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Abstract

The orientation preserving conditions and approximation errors of a dual-
parametric bi-quadratic finite element method for the computation of both
radially symmetric and general nonsymmetric cavity solutions in nonlinear
elasticity are analyzed. The analytical results allow us to establish, based
on an error equi-distribution principle, an optimal meshing strategy for the
method in cavitation computation. Numerical results are in good agreement

with the analytical results.
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1 Introduction

Void formation on nonlinear elastic bodies under hydrostatic tension was observed
and analyzed through a defect model by Gent and Lindley [4]. Ball [2] established

a perfect model and studied a class of bifurcation problems in nonlinear elasticity,
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in which voids form in an intact body so that the total stored energy of the material
is minimized in a class of radially symmetric deformations. The work stimulated
an intensive study on various aspects of radially symmetric cavitations (see e.g.,
Sivaloganathan [15], Stuart [21], and a review paper by Horgan and Polignone [6]
among many others).

Miiller and Spector [12] later developed a general existence theory in nonlinear
elasticity that allows for cavitation, which is not necessarily radially symmetric,
by adding a surface energy term. Sivaloganathan and Spector [17] deduced the
existence of hole creating deformations without the need for the surface energy
term under the assumption that the points (a finite number) at which the cavities
can form are prescribed. Optimal locations where cavities can arise are also studied
analytically [18, 19] and numerically [10].

Numerically computing cavities based on the perfect model of Ball is very
challenging, due to the so-called Lavrentiev phenomenon [7]. Though there are
numerical methods developed to overcome the Lavrentiev phenomenon in some
nonlinear elasticity problems [1, 3, 8, 13, 14], they do not seem to be powerful
enough for the cavitation problem. On the other hand, some numerical methods
(see e.g., [9, 10, 22]) have been successfully developed for cavitation computation
on general domains with single or multiple prescribed defects, based on the defect
model or the regularized perfect model [5, 15, 16]. In these models, one considers

to minimize the total elastic energy of the form
Eu) = /Q W (Vu(z))dz, (1.1)
in a set of admissible functions
U= {u € W"(Q,;R") is one-to-one a.e. : ulp, = ug,det Vu > 0 a.e.}, (1.2)

where Q, = Q\ UX, B,,(a;) € R"(n = 2,3) denotes the region occupied by an
elastic body in its reference configuration, B, (a;) = {x € R" : |t —a;| < 0;} are the
pre-existing defects of radii p; centered at a;, and where in (1.1) W : M?*" — R*
is the stored energy density function of the material, M7*" denotes the n x n

matrices with positive determinant, I'y is the boundary of 2.



The Euler-Lagrange equation of the minimization problem (1.1) is (see [9]):

div(DpW (Vu)) =0, in Q,, (1.3)
DpW(z,Vu)r =0, on UL, 0B, (a;), (1.4)
u(zr) = up(z), on Iy. (1.5)

A typical class of the stored energy densities considered in the cavitation prob-

lem is the polyconvex isotropic functions of the form

W(F) = w|F|P+ g(detF)

= w4+ 2P 4 gv-v,), VF € MM (1.6)

where w > 0 is a material constant, p € (n — 1,n), vy, ..., v, are the singular
values of the deformation gradient F', and g : (0,00) — (0,00) is a C?, strictly

convex function satisfying

(%)

g(0) = 400 as § — 0, and 5 +00 as § — +00. (1.7)
For the energy density of the form (1.6), one has:
DpW (Vu) = pw‘Vu‘p_QVu + ¢'(det Vu) adj Vu™. (1.8)

One of the main difficulties in the computation of the growth of voids is the
constraint of orientation preserving, i.e., det Vu > 0, for extremely large anisotrop-
ic finite element deformations. For the conforming piecewise affine finite element,
this requirement demands an unbearably large amount of degrees of freedom ([22]).
In [9, 10, 22], other finite element methods are proposed to overcome this difficulty,
and these methods have shown significant numerical success in the cavitation com-
putation. In particular, Su and Li [20] analyzed the iso-parametric quadratic finite
element method applied in [10], even though limited to the radially symmetric
cavitation solutions, the result, the first of its kind to our knowledge, nevertheless
quantifies the theoretical as well as practical advantages of the method.

In this paper, we will introduce and analyze a dual-parametric bi-quadratic
rectangular finite element method for the cavitation computation, including both
radially symmetric and general nonsymmetric voids’ growth, and establish a mesh-

ing strategy, which is optimal in the sense that the total degrees of freedom is
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minimized under certain mild constraints. It turns out that, for the cavitation
computation, the dual-parametric bi-quadratic rectangular finite element method
is definitely much more efficient than the iso-parametric quadratic triangular finite
element method, especially when the prescribed defects are very small. In fact,
in the radially symmetric case, the optimal mesh of the new method is essentially
solely determined by the approximation accuracy, while the orientation preserving
condition plays a leading role in the iso-parametric finite element method in the
vicinity of the void.

The structure of the paper is as follows. In § 2, we introduce the dual-parametric
bi-quadratic rectangular finite element. § 3 is devoted to deriving the orientation
preserving conditions on the mesh distributions. In § 4, we present some results on
the interpolation errors of the cavitation solutions. An optimal meshing strategy
is established in § 5. Numerical results are presented in § 6. The paper is ended

with some concluding remarks in § 7.

2 Dual-parametric bi-quadratic finite element

For simplicity, we restrict ourselves to a simplified problem with , = B;(0)\ B,(0)
in R2. Let (T, ]5, f]) be a standard bi-quadratic rectangular element as shown in
Figure 1(a) (here n = 2), where P = Qo(T), & = {p(a;),0 < i < 8}. For a given set
of four points a; = (R; cosb;, R;sinb;), 0 < i < 3 satisfying Ry = R3 < R1 = Ry,
Oy = 01 < Oy = 03, define FT:T—>R2 as
T+ 1

R = Ry +
To+1

(Rl - RO);

0 =0, + (65 — 6p), (2.1)

r1 = Rcosf,r9 = Rsinf.

~

It is easily seen that Fr is a injection, thus 7" = Fp(7") defines an element. Now

define the dual-parametric bi-quadratic finite element (T, Pr, ¥r) as follows

~

T = Fr(T),
Pr={p:T—R*|p=poF;', pe P} (2.2)
Y = {p(a;),a; = Fr(a;),0 <i < 8}.
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(a) The reference element 7. (b) An element T in a mesh.

Figure 1: The dual-parametric element.

3 On the orientation preserving conditions

Let J be a subdivision on €., = B1(0) \ B, (0) as Figure 2(a). A typical curved
element in a prescribed circular ring with inner radius € and thickness 7 is shown
in Figure 2(b). Let N be the number of the evenly spaced elements on each layer,
let € and 7 represent respectively the inner radius and the thickness of the circular

annulus as shown in Figure 2(b). Then, the dual-parametric bi-quadratic finite

element function space is given by
X, = {up € C(Qe) : up|r € Pr,up(z) = ug(x), Vo € Ty},

where 'y = 0B;(0).
We are concerned with orientation preserving of large expansion dominant finite

element deformations around a small prescribed void. Without loss of generality,

we restrict ourselves to the curved rectangular element as shown in Figure 2(b),



<
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(a) A typical mesh generation in €. (b) A typical element in the mesh.

Figure 2: The subdivision of the mesh.

for which Fr can be simplified as

v 1
R=¢€¢+ it T,
2

x1 = RcosO, x5 = Rsinb.

It is easily verified that det Vo = det 88% = % > 0.

Let u be the cavitation solution, and let J be a given mesh (see Figure 2(a))
consisting of well defined curved rectangular elements. To have u be well resolved
by functions in the finite element function space defined on 7, a necessary condition
is that the finite element interpolation function Iu(z) is an admissible function,
i.e., det VIIu(z) > 0 on each of the curved rectangular element. We will investigate
in this section the conditions that ensure det VIIu(x) > 0 for smooth deformations
u(z) = (wi(z),us(z)) defined on Q. Since det VIIu(z) - det Vo = det 2 it

oy

suffices to ensure det &2* > 0. For simplicity, we denote Q) = {7 : € < |z| <

e+ 71}

Theorem 3.1 Suppose x = (Rcosf, Rsinf), u(x) = (u1,uy) = (rcoso,rsin @),
where v = 1(R,0), ¢ = ¢(R,0) are smooth functions in the domain By(0) \ {0}

gitiy  9itig
OR'007 7 OR'07’

then, there exists a positive constant Ty = C1€Y/? and an integer Ny = Cae~ Y2, such

satisfying det % > ¢ > 0 and the derivatives 1+ 7 <4, are bounded,



that det % > 0 on the circular annulus Q) if T < 79 and N > Ny, where Cy,

Cy depend on ¢ and ||% N % , ||% , ||% . Moreover, the error between
the Jacobi determinants of Vu(x) and VIlu(x) is given by
Ollu ou 1
det ——(z) = det — —O(T? + N7?). 3.2
et T ) = det 5 (o) + O+ N (3:2)

Proof. The dual-parametric bi-quadratic finite element interpolation function can
be written as .
Mu(z) =Y ula)pi(#), (3.3)
i=0
where & = F;'(x). On the representative element given by (3.1), regarding u;(z)
as the function of R and 0, where © = (z1,22) = (Rcosf, Rsinf), and Taylor

expanding u;(ax) at ag, we obtain

ollu A Ap

0 = ’ (3.4)
Ay Ay
where
A A2 1 ~92 A A ~ ~
All = 1125+ 551362 + 12122 + di1Z1 + €129 + fl:
TR S N oa A A
A12 = jl,r%l? + 5011’% + blxle + €171 + 91552 + hl)
A21 = j2x1x§ —+ 5[)2563 + X129 + dgﬁ?l + exZo + f27
TR S N oa . A
Ayy = Jodi3 + 50237% + baZ1Zo + €2Z1 + gadig + ho,
with
-9 —2
i = uy(ay) + u1(62l2) u1(as) i u1(ag) + Ul(;?s) u1(ar) + 2uy (as)
w2 34101 72 4 n7—2 2 ar—4
—Ul(a4) _ul(a/G) — —2N2_8R2892(a8)z+0(7- N + T N )7

b — ui(ar) + ui(az) —2ui(as)  wi(ao) + ui(as) — 2ui(ar)

2 2
72 Ou T
= Wamae @7 tOCNT TN,




o = ui(az) +u(as) — 2ui(ag)  (ur(ao) + ur(a1) — 2ur(a4))

2 2
+O(T*N1 4+ 72N 73,

T By

N@G@RQ( )< y

9%uy T

d1 = ul(a5) + ul(a7) - 2u1(a8) = W((lg)(gf + O(T4),
e . ul(a2) — ul(al) _ U1<(13) — ul(ao)
b 4 4
7 0%y 37—l _3
= N@Rae( ) +O(r°N~" +7N77),
82
g1 = wi(ag) +ui(as) - 2us(as) = aT?(agx%uowfﬂ,
_ug(as) — ul(a7) Ouy Z 1 0? 0wy
. Uy (CL6) - Ul(CL4) (9u1 1 1 83u1 1 3 _5
i = 3 = 20 (BN T3 (@) FOWT),
and jo, bo, - -+ , hy have the similar formulae as above with only u; replaced by us.
It follows that
B ouq T 0%y Tig. 0%uy TT 3uy TooT . .
A =GR )5 ¥ Gre (WG Grae W N T pregp )G N
1 3wy T T 9.9 1 o'y Tyo/ T 25,72
20R0 3 §) " g gpmg () ) () D O+ TN
B T Ouq
_28R<>+O(T +7N7?), (3.5)

where @ = Fr(z). Similarly,

A = 20t Ty D) T 4 o ) (P + et T (T ()i
e g (DTt T (0 (D) it + O 4 7N )
= %%(:{;) +ON? 73N, (3.6)
Agy = %%(m) +O(r* + TN %), (3.7)
Agy = ;5222( )+ O(N 3+ 73N, (3.8)
where the constant in O(-) depends on ||%||, ||%||, ||%||, ||%||. Thus
Ollu

(9u1 (9U2 _ (9u2 8U1)
OR 00  OR 00

O s oy _TT 377—1 -3
det —-—(21, 72) 2N( FOENT TN (39)



Noticing that R > € and

) = Rdet %,

OR 00 00 OR

8u1 8uQ 8u1 8U2 . R<8u1 6%2 _ 0u1 8u2
(9x1 81’2 8x2 8x1
which yields the first part of the conclusion. (3.2) is a direct consequence of (3.9)

and the fact that det % = %% [ |

Remark 3.2 As a consequence of Theorem 3.1, we see that, for a general cavity
deformation, the interpolation function is orientation preserving on a mesh §¢, =
G Qe, r), where €41 = € + 7;, which satisfies 7; < C1/€; and N; > 026;1/2 for
;:00me constants Cy and Cy. If restricted to a radially symmetric cavity deformation,

we may expect to have a more relaxed orientation preserving condition.

Theorem 3.3 For a radially symmetric deformation u(x) = L]f)x, where r > 0
1S an increasing convex function satisfying
dr(e+17/2) > 3r(e) + r(e + 1), (3.10)

then the interpolation function Ilu(z) preserves orientation on the circular ring

Qe,ry. Moreover, if
ou r(R)r'(R)

where R = |x|, then
Ollu ou 1
det —— () = det — O(N7?) + —O(7%). 3.12
ot Grla) = det G (z) + OV ) + O(+) (312)
Proof. For u(z) = T(}?)I, a direct but tedious calculation yields
Tu(x) = (X1, X2)" = C (1) (1 — 282 sin ——, &y sin )" (3.13)
) 2 2N7 N )
where
. 1. ,. 1. . 9
C(zy) = §x1(x1 — 1)r(e) + §ZE1($1 +Dr(e+7)+ (1 —=z)r(e+7/2). (3.14)
Hence 5
ITu . N . T 2 ..o T
det Ereie C(%1)C" (%) sin N(l + 243 sin? 2—)



Since r(R) is increasing and convex, it is easily seen that C(Z;) > 0 on [—1,1].
On the other hand, C'(21) = (21 — 2)r(e) + (&1 + 3)r(e + 7) — 2&y7r(e + 7/2) is
a linear function of #; with C'(1) = 3(r(e) 4+ 3r(e + 7) — 4r(e + 7/2)) > 0, and
C'(—1) = s(4r(e+7/2) = 3r(e) —r(e+7)) > 0, thus C’'(&;) > 0 on [—1,1]. Hence,
the first part of the theorem follows.

Taylor expanding 7(e), r(e +7/2), (e + 7) at R = e + L7, one gets

' (R)T

O(in) = r(R) + O(%), C'(n) = =5

+ O(T).

Thus, it follows from det(%9%) = det 21 and det 5% = £ T that

det % = —20(9?:25’(:%1) (1+O(N?))
_ )+ 0(73))](%7”’(3) +0(%)) (14 O(N-))
r(B)r'(R)  O(T)

R R

+O(N7?),
which gives (3.12) and completes the proof of the theorem. [ |

Remark 3.4 For the energy minimizers among radially symmetric cavity defor-
mations, the condition (3.11) in Theorem 3.3 is generally satisfied, and there exists
a positive constant C' such that (3.10) holds whenever e > C1? (see [20]). As a con-
sequence, we see that, for the dual-parametric bi-quadratic finite element method,
the orientation preserving adds no further restriction on the number of elements
N on an annular ring, which means much less total degrees of freedom s required

as compared with the methods in [20, 22].

4 Interpolation errors of cavity deformations

In this section, the interpolation errors are estimated, including those on the inter-
polation function and the elastic energy in the dual-parametric bi-quadratic finite
element function spaces defined on the meshes described in § 3. Throughout this
section, u(z) is supposed to be a smooth cavitation deformation in the regularized

domain €2,,. We also assume that the meshes are so given that Theorem 3.1 holds.
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4.1 The error of the interpolation function

Let 2 = F;'(z) € T, where # € T is a point on the mesh. We will estimate, in

this subsection, the errors between u(x) and its interpolation function ITu(z).

Theorem 4.1 Under the assumption of Theorem 3.1, the error between a cavity

deformation u(x) and its interpolation function Hu(x) satisfies
|u(x) — Tu(z)|| = O(7* + N73). (4.1)

Proof. For a typical element as used in § 3, denote X = Ilu(z) = (X, X3), where
x = Fp(z). With the same notation as used in Theorem 3.1, and Taylor expanding
u;(ay) at ag, one gets

8

Xy = wi(a)pi(#)

i=0
= u(a )+fﬂ1+h@y+%wy+quy+%A”+%@@§+%@ﬁ,+%@ﬁg
= o) + 0 ) T+ ) e+ 2 ) (D)%
S o)y %%W;)Z i+ 5;;‘;2< o) L it
%%(as)(zf%:ﬁ%a& %%(ag)(g)%;ﬁ 232+ O(r° + N7%)
= u(z) + O(7° + N7?).
Similarly, Xy = us(z) + O(72 + N73). Hence, the conclusion follows. |

Theorem 4.2 Denote ), U Qerry), where Qe = {1 € < Jz| < e+ 7},
€i+1 = € + Ti, €nt1 = 1.0. Let N be the number of elements in the layer e, ).
If €, 71, N; satisfy the assumptions of Theorem 3.1, and 7; = O(h), N;* = O(h),
as h — 0, then the error between a cavity deformation u(x) and its interpolation

function Tu satisfies

lu(@) — Mu(@)[|,, = O(R?). (4.2)

Proof. On a representative element as shown in Figure 2(b), by (3.1), (3.4) and

Olu 9z __ Ollu

o 0 = ais We have
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OMu(z) oN [AnRfcost — Apgsing Ay R$sinf + Ajpf cos 0

o T AglR% cos ) — AQQ% sin @ AglR% sin @ + AQQ% cos 6
where A;; are given by (3.5)-(3.8). Denote
Mu(x)  Ou B B
Ox or
By By
Then, it follows from (4.3), (3.5) and (3.6) that
2N Ouy Ou;y sin 6
By, = RT(AHRN cosf — A12 sinf) — IR cos O + 801 =
= O(T*+N7?)+ EO(T + N7%).
Since 7 = O(h), N~* = O(h), this yields By; = lO(h2) similarly, B;; = 5O(h?).
As a consequence |21t — 9t P = L O(h?). Thus || % -2, = (f R~ de)%O(h ),
which completes the proof, since 1 < p < 2. [ |

4.2 The error on the elastic energy

Let J (Q(E,T)) be a dual-parametric bi-quadratic finite element division of €2
consisting of only one layer of evenly distributed elements, denoted by 7}, j =

1,--+, N. For the energy density function of the form (1.6), denote

E1<U, Q(eﬂ')) = /
Qe,7)

Ey(u; Qeny) = /Q (det %) dx, (4.5)
(e

Ale,7) = (2 — p) / " RIPAR = (e 4 1) — v, (4.6)

%p
wax

dx, (4.4)

and let err(E;(ITu; Q) = |Ei(Ilu; Q) — Ei(u; Q)| be the absolute inter-
polation error of F;(u; Q. )), i = 1,2, respectively. We have the following result.
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Theorem 4.3 Under the assumption of Theorem 3.1, the elastic energy of a cavity

deformation u(x) and its interpolation function Mu satisfy

Ey(u; Q) = O(A(€, 7)), E(u; Qery) = O(Ale, 7)), (4.7)
err(Ey(Iu; Q) = A(e, 7)O(7* + N7?), (4.8)
err(By(ITu; Qe.ry)) = O(7° + 7N %), (4.9)

err(E(Ilu; Qe ry)) = A(e, 7)O(7% + N72), (4.10)

where A(e,7) is defined as (4.6). Moreover, if there exist positive constants 0 <

c < C such that ¢ < \%] < C, then

Ey(w; Qery) ~ Ale, 1), E(u; Qery) ~ Ale, 7), (4.11)
err(Ey(Iu; Qe.ry)) = Bi(u; Qer))O(T> + N72), (4.12)
err(E(Iu; Q) = BE(u; Q) O(7? + N72). (4.13)

Proof. Since 24, %4 are bounded, it follows that |2%(z)[? = O(R7?). Thus
Ei(u; Q) = O(f:“ R'™dR) = O(A(e,7)). Noticing that g is bounded and
A(e,7) > (2 — p)7, then Es(u; Q) = O(1) = O(A(e, 7)), so that we deduce
(4.7). In view of (4.3), we find that

ollu |

Ox

4 N2
= ﬁ(A%I + A3) + FQ—RQ(

= (Gaw)+ (Gao) + s (Gre) '+ ()
+Z‘?g O(T2+N3)+%Z‘

Since 5% is bounded and |5%| >

Al + A3)

0(73 + N*Q)

8ui
00

1 & ou;
2 -3 - 7
O+ N )+R2;‘89

0(7'3 + N*Q).

R 00

|, this implies

Ml | ou|” ) 5 ulP? 1 O~ Ous, ., L
| = |5y A0 HNT)) |- ﬁ;|89|0(7 + N2
oul? ) 5 oulPt 1 Ly
= |5 (1+0(r*+ N ))+% }—%O(T + N72).
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Obviously, the first term will lead to a relative error of the order O(7? + N—3)
to the first part of the energy F;. What remains to consider is the second term.

Applying the Holder inequality, we deduce that

1 177 1 1
/‘@up ld</‘ /de$>:27rA p/’
T

Applying the Holder inequality again yields

Z/Pu

Hence, we obtain

1,l
p

p—11] 2

—d
x < (2

Ale, T))l/pEl (u; Q(E,T))lfl/pwl/pfl.

By (T Qery) = By (1 Qer)) (LHO(T2 AN 3+ By (1 Qery ) Ale, 7) 7 O(734+N72),
which together with (4.7) yields (4.8).
On the other hand, by (3.2) and the fact that g is strictly convex,

N N
Bl ) = 3 [ o@etVupto+ 3" [ gnoal a0 + N7
j=1 J j=1 J

N
= Ey(u;Qery) + Z/ lz|~'dx O(1* + N7?%)
j=17T;
= Ey(u;Qen) +O(T* + TN 7?). (4.14)
(4.10) is a direct consequence of (4.8), (4.9) and A(e, 1) > (2—p)7‘, fore € [0,1—7].

Finally, if there exists a positive constant ¢ > 0 such that Z(aul) > ¢ and

thus |3%(z)[P ~ R™P, meaning that there exist positive constants C’l and Cy such
that CyR™7 < |2%(z)[P < CoR™P, this gives (4.11). This together with (4.8) and
(4.10) yield (4.12) and (4.13). n

Theorem 4.4 For the radially symmetric cavity solution, the error of the energy
satisfies E(ITu; Qe.r)) = E(u; Q) (1 + O(max{e, 7}P7172 + N72)).

Proof. For the radially symmetric solution, it follows from (3.13) that

ollu C'(#1)(1 — 223 sin® ) —4C(31)22sin® &

BF
v C'(Z1) T2 sin % C(z1) sin ¥

14



Thus, by (3.14) and the facts that #(R) > r(0) > 0 and r'(R) < MR, one gets

Ollu |2
ox

2

4 _
= ﬁC (ZE1)2(1+O(N 4))—’—71_2—}%2

C(dn)?sin® T-(1+ O(N )

— ((R)+ O+ Oy + LELL O

R2
_ By (1+0(r° + N7%) + 7' (R)* +1'(R)O(r?)

R? ,
= e+

r(R)?
R2

(1+O(N7?)

Y14+ O + N2+ 7/ (R)R*1%))

= ((R)*+ YA+ O0(T* + N2+ (e +7)°72)).

It follows that
Ey(TTw; Qe 1)) = B (u; Qery)) (1 + O(E* +7° + N7?2)).

On the other hand, by (3.12) and with similar arguments as in the proof of Theo-
rem 4.3 (see (4.14)), one has that

Ey(TTu; Qe ) = Eo(u; Qery) + O(7° + (e + )TN 7).

Recalling that

Evw ) =2r [ 'R+ " pap 4 2
1(“7 (6,7)) = T (T ( ) + F) ~ (677—) > ( _p)7—7
we obtain
O+ (e+7)TN2
err(Ey(Ilu; Q) = Ei(uw; Qer)) ( /(1(67 7_)) )
= O(max{e, 7} 7% + (e + )N ?),
which completes the proof. [ |

5 A meshing strategy

The aim of this section is to establish, for a given reference mesh size h > 0, a
meshing strategy on the domain ., = B1(0) \ B, (0), i.e. to design a method of
calculating €;, 7;, N;, where €¢;,1 = ¢; + 7;, and N; is the number of the elements
in the layer €, so that, on ., = UZZO Qe; ), a cavity solution u and its finite

element interpolation function Ilu satisfy
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(C1) the orientation preserving condition: det VIIu > 0;
(C2) the approximation condition: |lu — Hul|;, = O(h?);
(C3) error sub-equi-distribution condition (see (4.11)-(4.13)): A(e;, ;) = O(h);

(C4) least total degrees of freedom condition: Ny = Z N; is minimized under the
=0
restriction that N; 1 = N; or N1 = 2N;.

By Theorem 3.1, for a radially symmetric cavity solution, the condition C1 can
be assured by setting 7; < C’lel1 / 2, while in nonsymmetric case, setting in addition
N; > 026;1/ ® meets the requirement. By Theorem 4.2, a sufficient condition for
the condition C2 to hold is N; ' = O(h),7; = O(h).

The idea of error equi-distribution is often used in mesh adaptivity and mesh
redistribution. By Theorem 4.3, A(e;, 7;) can serve as a monitor for the energy
error equi-distribution, especially in the neighborhood of the void. Without loss
%, since €, + 7,, = 1 for the layer m, this implies
A€y Tm) =1 — (1 = 7,,)*? < (2 — p)2P~17,,. Thus, it is easily verified that, for

of generality, assume ¢, >

2—p

a given constant C' > (2 — p)2P~', a reference mesh size 0 < h < hy < 55,

A(€m, 7)) < Ch, provided that 7, < h. Hence, it is natural to require

2—p)2r—1
C3: A(e, 1) < Ch, forall 0 < i < m(, W)thh imposes an implicit condition on
the layer’s thickness 7;. In fact, given C' > (2 — p)2P~! and hy > h > 0, denoting
d(xz,h) = (x2_p+0h)ﬁ —x, we have A(z,d(x, h)) = Ch. On the other hand, since
p € (1,2), we have Ch = A(e;,d(e;, b)) 2 (2 — p) [T R1 PR > 2pdeh
which implies that d(e;, h) < 1, as long as 0 < h < hy < 2p 5-1g, and consequently
% < Ch yields d(e;, h) < %g_;?h. Thus, for the condition C3 and 7; =
O(h) to hold, it suffices to require 7; < d(e;, h).

Finally, assuming an optimized distribution of layers is given, then, the condi-
tion C4 can be achieved easily by taking the least admissible V;, 0 < ¢ < m. It is
in this sense that the total degrees of freedom are minimized.

For given positive constants Cy, Cy, C' > (2—p)2P~1 h < min{hg, hi}, A; < Ay
satisfying [(Agh)™t, (A1h)" NZ, # 0, the analysis above leads to the following

meshing strategy satisfying C1-C4 for non-radially-symmetric cavitaty solutions.

A meshing strategy of {Q, )}t
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(1) Take N, € [(Ash)~Y (A1h) ™Y NZy. Let Ny = min{N € Z, : N > 0250_1/2}'
Set k = min{j : 2/N,, > Ny}, and Ny = 2*N,,,. Set 7y = min{Cleé/z, d(eo, h)}.

(2) Set kg =0. Fori > 1, set ¢, = ¢;_1 + 7,1, and
7 =min{l — ¢, C1e.’? d(e;, h)}. (5.1)

If ; =1—¢;, set m = 1. The least admissible N; > Cae; 2 is so determined:

(i) If kiy < k, set N; = Ni;. If N; > 0261-_1/2, then set k; = k;—1 + 1,

N; = N;; otherwise, set k; = k;_1, N; = N;_1.
(11) If ki,1 = k, set kl = k?z;l, Nz = Nifl-

Remark 5.1 By setting k = 0, N; = N,,, 0 < i < m, the meshing strategy
above can be adapted to create a mesh for the radially symmetric solutions, for
which orientation preserving adds no restrictions on N; (see Theorem 3.3 and
Remark 3.4). As a consequence, the total degrees of freedom of a dual-parametric
bi-quadratic FE approrimation are significantly less than that of an iso-parametric
quadratic FE approximation, where the orientation preserving condition plays a

leading role in determining N;, especially when €; < h [20].

Theorem 5.2 Letu be a cavity solution satisfying the assumptions of Theorem 3.1.

Then, for a given constant C > (2—p)2P~", there exists 0 < h < min{%, 2p2f1pc
such that, for a reference mesh size 0 < h < h, on a mesh {Qe ) Vi with €;, T,

N; produced by the above meshing strategy, we have det VIIu(z) > 0, and

|lu — Tul|s = O(h?), (5.2)
lu = Tull1 , = O(h?), (5.3)
err(E(u; Q) = O(h?). (5.4)

Proof. The claims det VIIu(z) > 0, (5.2) and (5.3) follow from Theorem 3.1,

Theorem 4.1 and Theorem 4.2 respectively, (5.4) is a direct consequence of (4.10)

and Y A(e;,7;) = (2 —p) [} R*"PdR < 1. What remains to show is N; ' = O(h),
i=0

which is a consequence of N, ~ 1 /h and N; > N,,. [

To estimate the total degrees of freedom, we need the following lemma.

17



Lemma 5.3 Let f(x) = Cio'/? + 2 — (2277 + C’h)ﬁ, x € [0,1], where C; > 0,
C >0and1 < p < 2 are given constants. Then, there exist positive constants
ay < ay independent of h < hg = min{ (1+Cl())27p_1, (2—(1;)01 (1+¢
the bigger root of the equation (2 — p)Cix? — Cx — C? = 0, such that f(x) < 0 if

2 2
z € [0,a1h?7], and f(x) > 0 if x € [agh?7,1].

)é%ﬁ}’ where s is

Proof. Since x > 0 and 1 < p < 2, it follows that

f(@) < f(z) = Cra'l? 43— CToh,

—2
thus, f(z) < 0, if & < 2, 2 4(\/012 +A(Ch)T + 01) C=7h?%, which is the
bigger root of f(z) = 0.

For x27P > sh, it is easily verified that

flx) = Cia'?+2—a2(1+ xp_QCh)ﬁ
= 2?4z — z(1 + ExP72Ch),

where £ = ﬁ(l + n)% and 0 < n < 2P~2Ch < Cs~!, thus, we have
1 .
[(@) > Ca'l? = = (1+ Cs~)555 Cha?. (5.5)
- P
If p > 3/2, then 27! < 2'/2 hence f(z) > (C, — s (1 + C’s‘l)%c*h)xl/2 > 0,
since h < ho. If p < 3/2, then 5= < 1 and 2P~ 'h < 2* Pa?~ /s = xfs < x'/?/s,
thus, it follows from (5.5) that

f(z) > (C’l — 2081

-1

(1+ Os—l)%)xlﬂ > (01 - Si (1+ C’s_l))xl/Z.

By the definition of s, this leads to f(z) > 0.
On the other hand, for 2>7? < sh, denoting M = (C + s)ﬁ, we have
fz) = Cua? 4z — (Ch)7+ (1 + 22 PCh )75
> Cia'2 42— (Ch)7s (14 sCY)7s

= f(x) :Cliﬁl/z—i-x—Mhﬁ,

—2
Hence f(z) > 0, if v > 2o = 4M2(Cl - \/C%+4Mhﬁ> h75, which is the

bigger root of the equation f(x) = 0. The proof is completed by taking a; =
—2
4(\/C§+4Cﬁ+cl) 7% and ay = M2C% = (C + 5) 77 O, n
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Theorem 5.4 Let C; > 0, Cy, > 0,1 <p < 2 and C > (2 — p)2°~! be given.
Let a; < ay, hy and h be the constants giwen in Lemma 5.3 and Theorem 5.2
respectively. For given ey < 1, let {€;, 7, N;}1™, be defined by the meshing strategy

with h < hy = min{ho, b, C>Pa} " (ay — a1 )P~2,Ca~%}. Then, we have

[logy logyy €0C1 2] + 3+ [(Ch)™H, if ash™ 7 > €;
[(Ch)~1, otherwise,

1 — max{e; *, a5 Ph}
Ch
where b(h) = alCl’Qhﬁ. Consequently, the total degrees of freedom Ny satisfies

N My < Ny < NoMs, (5.8)
where Ny and N,, are given as in the meshing strategqy (1).

Proof. By Lemma 5.3, C12/2 < d(z,h) it # < a;h? 7, and CyzY2 > d(x, h) if
T > agh%. Hence, by (5.1), €;41 = ei+0161-1/2 ife; < alh%, and €41 = €;+d(e;, h)
if ¢, > aghﬁ. Let €,,, be the biggest ¢; such that ¢; < alhﬁ, then for all 7+ < my,

2
€11 =€ + Cle;ﬂ. Since €, = €my—1 + Cle%f_l > Cle,ln/f_l > ClHl/Qei,ff_Q > e >
mq—1 m m . . .
CITYER AT AR 02 9)1/2™ et j be the smallest integer i such that

Cl
012(5—22)1/22 > alhfzp, then m; < j. By the definition of j, one has

log, logy, 1 g—%, if log, logy é—% is an integer;

[log2 logy g%] + 1, otherwise.

Let €,,, be the smallest ¢; such that ¢, > aghﬁ, then, for all my < i < m,
€0 =€ "+Ch=eP+C(i+1—my)h. It follows from the facts that €,1 = 1.0
and 7,, = min{1 — €y, d(€m, h), Crev,>} that m is the smallest integer j such that

Ej?—p +Ch= 63{2” +C(j+1—my)h > 1. Hence

1—€2 P 1—e2 P
my — 1+ —52%, if —52 is an integer;
m = o (5.10)
—€ .
meo + [ o ], otherwise.

2
Next, we estimate my—my. By the definition of mq, €,,,41 = €m, —i—Cleq%f > a h?r.

1
Thus, 7,42 > min{(]lafhflp, d(€my+1,h)}. This implies €, 10 > min{C’lai/Qhﬁ
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—l—alh%, (Ch)ﬁ} Hence, by the definition of Ay, €, 12 > thﬁ. Consequently,
by the definition of €,,,, we conclude ms < my + 2, which together with (5.9) and
(5.10) yields (5.6).

If ¢g > thﬁ, then (5.7) follows directly from (5.10), since in this case mq = 0.
If ¢ < aghﬁ, then mo > 1 and €,,, 1 < aghﬁ by the definition of ms. Thus, for
all my <i<m, e P = er P+ C(i —mg)h < 62_21:1 + C(i+1—mg)h. Set

m

1-27P 1P

. mg — 24 —FF—,  if —Z*— is an integer;
jo - 1 2—p (511)

my — 1+ [ 72’;1271}, otherwise.

Then, it is easily verified that ¢; < 1, for all + < j,. Hence, by the definition of m,

we conclude m > jo, which implies (5.7), since my > 1 and €,,, 1 < th%. [ |

It is worth noticing that there are two solution dependent constants C and Cs,
which are not known a priori, used in the meshing strategy. In applications, we
can always start with C := d(eo, h)eal/Q and Cy := Nme(l)/g, which are the least C}
and greatest C5 such that the orientation preserving conditions will practically not
affect the mesh produced. It is of vital importance to know what would happen if
the constants are not properly given, and how to adjust the mesh in an a posteriori
fashion so that the conditions C1-C4 are satisfied in the end. To specify this,
we present below two examples in both radially symmetric and nonsymmetric
cases, where the energy density is given by (1.6) with p = 3/2, w = 2/3, and
g(z) =274 (z — 1)+ 1), and we take A = A; = Ay = 0.8, h = 0.05.

Ci | e € €3 €4 €5 €6 €7 €8 €9

1 0.0101 | 0.0402 | 0.0903 | 0.1604 | 0.2505 | 0.3606 | 0.4907 | 0.6408 | 0.8109

0.9 | 0.0091 | 0.0382 | 0.0873 | 0.1563 | 0.2454 | 0.3545 | 0.4836 | 0.6327 | 0.8017

Table 1: Radially symmetric case: ¢y = 0.0001, N; = 16, €19 = 1.0.

Example 5.5 In the radially symmetrical case, let g = 0.0001, ug(x) = 2z, and
N; = N, = A/h. For C =2, C; = 1.0 and 0.9, the mesh strategy produces two
meshes shown in Table 1. While the numerical solutions obtained on both meshes

successfully capture the cavitation, the solution with Cy a marginally too big fails
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to be orientation preserving. In fact, det Vuy,(xz) < 0 is detected on the element
vertices on the inner boundary {x : |x| = €}, where the orientation preserving
1s found most easily broken. Our numerical experiments show that, whenever this
happens, instead of reducing C1, a proper mesh can be obtained simply by dividing

the inner most layer into two, repeat if necessary, according to the condition (C3).

Example 5.6 Let ¢; = 0.0005 and ug(x) = (2.531,2x9)", then, the correspond-
g cavity solution is non-radially-symmetric. Now, we are facing the problem of
choosing Cy and Cy appearing in the conditions T < Cie/? and N > Cye /2. For
C =3, Cy =1.0 and, Cy = 1.1, the meshing strategqy produces a mesh shown in
"Test 1”7 in Table 2, where N; = No/2, Vi > 1, which holds also for other three
tests. It turns out that the numerical solution obtained on this mesh is indeed ori-
entation preserving. While for Cy = 1.25 (see Test 2) or Cy = 0.9 (see Test 3),
the numerical solutions obtained on the corresponding meshes will fail to be orien-
tation preserving. Again, it is found that the failure is most likely to happen on
the element vertices on the inner boundary of the domain Q.,. And again, instead
of reducing C1 or increasing Cs, a proper mesh can usually be obtained simply by
dividing the inner most layer into two (see Test 4 where eg = 1.0), according to the

condition (C3), or doubling Ny, or both, and repeat the process if necessary.

Test | €1 €2 €3 €4 €5 €6 €7 Ny | Result

1 0.0229 | 0.0907 | 0.2036 | 0.3614 | 0.5643 | 0.7946 | 1.0 50 | Succeed

2 0.0285 | 0.1016 | 0.2198 | 0.3829 | 0.5911 | 0.8442 | 1.0 50 | Fail

3 0.0229 | 0.0907 | 0.2036 | 0.3614 | 0.5643 | 0.7946 | 1.0 40 | Fail

4 0.0091 | 0.0285 | 0.1016 | 0.2198 | 0.3829 | 0.5911 | 0.8442 | 50 | Succeed

Table 2: Non-radially-symmetric case: ey = 0.0005, ug(z) = (2.5z1, 215)".

Remark 5.7 In our code, the condition det Vu, > 0 is firstly only checked on
quadrature nodes in a gradient flow iteration; after the iteration converges, the
condition det Vuy, > 0 s checked on elements vertices, particulary those on the

inner boundary of the domain €., where the condition is most easily be broken;
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the mesh layer, where det Vuy, < 0 is detected, is then refined accordingly. Such a
modified meshing strateqy practically makes the whole process more efficient, though

a mesh so obtained is not necessarily ”optimal”.

6 Numerical experiments and results

In our numerical experiments, the energy density is given by (1.6) with p = 3/2,
w=2/3, and g(z) = 27/4(3(z — 1) + 1), the domain Q, = B1(0) \ B¢, (0) with a
displacement boundary I'y = 0B;(0) and a traction free boundary I'y = 9B, (0),
and the meshes used are shown in Table 3 and Table 4, which are produced by the
meshing strategy with C' = 2, €}, = 0.9, A = 0.8 for ¢; = 0.01, ¢, = 0.0001 and
various h, and it happens that, in all these meshes, N; = N, = A/h on each of the
m+ 1 mesh layers. Figure 3 shows that the total degrees of freedom Ny is basically

a quadratic function of A1

h min7; | max7; | m | Ny h min7; | max7; | m | Ny
0.04 | 0.0224 | 0.1504 | 11 | 20 0.04 | 0.008 |0.1488 | 12 | 20
0.03 | 0.0156 | 0.1164 | 14 | 30 0.03 | 0.0048 | 0.1128 | 16 | 30
0.02 | 0.0096 | 0.0768 | 22 | 40 0.02 | 0.0024 | 0.076 | 24 | 40
0.01 | 0.0044 | 0.0396 | 44 | 80 0.01 | 0.0008 | 0.0392 | 49 | 80
0.005 | 0.0021 | 0.0199 | 89 | 160 0.005 | 0.0003 | 0.0197 | 98 | 160
Table 3: ¢y = 0.01. Table 4: ¢y = 0.0001.

6.1 Radially symmetric case with u(z)|p, = Az

The convergence behavior of the radially symmetric numerical cavity solutions
corresponding to A = 2.0 obtained by the dual-parametric bi-quadratic FEM are
shown in Figure 4-Figure 6, where the high precision numerical solutions to the
equivalent 1-D ODE problem are taken as the exact solutions [2, 10].

Figure 4 shows that the energy error |E(u) — E(us)| = O(N;?) = O(h*), which

is even better than our energy error estimate on the interpolation function (see
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(5.4)). In Figure 5 and Figure 6, it is shown that ||u — up|o2 = O(Nd_s/z) = O(h?)
and ||u—up|1, = O(N; ') = O(h?) respectively, which are in good agreement with

our interpolation error estimates (see (5.2) and (5.3)).

5

L ‘ " [==e =0.01 —, €0 =0.01
o ep = 0.0001 Ll o ep = 0.0001|
a5 -~ slope=2.0 || Tl ) — ‘ -~ -slope=2.0
-3} ™
2 | 4 -
g 3.5} g -5
_6,
3,
2t
2.3 - - - - . — . .
-2.4 -2.2 -2 -1.8 -1.6 -14
Iogloh g.B 35 |0910Nd 4.2 4.9
Figure 3: Ny ~ Kh=2. Figure 4: The energy error.

A comparison between WP errors of the iso-parametric triangular FEM (]20])
and the dual-parametric bi-quadratic FEM is also shown in Figure 6, which demon-

strates that the latter should be a more efficient method in cavitation computation.

-1.4

L ‘ " e =001 "[=—Tso-para ¢y = 0.01

S ——¢p = 0.0001 ——Iso-para ¢y = 0.001

RN ---slope=1.5 | 18l —+Dual-para g = 0.01 |
——Dual-para ey = 0.0001
5l | » R ---slope=1.0

539 3.2 35 3.8 4.1 4.4 —34%
IoglONd

IogmNd

Figure 5: The L? errors of uy,. Figure 6: The WP errors of uy,.

6.2 Non-radially-symmetric case with u(z)|r, = (A\21, Aow2)T

The numerical results for Ay = 2.5, Ay = 2.0, ¢ = 0.01 obtained on the mesh given

in Table 3 are shown in Figure 7-Figure 10.
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Figure 9: The convergence behavior of the cavity of wy,.

Figure 7 shows the numerical solution with & = 0.02, where the cavity is seen
to be approximately an ellipse. The convergence behaviors of the energy, semi-
major axis, and semi-minor axis of the cavity, with respect to the mesh size h, are
displayed respectively in Figure 8, Figure 9(a) and Figure 9(b). The convergence
behavior of ||up, —up/2|l02 and |up —ups2|1p, in terms of Ny ~ h™2, are demonstrated
respectively in Figure 10(a) and Figure 10(b). The numerical results are clearly in

good agreement with our analytical results (see (5.2)-(5.4)).
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Figure 10: The convergence behavior of ||u, — w2

7 Concluding remarks

We derived the orientation preserving conditions and interpolation errors of the
dual-parametric bi-quadratic rectangular FEM for both radially symmetric and
general non-symmetric cavity solutions, which is the first theoretical result of its
kind in this field, and established an optimal meshing strategy for the method in
computing void’s growth based on an error equi-distribution principle. Numerical
results obtained on the meshes produced by our meshing strategy verified the
efficiency of the method. In fact, our numerical experiments showed that the
convergence rates of the finite element cavitation solutions are in good agreement
with our interpolation error estimates, and the total degrees of freedom needed for
the method to achieve a given level of approximation accuracy is of an optimal
order, and is much less than that of the iso-parametric quadratic triangular FEM

in practical cavitation computation.
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