j’% Cornell University

Library

Search or Article-id

arXiv.org > math > arXiv:1107.1010

We gratefully acknowledge

supporting institutions

(Help | Advanced search)

All papers =

Mathematics > Number Theory

Counting the number of solutions
to the Erdos-Straus equation on
unit fractions

Christian Elsholtz, Terence Tao
(Submitted on 6 Jul 2011 (v1), last revised 26 May 2012 (this version, v4))

For any positive integer $n$, let $f(n)$ denote the number of solutions to the
Diophantine equation $\frac{4}{n} = \frac{1}{x} + \frac{1}y} + \frac{1}{z}$ with
$x,y,z$ positive integers. The \emph{Erd\H{o}s-Straus conjecture} asserts
that $f(n) > 03 for every $n \geq 2$. To solve this conjecture, it suffices
without loss of generality to consider the case when $n$ is a prime $p$.

In this paper we consider the question of bounding the sum $\sum_{p<N} f
(p)$ asymptotically as $N \to \infty$, where $p$ ranges over primes. Our
main result establishes the asymptotic upper and lower bounds $$ N \log"2 N
\Il \sum_{p \leq N} f(p) \Il N \log”"2 N \log \log N.$$ In particular, from this
bound and the prime number theorem we have $f(p) = O(Mlog”"3 p \log \log p)
$ for a subset of primes of density arbitrarily close to 1; thus a typical prime
has a relatively small number of solutions to the Erd\H{o}s-Straus
Diophantine equation.

We also establish some related results on $f$ and related quantities, for
instance establishing the bound $f(p) \Il p~{3/5} + O(\frac{1}{\log\log p})}$ for
all primes $p$.
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