loadings satisfy
NS Nghip = AgAo/N = I, and sup, ;|A; ol < A,
where A;; , is the jth element of A.

As discussed earlier, Assumption F2(a) makes the amount
of time variation small. Assumption F2(b) means that the ini-
tial value of the factor loadings satisfy the same assumptions
as the time-invariant factor loading of the preceding section.

The next assumption limits the dependence in (;,. This
assumption is written in fairly general form, allowing for some
dependence in the random variables in the model.

Assumption M2. Let {;, ,
Then the following hold:

denote the mth element of .

. T—
a. 11mT—>oo Supi,s Zv:ls—s Supt,q I.m |E(Flt zis 1Sis+v, m)|<°o
. T—
b. hmT—»oo supi,s Zv:ls—s supm q |E(ezs mqgls-!—v m)l < oo.
limN—>oo N_l Zi Zj Supl,t,m,q,s,v IE(FIr mq{is,l jv,m)|<°°'
limN—»ooN_lZ'Z‘supr s, q, mlE(eit gjq m)l < 0.
e. L limy, N7'Y, 2 SUPy 2 e Ilcov(e,,l ity
Fl|t3{]l4,l| Flztsgjtﬁ,lz | < 0.
2. limy_  N7'Y; >_jsup;, A |cov(e;, e, €1, Fiy, X
gj15,1)|.< oo.
3. th—»oo N_l Zi ZI Sup{lk}k {1} k |
F12r3§it4,12’ Fl;rsgjt6,l3Fl4r7{j18,I4)| < 0.

4. limy_  N7'Y, > SUPL R ()T, |cov(F),, i1, X
< 0.

e o

ICOV(FlltI {z X

1,1

Flzr3 gir4 1 ejt5FI316§jt7 13)

5. th—)ooN Z Z Sup[lk]k_l lk
j'AP‘IZ'S{j‘G,IZ)l < 0.

' cov(e,,l FI, 1 {it3, Iy

This assumption essentially repeats Assumption M1 for
the components of the composite error term a,;, in (9).
To interpret the assumption, consider the leading case in
which the various components {g,}, {F,}, {e,}, and {{,}
are independent and have mean 0. Then, assuming that
the F, have finite fourth moments, and given the assump-
tions made in the last section, Assumption M2 is satis-
fied if (a) 1imT—>oo Supi‘s Z::ls—s Supl,m IE(L'A‘,I is+v,m)l < 003
(b) limy_o. N5 55001, [E G m)| < 005 and (©)
th—mN 252 SUP () leov (&, 1, Sity. 1y 5,:3 L X
i 1) < 00, wh1ch are the analogs of the assumptions in M1
applied to the { error terms.

These two new assumptions yield the main result of this
section, which follows.

Theorem 3. Given F1(b), F1(d), F2, M1, and M2, the
results of Theorems 1 and 2 continue to hold.

The proof is given in the Appendix.

4. MONTE CARLO ANALYSIS

In this section we study some of the finite-sample proper-
ties of the principal components estimator and forecast using
a small Monte Carlo experiment. The framework used in the
preceding two sections was quite rich, allowing for distributed
lags of potentially serially correlated factors to enter the x and
y equations, error terms that were conditionally heteroscedas-
tic and serially and cross-correlated, and factor loadings that
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evolved through time. The design used here incorporates all
of these features, and the data are generated according to

q
Xip = Z Aijtft—j + e

(10)

j=0
Aije = Ajjuy + (/T 0 (11)
fi=afiitu, (12)
(1-aL)e;, = (1+b*)v, + by, by s (13)
Vie = 0y N> (14)

and

ol =8,+8,02_,+8,v}_,, (15)
where i=1,...,N,t=1,...,T, f, and )\;j, are r x 1, and

the variables {{;;,}, {u;,}, and {m;} are mutually independent
iid N(0, 1) random variables. Equation (10) is dynamic factor
model with g lags of r factors that, as shown in Section 2, can
be represented as the static factor model (1) with r =7(1+¢q)
factors. From (12), the factors evolve as a vector autoregres-
sive [VAR(1)] model with common scalar autoregressive (AR)
parameter . From (13), the error terms in the factor equation
are serially correlated, with an AR(1) coefficient of a, and
cross-correlated, [with spatial moving average [MA(1)] coeffi-
cient b)]. The innovations v;, are conditionally heteroscedastic
and follow a GARCH(1, 1) process with parameters 6,, 0,
and 8, [see (14) and (15)]. Finally, from (11), the factor load-
ings evolve as random walk, with innovation standard devia-
tion proportional to c.
The scalar variable to be forecast is generated as

q

= Zl',ft—j_l—st+l’

j=0

(16)

Y41

where ¢ is an 7 x 1 vector of 1s and g,,, ~iid N(0, 1) and is
independent of the other errors in (10)—(15).

The other design details are as follows. The initial factor
loading matrix, A,, was chosen as a function of Ri2, the frac-
tion of the variance of x;, explained by F,. The value of R?
was chosen as an iid random variable equal to 0 with proba-
bility 7 and drawn from a uniform distribution on [.1, .8] with
probability 1 — . A nonzero value of 7 allows for the inclu-
sion of x’s unrelated to the factors. Given this value of R?, the
initial factor loading was computed as Ao = “(RH)A;; 00 where
A*(R?) is a scalar and )l, o ~1id N(0, 1) and independent of
{Mi» {;j» w,}. The initial values of the factors were drawn from
their stationary distribution. The parameter 6, was chosen so
that the unconditional variance of v;, was unity.

Principal components were used to estimate k factors, as
discussed in Section 2.2. These k estimated factors were
used to estimate r (the true number of factors) using meth-
ods described later, and the coefficients 8 in the forecasting
regression (2) were estimated by the OLS coefficients 3 in the
regression of y,,; onto F},, j=1,. Fot=1, , T —1,
where 7 is the estimated number of factors The out- of-sample
forecast is yr,,r = =y =1 ,B ;Fjr. For companson purposes, the
infeasible out- of-sample forecast yr,,r = = B'F; was also com-
puted, where B is the OLS estimator obtained from regress-
ing y,,, onto F,, t=1,. T — 1. The free parameters in
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the Monte Carlo experiment are N,T,r,q,k, 7, a,b,c, &,
and 9,.

The results are summarized by two statistics. The first statis-
tic is a trace R? of the multivariate regression of F onto F,

R:  =E||P;F|*/E|F|* = Etr(F P.F)/Etr(F'F), (17)
where E denotes the expectation estimated by averaging the
relevant statistic over the Monte Carlo repetitions and P =
F(F'F)~'F'. According to Theorem 1, R% 51

The second statistic measures how close the forecast based
on the estimated factors is to the infeasible forecast based on
the true factors,

835 =1=EQroyr =10 /E(tyr).  (18)

Because ;1,7 — Yrir % 0 when k = r from Theorem 1,
S2 5 should be close to 1 for appropnately large N and T. S2
1s computed for several choices of 7. First, as a benchmark
results are shown for 7 = r. Second, 7 is formed using three
of the information criteria suggested by Bai and Ng (2001).
These criteria have the form IC,(k) = ln(Vk)—i-kg(T N),
where Vk is the minimized value of the objective function (5)
for a model with k factors and g;(7', N) is a penalty function.
Three of the penalty functions suggested by Bai and Ng are

used:
N+T NT
N,T = 1 ’
s(N. T) ( NT ) n(N—l-T)
N+T
gz(N»T)=( NT )1 C}%rr»
and i (C2 )
n
sv.7) = (P52,
NT

where C,ZVT = min(N, T), resulting in criteria labeled IC 1o
IC,,, and IC ;. The minimizers of these criteria yield a con-
sistent estimator of r, and interest here focuses on their rela-
tive small-sample accuracy. Finally, results are shown with 7
computed using the conventional Akaike information criterion
(AIC) and Bayes information criterion (BIC) applied to the
forecasting equation (2).

The results are summarized in Table 1. Panel A presents
results for the static factor model with iid errors and factors
and with large N and T(N, T > 100). Panel B gives corre-
sponding results for small values of N and T(N, T < 50).
Panel C adds irrelevant x;,’s to the model (7 > 0). Panel D
extends the model to idiosyncratic errors that are serially
correlated, cross-correlated, conditionally heteroscedastic, or
some combination of these. Panel E considers the dynamic
factor model with serially correlated factors and/or lags of the
factors entering’ X,. Finally, panel F gives time-varying factor
loadings.

First, consider the results for the static factor model shown
in panel A. The values of R2  exceed .85 except when many
redundant factors are estlmated The smallest value of R2 FF
is .69, which obtains when N and T are relatively small
(N =T =100) and there are 10 redundant factors (r =5 and
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Table 1. Monte Carlo Results

555

T N r k q a a b c T 8 S, 5, Rf_, , k=r IC, IC, IC,; AIC BIC
A. Static factor models, large N and T
100 100 5 5 0 o 0 0 0 0 100 O 0 .94 .93 .93 .93 .93 .93 .91
100 250 5 5 0 O 0 0 0 0 100 O 0 97 .96 .96 .96 .96 .96 .95
100 500 5 5 0 o 0 0 0 0 1.00 O 0 .98 .98 .98 .98 .98 .97 .96
100 100 5 10 0o o 0 0 0 0 100 O 0 .78 .93 .93 .93 .93 91 91
100 250 5 10 0 O 0 0 0 0 100 O 0 .85 .96 .96 .96 .96 .94 .95
100 500 5 10 0 O 0 0 0 o0 1.00 O 0 .88 .98 .98 .98 98 .96 .96
100 100 5 15 0 o 0 0 0 0 100 O 0 .69 .93 .93 .93 .93 .89 91
100 250 5 15 0 O 0 0 o o 1.00 O 0 77 .96 .96 .96 96 .93 .95
100 500 5 15 0 O 0 0 0 0 100 O 0 .81 .98 .98 .98 .98 .95 .96
100 100 10 10 0 o 0 0 0 0 100 O 0 .88 .83 .56 .16 .83 .82 74
100 250 10 10 0o o 0 0 0 0 100 O 0 .95 .92 .88 .82 .92 .92 .85
100 500 10 10 0 O 0 0 0 0 100 O 0 .97 .95 .94 .93 .95 .95 .89
B. Static factor models, small N and T

25 50 2 2 0 o 0 0 0 0 100 O 0 .92 .90 .90 .90 .90 .89 .87

50 50 2 2 0 O 0 0 0 0 100 O 0 .94 .93 .93 .93 .93 .93 92

25 50 5 5 0o o0 0 0 0 0 100 O 0 .84 .65 .57 .35 .66 .58 49

50 50 5 5 0o o0 0 0 0 0 100 O 0 .87 .82 .75 .52 .82 .81 74

25 50 2 10 0 o 0 0 0 0 100 O 0 .56 .90 .90 .90 .28 .62 .79

50 50 2 10 0 O 0 0 o o 100 O 0 .62 .93 .93 93 .70 .86 91
C. Irrelevant X’s
100 333 5 5 0 o 0 0 0 25 100 O 0 .97 .96 .96 .96 .96 .96 .95
100 333 5 10 0o o0 0 0 0 25 100 O 0 .81 .96 .96 .96 .96 .94 .95
100 333 10 10 0o o0 0 0 0 25 100 O 0 .94 .92 .43 .30 .80 91 .83
D. Dependent errors
100 250 5 5 0O O 5 0 0 0 100 O 0 97 .96 .96 .96 .96 .96 .95
100 250 5 10 (O] 5 0 0 0 100 O 0 .80 .96 .96 .96 .96 .95 .95
100 250 5 5 0 O 9 0 0 0 100 O 0 .85 .84 .84 .84 .84 .84 .82
100 250 5 5 (O] 0 0 0 0 05 .90 .05 .97 .97 .97 .97 .97 .96 .95
100 250 5 5 0O O 9 0 0 0 .05 .90 .05 85 .85 .85 .85 .85 .84 .82
100 250 5 5 [V ] 0 1.0 0 0 1.00 .00 O .97 .96 .96 .96 .96 .96 .95
100 250 5 10 0 O 0 1.0 0 0 1.00 .00 O .82 .96 .96 .96 .96 .94 .95
100 250 5 10 0O O 0 1.0 0 0 .05 .90 .05 .82 .96 .96 .96 .96 .94 .95
E. Dynamic factors
100 250 5 10 1 0 0 0 0 0 100 O 0 .95 .92 .87 .80 .92 91 .84
100 250 5 15 1 0 0 0 0 0 100 O 0 .84 .92 .87 .80 .92 .89 .84
100 250 5 5 0 g9 0 0 0 0 100 O 0 .89 .80 .78 .76 .79 .79 .75
100 250 5 10 0 9 0 0 0 0 100 O 0 .76 .80 .78 .76 .79 77 .75
100 250 5 5 0 9 5 10 0 0 100 O 0 .88 .79 .79 .79 .79 .78 .75
100 250 5 5 0 9 5 10 0 0 .05 .90 .05 .88 .78 .78 .78 .78 77 .73
100 250 5 10 0 9 5 10 0 0 100 O 0 7 .79 .79 .79 .74 77 .75
F. Time-varying factor loading
100 250 5 5 0 O 0 0 5 0 100 O 0 .93 .93 .93 .93 .93 .92 91
100 250 5 5 0 O 0 0 10 0 100 O 0 .86 .89 .89 .89 .89 .88 .87
100 250 5 5 0o o 0 0 5 0 .05 .90 .05 .93 .93 .93 .93 .93 .93 .92
100 250 5 10 0o o 0 0 5 0 100 O 0 .81 .93 .93 .93 .88 .85 .89
100 250 5 10 0o o 0 0 10 0 100 O 0 .76 .89 77 .79 74 .78 .82
100 250 5 5 0 9 5 10 5 0 100 O 0 .86 .78 .78 .78 .78 77 .74
100 250 5 5 0 .9 5 10 10 0 100 O 0 .82 .75 .75 .75 .75 .74 .71
100 250 5 10 0 .9 5 1.0 5 0 100 O 0 72 .78 72 74 .67 .75 74
100 250 5 10 0 9 5 10 10 0 100 O 0 71 .75 .58 .59 .58 .66 .70
100 250 5 5 0 .9 5 10 10 .25 .05 .90 .05 .81 .71 .71 71 .71 .71 .69
100 250 5 15 1 9 5 10 10 .25 .05 .90 .05 73 57 44 .45 44 .59 .60

NOTE: Based on 2,000 Monte Carlo draws using the design described in Section 4 of the text. The statistic R/Z? F is the trace of a regression of the estimated factors on the true factor, and

S2 _is a measure of the closeness of the forecast based on the estimated factors to the forecast based on the true factor; see the text for definitions. The values are reported using the correct
number of factors and for 7 estimated using an information criterion, where 0 < 7 < k.
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k =15). The values of Sy?j generally exceed .9, and this is
true for all methods used to estimate the number of fac-
tors. The only important exception is when k = r = 10 and
N =T = 100; in this case, IC,, and IC, perform poorly. The
penalty factors for /C,, and IC ,, are larger than for IC ; [e.g.,
when T = N, g(N,T) =2g;(N,T)], and apparently these
large penalties lead to serious underfitting.

Performance deteriorates somewhat is small samples, as
shown in panel B. With only two factors, S; ; is near .9 for
k = r, so that the forecasts perform nearly as well as the infea-
sible forecasts. When k is much larger than r (k = 10 and
r =2), IC,; performs poorly because of overfitting, particu-
larly when T is very small (T = 25). All of the methods dete-
riorate when there are five factors; for example, when T =25,
the values of §3 ; are closer to .6.

Panel C suggests that including irrelevant series has little
effect on the estimators and forecasts when N and T are large.
Results are shown for 7 = .25 (so that 25% of the series are
unrelated to the factors) and N = 333. The results for the
models with five factors are nearly identical to. the results in
panel A with the same number of relevant series (N = 250).
The results for 10 factors are also similar to those in panel
A, although panel C shows some deterioration of the forecasts
using IC,; and IC, .

From panel D, moderate amounts of serial or spatial cor-
relation in the errors have little effect on the estimators and
forecasts. For example, on the one hand, when moderate serial
correlation is introduced by setting a = .5, the results in the
table are very similar to the results with a = 0; similarly, there
is little change when spatial correlation is introduced by sett-
ting » = 1.0. On the other hand, some deterioration in perfor-
mance occurs when the degree of serial correlation is large
(compare the entries with a = .9 to those with a = .5). Condi-
tional heteroscedasticity has no apparent effect on the perfor-
mance of the estimator and forecasts.

From panel E, introducing lags of the factors has little effect
on the quality of the estimators and forecasts: the results with
7=35and g =1 (so that r = 10) are essentially identical to the
static factor model with 10 factors. However, a high degree of
serial correlation in the factor process (@ = .9) does result in
some deterioration of performance. For example, when T =
100, N =250, and r =35, R} =97 in the static factor model
(a=0), and this falls to .89 when a = .9.

Finally, panel F shows the effect of time variation on the
factor loadings in isolation and together with other compli-
cations. There appears to be only moderate deterioration of
the forecast performance even for reasonably large amount of
temporal instability (e.g., Syg,; remains high even as the param-
eter governing time-variation increases from 0 to 10). How-
ever, when all of the complications are present (i.e., serially
correlated dynamic factors, k > r, serial and cross-correlated
heteroscedastic errors, time-varying factor loading, and a large
number of unrelated x’s), forecast performance deteriorates
significantly, as shown in the last few entries in panel F.

5. AN EMPIRICAL EXAMPLE

In related empirical work we have applied factor mod-
els and principal components to forecast several macroeco-
nomic variables (see Stock and Watson 1999, 2002). In this
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section we describe a forecasting experiment for the Federal
Reserve Board’s Index of Industrial Production, an important
monthly indicator of macroeconomic activity. The variables
making up X, are 149 monthly macroeconomic variables rep-
resenting several different facets of the macroeconomy (e.g.,
production, consumption, employment, price inflation, inter-
est rates). We have described the variables in detail in earlier
work (Stock and Watson 2002). The sample period is January
1959-December 1998. Principal components of X, were used
to construct forecasts of y,,;, = In(IP,, ,/IP,), where IP, is
the index of industrial production for date ¢. These 12-month-
ahead forecasts were constructed in each month starting in
1970:1 and extending through 1997:12, using previously avail-
able data to estimate unknown parameters and factors.

To simulate real-time forecasting, we used data dated T and
earlier in all calculations for constructing forecasts at time 7.
Thus for example, to compute the forecast in 7 = 1970:1, the
variables making up X, were standardized using data from
t = 1959:1-1970:1, and principal components were computed.
These estimated values of F, were used together with y,, for
t =1959:1-1969:1 to estimate B in (2). Model selection with
k = 10 based on ICpl, ICPZ, IC 5, AIC, and BIC were used
to determine the number of factors to include in the regres-
sion. Finally, the fg{gcasts constructed in T = 1970:1 were
formed as y,,,, = BF,. This process was repeated for 1970:2—
1997:12.

We also computed forecasts using four other methods: a
univariate autogression in which y,,, was regressed on lags
of In(IP,/IP,_;), a vector autoregression that included the
rate of price inflation and short-term interest rates in addi-
tion to the rate of growth of the industrial production index,
a leading-indicator model in which y, ,, was regressed on
11 leading indicators chosen by Stock and Watson (1989)
as good predictors of aggregate macroeconomic activity; and
an autoregressive-augmented principal components model in
which y,,,, was regressed on the estimated factors and lags
of In(IP,/IP,_,). We gave details of the specification, includ-
ing lag length choice and exact description of the variables, in
earlier work (Stock and Watson 2002).

Table 2 shows the MSE of the resulting forecasts, where
we have shown each MSE relative to the MSE for the univari-
ate autoregression. The first three rows show results from the
benchmark AR, VAR, and leading indicator models. The next
row shows the results for the principal components forecasts,
with the number of factors determined by IC ;. (The results
for the other selection procedures are similar and thus are not
reported.) This is followed by principal components forecasts
using a fixed number of factors (k = 1-k =4). Finally, the last
row shows the principal components forecasting model (with
r estimated by IC ;) augmented with BIC-selected lags of the
growth rate of industrial production. (Again, results for other
selection procedures are very similar and are not reported.)

Both the leading indicator and VAR models perform slightly
better than the univariate AR in this simulated out-of-sample
experiment. However, the gains are not large. The factor mod-
els offer substantial improvement. The results suggest that
nearly all of the forecasting gain comes from the first two
or three factors and that once these factors are included, no
additional gain is realized from including lagged values of IP
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Table 2. Simulated Out-of-Sample Forecasting Results Industrial
Production, 12-Month Horizon

Forecast method Relative MSE
Univariate autoregression 1.00
Vector autogression .97
Leading indicators .86
Principal components .58
Principal components, k =1 .94
Principal components, k =2 .62
Principal components, k =3 .55
Principal components, k = 4 .56
Principal components, AR .69
Root MSE, AR model .049

NOTE: For each forecast method, this table shows the ratio of the MSE of the forecast made
by the method for that row to the MSE of a univariate autoregressive forecast with lag length
selected by the BIC. The final line presents the root MSE for the autoregressive model in
native (decimal growth rate) units at an annual rate.

growth. We have already reported similar results for other real
macroeconomic variables (Stock and Watson 2002).

6. DISCUSSION

This article has shown that forecasts of a single series
based on principal components of a large number of predic-
tors are first-order asymptotically efficient as N, T — oo for
general relationships between N and 7T in the context of an
approximate factor model with dynamics. The Monte Carlo
results suggest that these theoretical implications provide a
useful guide to empirical work in datasets of the size typi-
cally encountered in macroeconomic forecasting. The empiri-
cal results summarized here and reported in more detail else-
where suggest that these methods can contribute to substantial
improvement in forecasts beyond conventional models using
a small number of variables.

Several methodologic issues remain. One issue is to explore
estimation methods that might be more efficient in the pres-
ence of heteroscedastic and serially correlated uniquenesses.
Another is to develop a distribution theory for the estimated
factors that goes beyond the consistency results shown here
and provides measures of the sampling uncertainty of the esti-
mated factors. A third theoretical extension is to move beyond
the 1(0) framework of this article and to introduce strong per-
sistence into the series; for example, by letting some of the
factors have a unit autoregressive root, which would permit
some of the observed series to contain a common stochastic
trend.

APPENDIX: PROOFS OF THEOREMS

We begin with some notation.

Define 3, =Y, and ¥, = ZIT=]'

Let v denote an N x 1 vector and let I' = {y|y'y/N = 1}, R(y) =
N72T-'y' ¥, x,x,y, and R*(y) = N"2T~'y' 3, AF,F/\'y.

We begin by collecting a set of results used in the proof.
Results (R1)-(R19) Hold Under Assumptions F1 and M1

(R1) N7' 3 e} ~ 0,(1).

Proof. N7'Y, e,z, =N'Y, Tii,t +N~! zi(eizt = Tii, 1)
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The term N7'Y;7;, is O(1) from Assumption M1(b) (because
N7 < N7V Y Im.] ~ O(1)). So it suffices that the sec-
ond term converges to O in probability. Now

2
E[N_l Z(etzt - Tii,t)] = N_z ZZ E(e?; - Tii‘t)(e?t - Tjj,t)
i i
=N cov(e, €)
i

<N72Y Y |cov(el, ef,)|
[

N N
<supN~? YD |cov(e;e;, e;e)| — 0,

LS i=1 j=1

by Assumption M1(c). Thus N=! ¥°,(¢2 — 7, ;) > 0.
(R2) sup, r(N*T)"'y'eey Lo,

Proof.

(N’ T) 'y eey=(N"T)" 3D vivjeue;
[
=N >y YiY; (T_l ZQ:",’:)
i J t
1/2
< (N_ZZZ%ZY?)
i
2\ 172
x (N‘2ZZ(T_'Ze,.,ej,> )
i t

but N=23, 3 y?y? = (y'y/N)?, and for all y € T, (y'y/N) = 1.
Thus

2\ 172
sup(N’T)~'y'e'ey < (N ‘ZZZ(T_' Zeitejt) ) :
i 1

yell

Now
NS (T" Ze.»,e,-,)z =NTT2Y 503 Y enenejeys
i t Lj ot s
and
E[N‘ZT‘ZZZZZeneueﬂejs]
T
=N—2T—ZZ%};ZY.»M7,;,,S
+N_2T_2;;;ZE[(3119.'5_')'i,t,s)(ejtejs_Yj.t,s)]’

where v, , ;= E(e;e;).
The first term is

T2 z ;(N-' z y,,,,,ﬂ) (N-' ; y,,,,,+u) =T Z Z Yn. (),

because (N7' 32, ¥, 1. 1+4) = N'E X €8, 11, = Vv, (4) defined in
Mi(a). Now the absolute summability of |yy ,(u)| in M1(a) implies
square summability, so that limy_, . sup, ¥, Yn.,(#)* < co. This
implies that N2T2 3,3 3 3 v, 1 ¥).0.s = O
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The second term is

NZ2T Z ZZ ZCOV(enem ejiej;)
<N7? SUPZ Z [cov(e; e, ejtejs)l —0
s j

by Assumption M1(c).
(R3) Let g, denote a sequence of random variables with
T-'3,q? ~ 0,(1). Then
- _ p
Sll? |T ! th(N ! ZYieil)l - 0'
Y€ t i

Proof. supye[‘ |T_l Zl qt(N_l Zi Yieit)l = (T_l Zl q’Z)l/ZX

(Supyel‘ T 'Y (N7 T vie)?)' 2
The first term is O, (1) by assumption, and so the result follows from

SllpT IZ( IZ’Yieit) —SUP(TNZ) ZZZYIYJett jt

yel

=sup(N*T)~
yel'

ly'e ey-250,

where the limit follows from (R2).
(R4) supyel" |T_l Zr

Proof. Because T™'Y, F J.z,—pw'jj [from Assumption F1(d)], the
result follows from (R3).

sz(N_l 2 'Yien)|_p*0 forj=1,2,...,r

(RS) sup,(N2T)~'|y'AF ey|->0.

Proof- (NZT)_I'y,AF/e'y=Zj(‘y/Aj/N)T_lZerr(N_lZiYieir)’

so that

(PT Y AF eyl = R iAol S (N e )|

Thus,

sup [(N2T) "'y AF'ey|
yell

< (maxsuply A /N|> > sup|T

j=17€l

< fsuntrymy 2 maxiasa, )
yel J

x Zsup

j=17€l

T™ Z (N_'Zy,.ei,).—p>0,

where the last line follows from (y'y/N) = 1, F1(a), and (R4).

" p
(R6) sup,r [R(y) - R*(y)|—>0.
Proof. R(y) — R*(y) = (N?T)"'y'eey + 2(N’T)~'y'AF'ey
and
sup|R(y) — R*(y)| < sup(N’T)~'|y'¢'ey| +sup(NT)~'|y'AF ey|,
yer yel yel'
where the two terms on the rhs of the inequality converge to O in
probability by (R2) and (R5).

(R7) |sup,cr R(y) —sup,.cr R*(¥)| 0.
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* * P
Proof.  |sup,cr R(Y) —sup,r R* ()| <sup,r |R(y) — R*(y)|=0,
where the first inequality follows by the definition of the sup and the
convergence follows from (R6).

(R8) SUpyer R*(Y)—p) oy

Proof. Write A’A/N = (A'A/N)2(A’A/N)7? to denote the
Choleski factorization of A’A/N. Let y be represented as y =
A(AN'A/N)"28 +V, where V'A = 0. Note that y'y/N = &8 +
V'V/N, so that for all y € T', 6 < 1. Thus we can write

supR*(y)_ sup &' (A'A/N)?(F'F/T)(A'A/N)'28 = 6,,,
5,6/6<1
where &,, is the largest eigenvalue of (A’A/N)VZ(F'F/T)(A
A/N)2. But (A’A/N)"2 - I by F1(i) and F'F/T53 5 by F1(d),
so that (A’A/N)"? (F'F/T)(A’A/N)"?55, .. and (by continuity of
eigenvalues) 6'“—p>0'“.

P

(R9) SUPyer R(y)—oy;.

Proof. This follows from (R7) and (R8).

(R10) Let 5\1 = argsup,,.r R(y); then R*(Xl)—p»o-“.
Proof. This follows from (R6) and (R9).

(R11) Let i’ denote the first column of A and let S, =
sign(A, A,), meaning S, =1 if A;A, >0 and S, = —1 if
A A <0

Then (S,A,A/N)> £}, where ¢, = (100. .. 0Y'.

Proof.  For particular values of 5 and_ V we can write )\ =
AAA/NY125+ 7V, where V'’A=0 and §'8<1. (Note that 8 is
rx 1) Let Cyr = (A'A/N)*(F'F/T)(A’A/N)"/? and note that
R*()\ )=28 CNT‘O‘ Thus

R*(il) —oy = S/(CNT - EFF)S + 3’S'FFS — 0oy

=8 (Cyr —Zpp)b+ (82 =)oy + Y 8%,

=2

Because C, NT—”) 3.-r and 5 is bounded, the first term on the right side
of this expression is 0,(1). This result together with (R10) implies
that (8% — 1)oy, + ¥/, 8%0,50. Because 0, >0, i=1,...,r
[Assumption F1(b)], this implies that 3}—'}1 and 8?50 for i >
1. Note that this result, together with A{A;/N = 1, implies that
VV/NSo.

The result then follows from the assumption that A'’A/N — I,
[Assumption F1(a)].

(R12) Suppose that the N x r matrix Ais formed as the r ordered
eigenvectors of X’X normalized as A’A/N =1 (with the
first column corresponding the largest eigenvalue, etc.) Let
S denote S = diag(sign(A’A)). Then SK’A/N—FH.

Proof. The result for the first column of SK'A/N is given in
(R11). The results for the other columns mimic the steps in (R8)-
(R11), for the other principal components, that is, by maximizing
R(-) and R*(-) sequentially using orthonormal subspaces of I". For
later reference, we note that this process yields a representation of
the jth column of A as

1 — ’ 128 4 ¥
A =ANA/N)28,+V,,
where V/A =0, V/V,/N->0, and 5250 for i # j and 62,51

(R13) For j=1,...,r, T 2;1"?-1 =R(}‘j)_p"7jf'
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Proof. T7'Y, 7, = R(}tj) by the definitions of F and R(-). The
convergence result follows from (R9) for j =1 and from the steps
outlined in (R12) for j=2,...,r.

(R14) Fori>r, T-'Y, F250.
tot

Proof. Let y denote the ith ordered eigenvector of X'X, i > r,
normalized so that /N =1. Then T~' ¥, f’} = R(7¥) follows from
the definition of R(-) and F,.

Now, for particular values of & and V, we can write

$=ANA/N)Pa+V,

where V'A=0, &G <1, and V'V/N < 1. Now, by construction,

YA A =0 for j=1,...,r. Using the representation for A given
in (R12), we can write N"')A"ij = &/3j+‘7/‘7j/N = 0. Because
from (R12), ‘,/7‘,/;_,;)0 and VV/N <1, V/Vj—p>0. Thus &’Sj—p>0, o)
&'[8,...5,]50. But [3,...58,]>1,, so a50.

Thus R*(§) = & (A’A/N)2(F'F/T)(A'A/N)'2450. The
result then follows from (R6).

(R15) § F~—p>0f0rj=1,...,r

i Eje
Proof. SF- - F;, -—S/\X/N
>ixi(S; _IAJ/N)F,,-%SJAje,/N.
Because S(A’A/N)>1 from (R12), (S;A;A,/N — 1)50 and
S; /\ /\/N—>0 for i # j. Because |Fr| is O,(1) [Wthh follows
fromE(FT Fr)=3gp], (S -DF —)0and2i¢j(SjAin/N)x
E,—>O. The result then follows by showing that § ji;e, /N £o.
Now

= (SAA/N - D)F;, +

J=isi

N_lsjijet = N_l Zijij N Z(S /\'I Alj)e!l+N Z/\u xr
Also,
1/2 12
- Z(S Alj l_[ (N Z(S /\'lj lj) ) (N_l Zelzi>
and
N7 (S A = Ag)? = (AA/N) + (VA /N) = 2(S;A 4, /N) >0

by (Rl2) Finally, N-' ¥, € ~ 0,(1) by (R1). Thus [N~ Z (S, /\

)e,,|—>0 by Slutsky’s theorem. This means that § e,/N =
N 'Y A e+ 0,(1). Now
2
l: IZ/\U ll] =N_ZZZAijAkjE(eitekr)
ik
=N AT S AN Y3 1y | — 0,
ik ik

where the final inequality uses the bound on A;; given in F1(c) and

the limit uses M1(b). Thus S,Ae,/N->0.

(R16) Let g, denote a sequence of random variables with
T'Y,q?>02 and T~'Y, F,q >3, Then T7'Y, S
~ P
qu1_>2Fq'

Proof.

'Y SFq,=N"'T"' Y SA'X,q,
t t

=TS (SA'A/N)F,q,+T 'N"'Y SN 'e,q,.
t t
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Because (SA’A/N)-5>1 by (R12) and T~' ¥, F,q,> 3., by assump-
tion,
T S (SA'A/N)F,q,~>3,,.
t
Now the jth element of 7-'N~'' Y, SA’e,q, satisfies

T'N- 'Z je,q,‘ = ‘T‘qu,(N_lZX,»je,-,)}
t i

T th (N_] Z 'Yien) l-—p—>0,
t i

<sup
Ye
where the final inequality follows because A ; € I' and the limit fol-
lows from (R3).
R17) T'Y, SEF,53,,.

Proof. This follows from (R16) with ¢, = F;,, j=1,...,r
Assumption F1(d) shows that this choice of ¢, satisfies the restriction
in (R16.)

— P
(Rls) T 121 Fer—)EFF'

Proof. This follows from (R16) and (R17). Set g, = §;F},. F,. (R13)
shows that ¢, satisfies the conditions of (R16).

(R19) Fori=1,2,...,r, T-' ¥ (§;F, -

Proof. T'L(SF, — F,)? = T'L,F2 + T'Y,F} —
2T-'S, S,F, F,, >0, +0,—20, =0 by (R18), F1(d), and (R17).

F,)25o0.

(R20)-(R23) Hold Given F1, M1, and Y1
(R20) T-'Y, SEw, >3,

Proof. This follows from (R16), with g, equal to w;. YI(b)
shows that this definition of g, satisfies the conditions of (R16).

(R21) T-'Y, SF.e,,,—0.

Proof. This follows from (R16) and Y1(c) with g, equal to &,,,.
Y1(d) shows that this definition of ¢, satisfies the conditions of
(R16).

(R22) With B partitioned as B8 = (8,8,), Bu — B,—0 and

Siﬁiz —Biz—p>0 fori=1,...r.
Proof. Write
SB.\ _ (Bz)
B. B.
T Z,FF’ T_ISZ,I?,U); ( ]SZIF8t+h>
T-! Z, w,F’ T-! er,w; T Zx W, €4

Because T7'Y,F F/—>2,.~F (R18), T~ 'SZ,Fw’—>2Fw (R20)
'Y, ww, 53, [YI®)], T7'SY, Fe,,—0 (R21), and T~'x
> w,s,+h—p>0 [Y1(c)]; and because 3., is nonsingular [Y1(a)], the
result follows by Slutsky’s theorem.
(R23) Let z, = (F,Fy...Fw) and B =
A/" / P
(05" Z0yesn)s then B'27 — B'zr—0.
Proof. Let R=[5 ° ], where n, denotes the number of ele-
ments in w,. !

(o az)™

A

Blfr - BIZT = (RBA),RZAT - B,ZT
= (RB—B)zr + (RB) (Rir —z7).
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Because z; is O,(l) [because E(z7z7) = 3, by Yl(a)], and
RB - B—p>0 (R22), the first term vanishes in probability by Slut-
sky’s theorem. Similarly, because B is finite [Assumption Y1(e)] and

RZ;— zT—p>O (R15), the second term vanishes in probability by Slut-
sky’s theorem.

Proof of Theorem 1

Part a is proved by (R19); part b, by (R15); and part c, by (R14).
Proof of Theorem 2

Part a is proved by (R23); part b, by (R22).
Proof of Theorem 3

The model can be written as
X, = AoF, +a,,

where a;, = e, + Jir &, F,, Jg = Tgir, &, = T7' Y !, L, and where
(from Assumption F2) A0 satisfies the same conditions as A in
Assumption F1. Thus the results follows if the error terms a, satisfy
the assumptions in M1.

We prove a set of set of results (S0-S5) that yields the results. SO
is a preliminary result. S1-S3 show that a, satisfies the assumption
in M1.

S0.

Let J;; = Tg;r. Then constants k; — k, can be chosen so that

sup; E|J;7| < k4,
sup;, jEl']iTJ'TI < Ky,
sup; ;. r EVirdirdir| < K3,

and
Sup; ;i «, 1EJigdipdirdir| < Ky.
This follows from F2(a).

S1.

The error
li[nN, T—o00 Sllp,

term a satisﬁes Assumption Ml(a). That is,
u= l ,IE(N Zx aj, u+u)|<°°

Proof. ailai1+u = eiteil+u + 11‘27‘(le gil)( l/+u §H+u) + Te” I+u§u+u
Jir€irpuFi&ir-

We consider each part in turn.

S1(a). limy_ . sup, Y, |[E(N"'Y e e:..)| < 0.

Proof. This is Assumption M1(a).

S1(b). limy_, . sup, ¥, |E[N~" X J7(F1 &) (Flyui)]l < oo

Proof. J,ZT(F, &) (F) 1+u fu+u) = J;ZT PP I Fllle+u§il,I§it+u,m’
and we show the result for each term in the sum:

sup Z

u=1-t

(N_‘ ZJiZTFlrsz+u§i1,l§it+u,m)

T—t N tottu
= SllpT_2 Z E<N_IZ‘,1‘2TZZF1!Fm1+u{i:.I iq,m)
! u=1-1 i=1 s=1g=1
N t t+u
=< KZSupT -2 Z N~ IZZZIE(FII ml+u is, l{lq m)l
u=1-t i=1 s=1¢=1
t ttu-—s
= K SUPT 2 Z N~ IZZ Z |E(Flt mr+u{u Igm-}-v m)l
u=1-t i=l s=1lv=Il-s
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KzsupT‘ Z N~ ‘Zi Z

=
u=1-1 i=1s=lv=1-p
X sup IE(FlaFmbgip,lgip+v,m)|
a,b,p,l,m
N T—-p
SKzsuPT ' Z N~ Z >
u=1-1 i=lv=1-p
X sup ,E(FlaFmb ip,lgip-f-v,m)'
a,b,p,l,m
T—t
= KZSUPT_l Z sup Z sup IE(FIaFmbgip,lgip+v,m)|
t

—1—r v=l—p®b.p.lm

IA

K, Sup Z sup IE(FlaFmbgip,lgip+v,m)|

i oy=1 pabpl

< 00,

where the first line follows from the definition of £, the next line
follows from independence of J;; and the bound given in SO, the
next line redefines the index of summation, the next line follows from
definition of the sup, the next line follows because the summand in
the summation over s does not depend on s, the next line follows from
the definition of the sup, the next line follows because the summand
in the summation over u does not depend on u, and the final line
follows from Assumption M2(a).

Sl(c) thaoo Sllp, —t |E[N Z Tell( l+u§u+u)]| < 00.

Proof. J:'Te FI’+u§H+u "17‘ Zm it m1+u§n+u,m and we ShOW thC
result for each term in the sum:

Sup Z [ Z Teu mt+u rI+u,m]

u=1-1
T—t

=supT™ "' Y
t

u=1-1

o[ £5

i=1s=1

ml+u is, m]
N t+u

< K; SllpT Z N~ IZZ|E(6” mt+u lS.m)I

u=l-—t i=1 s=1

N T-p
= K SUpT ' Z N~ Z Z sup IE(exp :{ip,+v,m)'
u=1-t =l-p5H P m
T—t T-p
=< K, sup T_I Z Sllp Z sup lE(eime:{ip+v.m)|
! u=l-t ' v=l-pSpm
T-p
= K sup Z sup |E(exp ms§1p+u m)l
i oy=1— —pSpm

< o0,

where the first line follows from the definition of £, the next line
follows from independence of J;; and the bound given in SO, the
next line follows definition of the sup, the next line follows from
the definition of the sup, the next line follows because the summand
in the summation over u does not depend on u, and the final line
follows from Assumption M2(b).

Sl(d) llmN—»oosupt Zu—l —t |E[N Zl 1Telt+u(F gu)]l < 00.
Proof. The proof parallels S1(c).
Sa.

The error terms a, satisfy MI(b);
N

i=1 27:1 IE(airajt)I < 00,

eiiejt + JT

that is, limy_, . sup, N7!

Proof a,a;

€t 1§u

Jir(F§)(F &) + Jirey Fj§; +
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We consider each part in turn.
Sz(a)’ limN—boc sup, N_l Z?I:l
Proof. This is Assumption M1(a).

Z;\I:l |E(eitej1)| < 0.

S2(b). limy_,, sup, N=' 31, 7:1 |E[Jird;7 (F[ &) (F[ ;)]
< o0,
Proof.  Jir T(F/fu)(F,gjr) =3>n ITJ TFltgit,lFmt jt,m> and

we show the requlred result for each term in the sum:

supN ! ZZ|E[

i=l1 j=1

_supN 'T- ZZZ

lgjt,mll

TFII it,l

[ TZZFII ’SIF‘gqu:I

i=1j=1 s=1qg=1
<K25UPN 'T" ZZZZZ|E(FH is, 1 Fmi g, m)|
i=1 j=1s=1q=1
N N
= KZN_] ZZ sup ’E(Fltgi:,lFmvgjq‘m)l

i=1 j=1 Lit,s,v,q,m
< 0o,
where the first line follows from the definition of £, the next line
follows from the independence of J and the bound in SO, the next
line follows from the definition of the sup and the fact that there are ¢
terms in the summations involving s and ¢, and the final line follows
from M2c.
$2(c). limy_,, sup, N™' Z.N—l Z_’,‘V—l |E(Jirej1F"fn)| < o0o.

Proof. Jire; F/&y=Jire; > Fuuiir, m» and we show the required
result for each term in the sum:

swp ! S5 Iy

i=1j=1

—SUpT lN IZZ EZ(JTe_]l mt :s,m)

i=1 j=1 s=1

I mt‘fii’m)l

<K, supT IN-I ZZZ|E(€H

i=1 j=1s=1

is,m)l

N N
SKNTIOYD sup [E(e; Foli )]

i=1 j=1054q¢m
< 00,

where the first line follows from the definition of &, the next line
follows from the independence of J and the bound in SO, the next
line follows from the definition of the sup and the fact that there are
tterms in the summations involving s, and the final line follows from
M2(d).

S2(d). limy_,,, sup, N Z,N=1 j'v=1 IE(jjTeirFr,gjr)l < .

Proof. The results is implied by S2(c).
S3.

The error terms a satisfy M1(c); that is

Jim sup N~ 'ZZ|cov(aua”, aja;)| < oo.
i=1 j=1

Proof. aa;; = e,e; + J:‘ZT(F;/fix)(F;fi:) + JireiFi&is + Jires
F/&,, and so cov(a;ay,a;a;) is made of 16 terms, which have

6 possible forms:

(a) cov(e;e;, e_/:e it)

(b) COV(EU €irs jT(F g/t)(F g}s))

gjl,lme

sum:
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(c) cov(e; ey, Jire; Fi€;s)

(d) COV( T(F'f,,)(Flg,s) T(F/gjt)(F,ng))
(e) COV( T(F,gn)(Flgxs)#j]TejtFlgj:)

(f) COV(]T(,’”F gl.\" iT e Flgj-\‘)

We consider each of these terms in turn.

S3(a). limy_,sup, ,N7' 3N,

Proof. This is Assumption M1(c).

S3(b). limy_,  sup, ,N7' L, 0, |cov(e e, T4 (FiE;)x
(F{€i)| < oo.

Proof. COV(e 6’”,.]2 (F/gjt)(Flgjs)) - ZIZ cov(e,se,,, J_]TFII
&5, m)> and it sufﬁces to show the result for each term in the

N
j=1 |COV(€,S€”, e ejl)l < oo.

SUpN lZZ|COV e!SelI’JjTFIlgjllF ms js,m)|

»S i=1j=1

—supT N~ IZZ ZZcov(e,xe,,,JjTF,,{jq,

i=1j=11g=1h=1

<KzsupT N~ IZZZZKOV(% € Fiuliq

i=1j=1g=1h=1

s(jh,m)
:gjh,m)l

N N
-1
SKNTIYTYD sup [cov(eseir, Fiu .1

i=1j=10659,.h,m,l

Fmsgjh,m)l

<00,

where the last line follows from M2(e)(1).
S3(C) th—»oosupt :N Zx 1 Z] 1 |cov(e” €ir> J]Tele g]:)'

< 00.

Proof. COV(€”€”,J ]l Sg_].f) - Z cov(e,:e,,, _/Te_u

and it suffices to show the result for each term in the sum:

g]: m)

N N
sup N ZZ | cov(e;se; JjTelemSEj:,m)l

ts i=1 j=1

N N | s

—supT INTUSS NS coveen, Jjre;

i=1 j=11h=1

s
<KlsupT N~ 'ZZZ|cov(e,J e

i=1 j=1h=1

:{jh,m)
IFmsgjh’m)l

N N
= K]N_] ZZ sup |COV(€,‘J£’I-,, e;t

i=1j=108hm

Fm:{jh’m)l

< 00,

where the last line follows from M2(e)(2).
S3(d). limy_,o, sup, (N~ Sy XL, | cov (Ui (F &) (Fiy),
J}T(F"sz)(pl js))l < oo.
Proof. cov(J7(F/&;)(F§), r(F/§,-,)(F§§js)) DI

213 21, COV(JlTFlpgn’I, Flzx‘fu,lzv J}TFlgtgjthFhsgjs, 1,)~ and it suf-
fices to show the result for each term in the sum:

Sl.le ZZ | COV(J,TF“,&, I F12:§:: I JJZTF}3I§11 I3FI4x§/s 14)|
i=1j=1

= sup T™4N! ZZ

i=1 j=1

(ZZZZCOV ("lzTFIu{un I|F12${lq2 Iy»

9@ 92 93 44

2
‘]J'TFIJ'{J%» I3 Fla-‘{.iqa» 14)) \
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SkspT N T T YT

i=lj=lq @2 9 9
X |COV(F1,1§iq1,I. Flzsgiqz,lp Fl;:qu3,13Fl‘s£jq4‘l¢)|

NN
<KkNT'YY sup

‘COV(Fl”{iq,,hFlzsgiqz,lz’
i=1 =115 {le, i,
Fla'{quvlsFlﬂgquu)l < %0,
where the last line follows from M2(e)(3).

83(e). limy_,,sup, , N7 0L, TiL, | cov (U (F/€) (Fiyp).,
Jire; ] &) < oo.
Proof. COV(JiZT(F;git)(Fs,gis)* JjTeles,gjs) = Zl| le Zl; X
cov(J% Fy 1€, 1 Fiyiéis 1,0 JirejiFiys€ss i), and it suffices to show
the result for each term in the sum:

Slle lZZ|COV TFlllgtl N Flzsgls Iy J]Telelgs js, 13)|

i=1 j=1

—supT'3N 'ZZ

i=l1 j=1

(ZZZCOV( TFlltgun 15 Flz.rguh I’

a9 2 B

JJTeijz3s§jq3, 13))

<K3supT 3N~ ‘ZZ

i=1 j=1

<ZZZ|COV Fl,zflq, l,FlNLqZ,ty

Q1 92 B

eﬂFlssgj% 13))

N N
<k NN sup

ICOV(Flltgiql,llFlzsgiqz,lz’ eerlssgqu-ls)l
i=1 j=11,5 {le. a3y

< 00,

where the last line follows from M2(e)(4).
S3(f): limNemsupl,sN Z Z =1 |C0V( TettF §1S’ JjTele g]s)l

<o0.

Proof COV( Tett(F gl:)’JjTele g]:) ZIZ COV( TeuFl.rgts I
Jire; Frsjs.m)> and it suffices to show the result for each term in
the sum:

Slle IZZ‘COV( TellFls is, 1> ]Te_]l

i=1 j=1

i)

_SllpT 2N IZZ ZZCOV( lTettFl.v{lql,l’ jTe]t m.\'gjqz,m)l

i=lj=1l q1 @
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<K, SUPT 2N ! ZZZZICOV(enFIs iq, 10 € Fm_\-gjqz,m)l
i=lj=1 q1 ¢
N N
= KZN_l Z Z sup |C0V(eitFl.\'§iql,l’ ejtme{jq2,m)|

i=1j=155491,92,.L,m

< 00,
where the last line follows from M2(e)(5).

[Received April 2000, Revised September 2001]
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