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Abstract

In this paper, we develop a robust uncertainty principle for finite signals in CV
which states that for nearly all choices T, 2 C {0,..., N — 1} such that

IT| + (9] = (log N) /2 N,

there is no signal f supported on 7" whose discrete Fourier transform f is supported on
Q. In fact, we can make the above uncertainty principle quantitative in the sense that
if f is supported on T', then only a small percentage of the energy (less than half, say)
of f is concentrated on €.

As an application of this robust uncertainty principle (QRUP), we consider the
problem of decomposing a signal into a sparse superposition of spikes and complex

sinusoids
fs)=> a1 (®)d(s—t) + D as(w)e™ /N /V/N.

teT weN

We show that if a generic signal f has a decomposition (a1, as3) using spike and fre-
quency locations in T" and 2 respectively, and obeying

IT| + €| < Const - (log N)~Y/2. N,

then (a1, as) is the unique sparsest possible decomposition (all other decompositions
have more non-zero terms). In addition, if

|T| + || < Const - (log N)™* - N,

then the sparsest (aq,as) can be found by solving a convex optimization problem.

Underlying our results is a new probabilistic approach which insists on finding the
correct uncertainty relation or the optimally sparse solution for nearly all subsets but
not necessarily all of them, and allows to considerably sharpen previously known results
[9,10]. In fact, we show that the fraction of sets (T, 2) for which the above properties
do not hold can be upper bounded by quantities like N~ for large values of «.

The QRUP (and the application to finding sparse representations) can be extended
to general pairs of orthogonal bases ®;,®, of CVN. For nearly all choices I';,T'y C
{0,..., N — 1} obeying

IT1| 4 |Ta| =< p(®q, ®2) "> - (log N) ™™,

where m < 6, there is no signal f such that @ f is supported on I'; and ®5 f is supported
on I's where pu(®q, ®s) is the mutual coherence between ®; and Ps.
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1 Introduction

1.1 Uncertainty principles

The classical Weyl-Heisenberg uncertainty principle states that a continuous-time signal
cannot be simultaneously well-localized in both time and frequency. Loosely speaking, this
principle says that if most of the energy of a signal f is concentrated near a time-interval of
length At and most of its energy in the frequency domain is concentrated near an interval
of length Aw, then

At - Aw > 1.

This principle is one of the major intellectual achievements of the 20th century, and since
then much work has been concerned with extending such uncertainty relations to other
contexts, namely by investigating to what extent it is possible to concentrate a function f
and its Fourier transform f when relaxing the assumption that f and f be concentrated
near intervals as in the work of Landau, Pollack and Slepian [17,18,21], or by considering
signals supported on a discrete set [9,22].

Because our paper is concerned with finite signals, we now turn our attention to “discrete
uncertainty relations” and begin by recalling the definition of the discrete Fourier transform

. 1 Nl .
flw) = N D fye N, (1.1)
=0

where the frequency index w ranges over the set {0,1,..., N — 1}. For signals of length
N, [9] introduced a sharp uncertainty principle which simply states that the supports of a
signal f in the time and frequency domains must obey

|supp f| + |supp f| > 2V/N. (1.2)

We emphasize that there are no other restriction on the organization of the supports of f
and f other than the size constraint (1.2). It was also observed in [9] that the uncertainty
relation (1.2) is tight in the sense that equality is achieved for certain special signals. For
example, consider as in [9,10] the Dirac comb signal: suppose that the sample size N is a
perfect square and let f be equal to 1 at multiples of v/ N and 0 everywhere else

{1, t=mvN, m=0,1,...,.v/N—1

0, elsewhere.

ft) = (1.3)



Remarkably, the Dirac comb is invariant through the Fourier transform, i.e. f = f, and
therefore, |supp f| + | supp f| = 2v/N. In other words, (1.2) holds with equality.

In recent years, uncertainty relations have become very popular, in part because they help
explain some miraculous properties of ¢;-minimization procedures, as we will see below.
Researchers have naturally developed similar uncertainty relations between pairs of bases
other than the canonical basis and its conjugate. We single out the work of Elad and
Bruckstein [12] which introduces a generalized uncertainty principle for pairs @1, @9 of
orthonormal bases. Define the mutual coherence [10,12,15] between ®; and P, as

(1, ®2) = max (¢ 9)]; (1.4)

then if o is the (unique) representation of f in basis ®; with I'y = supp aq, and «g is the
representation in ®9, the supports must obey

Ty + | > (1.5)

_ 2
:u(q)lﬂ (I)Q) .

Note that the mutual coherence p always obeys 1/ VN < 1 < 1 and is a rough measure
of the similarity of the two bases. The smaller the coherence, the stronger the uncertainty
relation. To see how this generalizes the discrete uncertainty principle, observe that in
the case where ®; is the canonical or spike basis and ® is the Fourier basis, u = 1/v N
(maximal incoherence) and (1.5) is, of course, (1.2).

1.2 The tightness of the uncertainty relation is fragile

It is true that there exist signals that saturate the uncertainty relations. But such signals
are very special and are hardly representative of “generic” or “most” signals. Consider, for
instance, the Dirac comb: the locations and heights of the v/N spikes in the time domain
carefully conspire to create an inordinate number of cancellations in the frequency domain.
This will not be the case for sparsely supported signals in general. Simple numerical ex-
periments confirm that signals with the same support as the Dirac comb but with different
spike amplitudes almost always have Fourier transforms that are nonzero everywhere. In-
deed, constructing pathological examples other than the Dirac comb requires mathematical
wizardry.

Moreover, if the signal length N is prime (making signals like the Dirac comb impossible
to construct), the discrete uncertainty principle is sharpened to [26]

| supp f| + | supp f| > N, (1.6)

which validates our intuition about the exceptionality of signals such as the Dirac comb.

1.3 Robust uncertainty principles

Excluding these exceedingly rare and exceptional pairs 1" := supp f, {2 := supp f , how tight
is the uncertainty relation? That is, given two sets T and 2, how large need |T| + || be
so that it is possible to construct a signal whose time and frequency supports are T' and
Q respectively? In this paper, we introduce a robust uncertainty principle (for general V)



which illustrates that for “most” sets T, 2, (1.6) is closer to the truth than (1.2). Suppose
that we choose (T, 2) at random from all pairs obeying

N
V(B+1)log N’

where 3 is a pre-determined constant. Then with overwhelming high probability—in fact,
exceeding 1 — O(N~P) (we shall give explicit values)—we will be unable to find a signal in
C" supported on T in the time domain and Q in the frequency domain. In other words,
remove a negligible fraction of sets and

7] +19] <

. N
supp f| + | supp f| > ,
| [+ | V(B+1)logN

holds, which is very different than (1.2).

(1.7)

Our uncertainty principle is not only robust in the sense that it holds for most sets, it is
also quantitative. Consider a random pair (7,2) as before and put 1 to be the indicator
function of the set 2. Then with essentially the same probability as above, we have

If - el < I/17/2, (1.8)

say, for all functions f supported on T. By symmetry, the same inequality holds by ex-
changing the role of T and €2,

If - 17l® < I£11%/2,

for all functions f supported on 2. Moreover, as with the discrete uncertainty principle,
the QRUP can be extended to arbitrary pairs of bases.

1.4 Significance of uncertainty principles

Over the past three years, there has been a series of papers starting with [10] establishing
a link between discrete uncertainty principles and sparse approximation [10,11,15,27]. In
this field, the goal is to separate a signal f € CV into two (or more) components, each
representing contributions from different phenomena. The idea is as follows: suppose we
have two (or possibly many more) orthonormal bases ®1,®9; we search among all the
decompositions (aq, ag) of the signal f

for the shortest one
(FPo) mgnHaHgo, da = f, (1.9)

where ||a||g, is simply the size of the support of «, ||as, := |{7, a(y) # 0}

The discrete uncertainty principles (1.2) and (1.5) tell us when (F) has a unique solution.
For example, suppose ® is the time-frequency dictionary constructed by concatenating the
Dirac and Fourier orthobases:

d = (I F*)



where F' is the discrete Fourier matrix (F);,, = (1/vN)e?™N_ Tt is possible to show
that if a signal f has a decomposition f = ®a consisting of spikes on subdomain 7' and
frequencies on 2, and

IT| + |9 < V'N, (1.10)

then « is the unique minimizer of (Pp) [10]. In a nutshell, the reason is that if ®(ag + dp)
were another decomposition, dy would obey ®§y = 0, which dictates that §y has the form
o = (6,—0). Now (1.2) implies that dy would have at least 2¢/N nonzero entries which in
turn would give || 4 dollg, > VN for all ag obeying |lagllq, < V/N, thereby proving the
claim. Note that again the condition (1.10) is sharp because of the extremal signal (1.3).
Indeed, the Dirac comb may be expressed as a superposition of v/N terms in the time or
in the frequency domain; for this special signal, (Py) does not have a unique solution.

In [12], the same line of reasoning is followed for general pairs of orthogonal bases, and
fo-uniqueness is guaranteed when

1
Pl + T2l < (1.11)

((1)17 (1)2) .

Unfortunately, solving (Pp) directly is computationally infeasible because of the highly
non-convex nature of the | - ||g, norm. To the best of our knowledge, finding the minimizer
obeying the constraints would require searching over all possible subsets of columns of @,
an algorithm that is combinatorial in nature and has exponential complexity. Instead of
solving (P), we consider a similar program in the ¢; norm which goes by the name of Basis
Pursuit [7]:

(Pr) mgnHaHgl, da = f. (1.12)

Unlike the ¢y norm, the ¢; norm is convex. As a result, (P;) can be solved efficiently using
standard “off the shelf” optimization algorithms. The #/;-norm itself can also be viewed
as a measure of sparsity. Among the vectors that meet the constraints, it will favor those
with a few large coefficients and many small coefficients over those where the coefficient
magnitudes are approximately equal [7].

A beautiful result in [10] actually shows that if f has a sparse decomposition o supported
on I' with

1
T < 50+p7, (1.13)

then the minimizer of (P;) is unique and is equal to the minimizer of (FPy) ([12] improves
the constant in (1.13) from 1/2 to ~ .9142). In these situations, we can replace the highly
non-convex program (FPy) with the much tamer (and convex) (P;).

We now review a few applications of these types of ideas.

o Geometric Separation. Suppose we have a dataset and one wishes to separate point-
like structures, from filamentary (edge-like) structures, from sheet-like structures. In
2 dimensions, for example, we might imagine synthesizing a signal as a superposition
of wavelets and curvelets which are ideally adapted to represent point-like and curve-
like structures respectively. Delicate space/orientation uncertainty principles show
that the minimum ¢;-norm decomposition in this combined dictionary automatically
separates point and curve-singularities; the wavelet component in the decomposition
(1.12) accurately captures all the pointwise singularities, while the curvelet component



captures all the edge curves. We refer to [8] for theoretical developments and to [23]
for numerical experiments.

o Texture-edges separation Suppose now that we have an image we wish to decompose
as a sum of a cartoon-like geometric part plus a texture part. The idea again is to use
curvelets to represent the geometric part of the image and local cosines to represent
the texture part. These ideas have recently been tested in practical settings, with
spectacular success [24] (see also [20] for earlier and related ideas).

In a different direction, the QRUP is also implicit in some of our own work on the exact
reconstruction of sparse signals from vastly undersampled frequency information [3]. Here,
we wish to reconstruct a signal f € CV from the data of only |Q| random frequency
samples. The surprising result is that although most of the information is missing, one can
still reconstruct f eractly provided that f is sparse. Suppose || obeys the oversampling
relation

|Q < |T|-log N

with 7" := supp f. Then with overwhelming probability, the object f (digital image, signal,
and so on) is the exact and unique solution of the convex program that searches, among all
signals that are consistent with the data, for that with minimum ¢;-norm. We will draw
on the the tools developed in the earlier work, making the QRUP explicit and applying it
to the problem of searching for sparse decompositions.

1.5 Innovations

Nearly all the existing literature on uncertainty relations and their consequences focuses
on worst case scenarios, compare (1.2) and (1.13). What is new here is the development of
probabilistic models which show that the performance of Basis Pursuit in an overwhelm-
ingly large majority of situations is actually very different than that predicted by the overly
“pessimistic” bounds (1.13). For the time-frequency dictionary, we will see that if a rep-
resentation o (with spike locations 7' and sinusoidal frequencies ) of a signal f exists

with
IT| + (2] < N/+/log N,

then « is the sparsest representation of f nearly all of the time. If in addition, 7" and 2
satisfy
IT| + |92 < N/log N, (1.14)

then « can be recovered by solving the convex program (P;). In fact, numerical simulations
reported in Section 6 suggest that (1.14) is far closer to the empirical behavior than (1.13),
see also [9]. We show that similar results also hold for general pairs of bases @1, ®5.

As discussed earlier, there now exists well-established machinery for turning uncertainty
relations into statements about our ability to find sparse decompositions. We would like
to point out that our results (1.14) are not an automatic consequence of the uncertainty
relation (1.7) together with these existing ideas. Instead, our analysis relies on the study
of eigenvalues of random matrices, which is completely new.



1.6 Organization of the paper

In Section 2 we develop a probability model that will be used throughout the paper to
formulate our results. In Section 3, we will establish uncertainty relations such as (1.8).
Sections 4 and 5 will prove uniqueness and equality of the (Pp) and (P;) programs. In the
case where the basis pair (®1, ®2) is the time-frequency dictionary (Section 4), we will be
very careful in calculating the constants appearing in the bounds. We will be somewhat less
precise in the general case (Section 5), and will forgo explicit calculation of constants. We
report on numerical experiments in Section 6 and close the paper with a short discussion
(Section 7).

2 A Probability Model for I'y,I'

To state our results precisely, we first need to specify a probabilistic model. Our statements
will be centered on subsets of the time and/or frequency domains (and more generally the ®;
and ®5 domains) that have been sampled uniformly at random. For example, to randomly
generate a subset of the frequency domain of size Ngq, we simply choose one of the ( ]ff\; )
subsets of {0,...,N — 1} using a uniform distribution, i.e. each subset © with |Q] = Nq
has an equal chance of being chosen.

As we will see in the next section, the robust uncertainty principle holds—with overwhelm-
ing probability—over sets T and () randomly sampled as above. Our estimates are quanti-
tative and introduce sufficient conditions so that the probability of “failure” be arbitrarily
small, i.e. less than O(N~?) for some arbitrary 8 > 0. Deterministically, we can say that
the estimates are true for the vast majority of sets T' and 2 of a certain size.

Further, to establish sparse approximation bounds (Section 4), we will also introduce a
probability model on the “active” coefficients. Given a pair (7,€2), we sample the coeffi-
cient vector {a(7y), v € I' :== TUQ} from a distribution with identically and independently
distributed coordinates; we also impose that each «(7) be drawn from a continuous prob-
ability distribution that is circularly symmetric in the complex plane; that is, the phase of
a(7) is uniformly distributed on [0, 27).

3 Quantitative Robust Uncertainty Principles

Equipped with the probability model of Section 2, we now introduce our uncertainty rela-
tions. To state our result, we make use of the standard notation o(1) to indicate a numerical
term tending to 0 as N goes to infinity. We will assume throughout the paper that the
signal length N > 512, and that the parameter 5 obeys 1 < 5 < (3/8) -log N (since even
taking 8 ~ log N distorts the meaning of O(N~7)).

Theorem 3.1 Choose Nt and Nq such that

N
Nr + Ng < 5D 1OgN(pO/2 +o(1)),  po=+/2/3 > 0.8164. (3.1)

Fiz a subset T of the time domain with |T| = Np. Let  be a subset of size N of the
frequency domain generated uniformly at random. Then with probability at least




— O((log N)Y/2 . N=8), every signal f supported on T in the time domain has most of its
energy in the frequency domain outside of 2:

IIfH2

If - Lol® <

and likewise, every signal f supported on € in the frequency domain has most of its energy
in the time domain outside of T

If-17)? <
As a result, it is impossible to find a signal f supported on T' whose discrete Fourier trans-
form f is supported on 2. For all finite sample sizes N > 512, we can select T,§2 as
2791 N
(B+1)logN

1712
L

T +192] <

To establish this result, we will show that the singular values of the partial Fourier matriz
For = RoF Ry are well controlled, where Rr, Ro are the time- and frequency-domain
restriction operator to sets T and Q. If f € CV is supported on T (such that RA-Rrf = f),
then its Fourier coefficients on €2 are given by For Rrf, and

If - 10l = | Far Re I < | Fsr Farl - 1712

where ||Al| is the operator norm (largest eigenvalue) of the matrix A. Therefore, it will
suffice to show that ||For*For| < 1/2 with high probability.

With T fixed, For is a random matrix that depends on the random variable €2, where (2
is drawn uniformly at random with a specified size |Q| = Ngo. We will write A(Q2) = For
to make this dependence explicit. To bound A(f2), we will first derive a bound for A(Q')
where ' is sampled using independent coin flips, and show that in turn, it can be used to
bound the uniform case.

Consider then the random set ' sampled as follows: let I(w), w = 0,...,N — 1 be a
sequence of independent Bernoulli random variables with

PIlw)=1)=m, P(I(w)=0)=1-m,
and set
OV ={w st. I(w)=1}.
Note that unlike €, the size of the set ' is random as well;

N-1

)= I(w)

w=0

is a binomial random variable with mean E|Q'| = 7N. To relate the two models, we use

P(lA@)* > 1/2) = ZP IA@)I? >1/2 |19 =k) - P (1] =k)

N

= > P(IAQW)IP > 1/2) - P (1| = k) (3.2)

k=0

where Qj is a set of size || = k selected uniformly at random. We will exploit two facts:



1. P(||A(2%)]|? > 1/2) is a non-decreasing function of k. For it is true that
U CO = (A <A

Note that an equivalent method for sampling 241 uniformly at random is to sample
a set of size k uniformly at random, and then choose a single index from {0,..., N —
1}\Qy again using a uniform distribution. From this, we can see

P(|AQe0)]? >1/2) > P(IA)]? > 1/2).

2. If E|QY| = 7N is an integer, then the median of || is also 7N. That is,
PV <7N -1)<1/2<P(|Q] < TN).

Proof of this fact can be found in [16, Theorem 3.2].

Drawing 2 with parameter 7 = N /N, we can apply these facts (in order) to bound (3.2)
as

N
P(JA@)IP>1/2) > > P(IAQ)? > 1/2)P (] = k)
k=Nq

N
> PIA@I?>1/2) 3 P (9] =#)
k=Ngq
> CP(JA@? > 1/2). (33)

The failure rate for the uniform model is thus no more than twice the failure rate for the
independent Bernoulli model.

It remains to show that |A(Q")||*> < 1/2 with high probability. To do this, we introduce
(as in [3]) the |T'| x |T| auxiliary matrix H (')

0 t=+t
/ — /
H(QY ) = {Z o C—tN gy t,t' eT. (3.4)
we!
We then have the identity
94 1
AQN*AD) = | I+ —
(@) A@) = T+ A
and o) X
JA@)I? < 5 + AL (3.5)

The following lemmas establish that both terms in (3.5) will be small.

Lemma 3.1 Fiz q € (0,1/2] and let Q' be randomly generated with the Bernoulli model

with | )
N
(g N)” poq ' (3.6)
N (B+1)logN
Then .
127 2p0q
N = /(B+1)logN

with probability greater than 1 — NP,



Proof We apply the standard Bernstein inequality [1] for a Binomial random variable

—\2

P(Q| > E|Q < A
(€] > E| HA)—eXp(zEm'HQ,\/?’

), V>0,

and choose A\ = E|Q'| = 7N. Then P(|| > 2E|Q/|) < N7P, since 7 > (log N)?>/N >
(8/3)Blog N/N, and

17 _ 2poq
N 7 /(B+1)logN
with probability greater than 1 — N5, [ |

Lemma 3.2 Fiz a set T in the time-domain and q € (0,1/2]. Let Q' be randomly generated
under the Bernoulli model with parameter T such that

qN
(B+1)log N

IT| +E|Q] < po - : po=+/2/3 > 0.8164,

and let H be defined as in (3.4). Then

P(|[H|| > ¢N) <5-((8+1)log N)/2. NP,

Proof To establish the lemma, we will leverage moment bounds from [3]. We have
P(IM]| > N) = P(IHIP" > ' N") = P > ¢ N

for all n > 1, where the last step follows from the fact that H is self-adjoint. The Markov
inequality gives

E|H"|
q2nN2n '
Recall next that the Frobenius norm || - | p dominates the operator norm ||H|| < ||H||#, and
so [[H"||* < [[H"[[F = Te(H*"), and

P(|[H| > gN) < (3.7)

E[[H"3 _ E[Te(H*™)]
q2nN2n o anNQn

P(|H] = ¢N) <

In [3], the following bound for E[Tr(H?*(Y'))] is derived:

2 n
E[Tr(H")] < (2n) (gg@)) R T[N

for n > 4 and 7 < 0.44. Our assumption about the size of |T'| + 7N assures us that 7 will
be even smaller, 7 < 0.12 so that (14 v/5)2/2(1 — 7) < 6, whence

E[Tr(H*")] < 2n (6/e)™n™|T|" 1 7 N™. (3.8)
With /|T|- 7N < (|T| + 7N)/2, this gives

T|+7N
E[Tr(H?")]) < 20" T e ™ (':T> . po=1/2/3>0.8164. (3.9)
0

10



We now specialize (3.9), and take n = | (84 1)log N| (which is greater than 4), where |z ]
is the largest integer less than or equal to z. Under our conditions for |T'| + 7N, we have

P(|[H|| > qN) < 2epoq((B+1)logN)"/>. N~#
< 5-((B+1)logN)V/2. N5,

Combining the two lemmas, we have that in the case 7 > (log N)?/N
2
[A@)IF < 14—
(B+1)logN
with probability 1 — O((log N)'/2 - N=8). Theorem 3.1 is established by taking

1
_ b 2po _
173 <1+ (ﬂ+Dng> 1/24o(l)

and applying (3.3). For the statement about finite sample sizes, we observe that for N > 512
and 8 > 1, ¢ will be no lower than 0.3419, and the constant pgq will be at least 0.2791.

For the case 7 < (log N)?/N, we have
P(Q| > 2(0g N)?) < N7
and
2 - (log N)?
N
with probability 1 — O((log N)/2 .- N=%). Taking ¢ = 1/2 — 2(log N)?/N (which is also
greater than 0.3419 for N > 512) establishes the theorem.

IA@)]* < q +

For a function with Fourier transform f supported on (2, we have also established
2 2 2 2
1f - 1zll” < [[EQe ™ - 1117 < (1/2) - I £l
since For and Fy, have the same maximum singular value.

Remarks. Note that by the symmetry of the discrete Fourier transform, we could just as
easily fix a subset in the frequency domain and then choose a subset of the time domain at
random. Also, the choice of 1/2 can be generalized; we can show that

IEgrForl <e = |/ -lal® <c-|fI?

for any ¢ > 0 if we make the constants in Theorem 3.1 small enough.

4 Robust UPs and Basis Pursuit: Spikes and Sinusoids

As in [10,12, 15], our uncertainty principles are directly applicable to finding sparse ap-
proximations in redundant dictionaries. In this section, we look exclusively at the case of
spikes and sinusoids. We will leverage Theorem 3.1 in two different ways:

1. o-uniqueness: If f € CV has a decomposition o supported on T U with |T'| + || <
(log N )_1/ 2N, then with high probability, « is the sparsest representation of f.

2. Equivalence of (Py) and (Py): If |T| + |Q| < (log N)~'N, then (P;) recovers o with
overwhelmingly large probability.

11



4.1 /{y-uniqueness

To illustrate that it is possible to do much better than (1.10), we first consider the case in
which N is a prime integer. Tao [26] derived the following exact, sharp discrete uncertainty
principle.

Lemma 4.1 [26] Suppose that the signal length N is a prime integer. Then

|supp f| + [supp f| > N, VfeCV.
Using Lemma 4.1, a strong fp-uniqueness result immediately follows:

Corollary 4.1 Let T' and Q be subsets of {0,...,N — 1} for N prime, and let o (with
S = f) be a vector supported on T' =T UQ such that

IT| + || < N/2.

Then the solution to (Py) is unique and is equal to . Conversely, there exist distinct vectors
ag, a1 obeying | supp agl, | supp ai| < N/2 4+ 1 and ®ay = Pay.

Proof As we have seen in the introduction, one direction is trivial. If o + g is another
decomposition, then dy is of the form Jy := (6, —9). Lemma 4.1 gives ||doll¢, > N and thus
llov+dolley = [I0lle — llaxlley > N/2. Therefore, |la+ dolle, > [levlley-

For the converse, we know that since ® has rank at most N, we can find 6 # 0 with
| supp 0] = N + 1 such that &6 = 0. (Note that it is of course possible to construct such d’s
for any support of size greater than N). Consider a partition of suppd = I'g UT'; where I'y
and T'; are two disjoint sets with [T'g| = (N + 1)/2 and |T'y| = (N + 1)/2, say. The claim
follows by taking o = d|r, and a; = —d|r,. ]

The Quantitative Uncertainty Principle of Theorem 3.1 leads to a slightly weaker statement
for arbitrary sample sizes.

Theorem 4.1 Let f = ®a be a signal of length N > 512 with support set I' = T U Q)
sampled uniformly at random with
2681 N

V(B+1)1logN’

and with coefficients o sampled as in Section 2. Then with probability at least 1 — O((log N)'/2 - N=5),
the solution to (Py) is unique and equal to .

Nr:= Np+ No =|T|+ |Q] <

Proof Theorem 3.1 is easily generalized so that if I' is chosen uniformly at random with

5583 ¢ N

V(B+1)logN’

T[] +12] <

for any 0 < ¢ < 1/2, then
[For™Forll < q (4.1)
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with probability 1 — O((log N)'/2 - N=#). We will show that taking ¢ just less than 1/2
(¢ ~ .4802) will guarantee (with probability 1) that a random coefficient sequence on a I
which satisfies (4.1) can be recovered by solving (Fp).

Given a I obeying (4.1), the (continuous) probability distribution on the {a(y),y € T'}
induces a continuous probability distribution on Range(®r). We will show that for every
IV # T with |TV] < |T

Range(®r/) # Range(Pr). (4.2)
As such, the set of signals in Range(®r) that have expansions on alternate supports I
that are at least as sparse as their expansions on I' is at most a finite union of subspaces of

dimension strictly smaller than |I'|. This set has measure zero as a subset of Range(®r),
and hence the probability of observing such a signal is zero.

Consider any IV = 7" U Q' different than I" with |I'| < |I'|. The range of ®p will equal
the range of @+ only if each column ¢, for v € I"\T is in the range of ®p. Without loss
of generality, suppose T"\T # ) (the same argument, with the roles of time and frequency
reversed, also applies to the case where Q'\Q # ). Take ¢., = ¢, to be a spike at location
to € T'\T. Using the uncertainty principle, we will show that d;, cannot be in Range(®r).

Arguing by contradiction, suppose that §;, € Range(®r). Then there must be a linear
combination of the sinusoids in ®g that is zero everywhere except on T'U {to}. Expressed
differently, there exists ag supported on € such that f = F*«q vanishes outside of T'U {¢o}.
Let fr be the values of f on T, and f{,; the value at to. Since f is supported on 2 and
the pair (T,Q2) obeys (4.1), it follows that

If7ll3 = [IFsrRafI* < allfI3,

which gives |fy3[* > (1 —q)||f||3. By construction, Lo - f = 0 or, equivalently, FR}fr =
fitoy Fdt, on Q¢ implying that

. Q
10 - PRyl = g Pltee - B = 1l (1- ) (4.3

On the one hand, we have

Itae - FRyfrl3 < |lf7l3 < all 115,

-0 (1= 1) g

o (,  5583g¢ 2
> (1-gq) <1 (ﬁ+1)logN> 1 £112
> (1—q)-(1—.1581q) - || fII3,

where the last inequality holds for 5 > 1 and N > 512. Therefore, (4.3) can hold only if

and on the other,

v

| frioy Pl - Foull3

g>(1—-g¢q)-(1—.1581q)

which is not true for ¢ < .48026. As a result, (4.2) holds, and « is £p-unique with probability
1 (conditioned on I' obeying (4.1)). ]
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4.2 Recovery via /;-minimization

The problem (FPp) is combinatorial and solving it directly is infeasible even for modest-sized
signals. This is the reason why we consider instead, the convex relaxation (1.12).

Theorem 4.2 Suppose f = ®a is a signal with support set I' =T U Q) sampled uniformly
at random with

Tl =T+ 1€ < -(1/4+0(1)) (4.4)

N
(B+1)log N
and with coefficients o sampled as in Section 2. Then with probability at least 1 — O(N—P),
the solutions of (P1) and (Fy) are identical and equal to «.

In addition to being computationally tractable, there are analytical advantages which come
with (P;), as our arguments will essentially rely on a strong duality result [2]. In fact, the
next section shows that a is a unique minimizer of (Py) if and only if there exists a “dual
vector” S satisfying certain properties. The crucial part of the analysis relies on the fact
that “partial” Fourier matrices For := RoF R} have very well-behaved eigenvalues, hence
the connection with robust uncertainty principles.

4.2.1 /i-duality

For a vector of coefficients o € C*V supported on I' := I'y U T, define the ’sign’ vector
sgna by (sgna)(y) := a(y)/|a(y)| for v € I' and (sgna)(y) = 0 otherwise. We say that
S € OV is a dual vector associated to « if S obeys

(@°S)(7) = (sgna)(y) 7€l (4.5)
(@"5)(7)] < 1 yer-. (4.6)

With this notion, we recall a standard strong duality result which is similar to that presented
in [3], see also [14] and [28]. We include the proof to help keep the paper self-contained.

Lemma 4.2 Consider a vector a € C*V with support T =T UTy and put f = ®a.

o Suppose that there exists a dual vector and that ®r has full rank. Then the minimizer
o to the problem (Py) is unique and equal to o.

o Conversely, if « is the unique minimizer of (Py), then there exists a dual vector.

Proof The program dual to (P) is
(D1) max Re (S*f) subject to  ||[®*S],, < 1. (4.7)
It is a classical result in convex optimization that if & is a minimizer of (P ), then Re(S*®a&) <

[[@]l¢, for all feasible S. Since the primal is a convex functional subject only to equality con-
straints, we will have Re(S*®a) = ||@l|¢, if and only if S is a maximizer of (D1) [2, Chap. 5].

14



First, suppose that ® R} has full rank and that a dual vector S exists. Set P = ®*S. Then

Re(®a,S) = Re(a, ®*S)
N-1
= Re ) P(y)a(v)
v=0

— ReY sgna(m)a(y)

vyer
= lledley

and « is a minimizer of (P;). Since |P(vy)| < 1 for v € I'°, all minimizers of (P;) must be
supported on I'. But ®Rf has full rank, so a is the unique minimizer.

For the converse, suppose that « is the unique minimizer of (P;). Then there exists at least
one S such that with P = ®*S, ||P|,., <1 and S*f = ||a|l¢,. Then

lalle, = Re(®a,S)
= Re(a, ®*5)
= Re)_ P(y)aly).

vyel

Since |P(v)| < 1, equality above can only hold if P(y) = sgna(y) for v € T.

We will argue geometrically that for one of these S, we have |P(vy)| < 1 for v € T'°. Let V
be the hyperplane {d € C? : ®d = f}, and let B be the polytope B = {d € C2V : ||d||,, <
|lce|l¢, }. Each of the S above corresponds to a hyperplane Hg = {d: Re(d, ®*S) = ||a||¢, }
that contains V' (since Re(f,S) = ||a||s,) and which defines a halfspace {d: Re(d, ®*S) <
1} that contains B (and for each such hyperplane, a S exists that describes it as such).
Since « is the unique minimizer, for one of these S’, the hyperplane Hg: intersects B only
on the minimal facet {d: suppd C I'}, and we will have P(y) < 1, v € I'“. ]

Thus to show that (Pj) recovers a representation « from a signal observation ®a, it is
enough to prove that a dual vector with properties (4.5)—(4.6) exists.

As a sufficient condition for the equivalence of (Py) and (Py), we construct the minimum
energy dual vector

min || P||2, subject to P € Range(®*) and P(vy) = sgn(a)(y), ¥y eT.

This minimum energy vector is somehow “small,” and we hope that it obeys the inequality
constraints (4.6). Note that ||P|l2 = 2||S]|2, and the problem is thus the same as finding
that S € CV with minimum norm and obeying the constraint above; the solution is classical
and given by

S = &p(P3®r) ' Rrsgn

where again, Rr is the restriction operators to I'. Setting
P = ®*S = &*&p (0} Or) ' Rrsgn a, (4.8)

we need to establish that

1. O} ®r is invertible (so that S exists), and if so

15



2. |P(v)| < 1for yeTI*“.

The next section shows that for |T'| 4 |Q| < N/log N, not only is ®®r invertible with high
probability but in addition, the eigenvalues of (@i‘i@p)fl are all less than two, say. These
size estimates will also be very useful in showing that P is small componentwise.

4.2.2 Invertibility

Lemma 4.3 Under the conditions of Theorem 4.2, the matriz ®1.Pr is invertible and obeys
I(@f@r) ™! =1+ o(1).

with probability exceeding 1 — O(N~P).

Proof We begin by recalling that with For as before, ®1.®r is given by

— 0  For
@F@F — I + <FQT O .

Clearly, ||(11>1’2<I>p)_1|| = 1/Amin(P1Pr) and since Apin(PrPr) > 1 — /|| ForFarl|, we have
1

1= FsrFarll

We then need to prove that || Fg,For| = o(1) with the required probability. This follows
from taking ¢ = (4po((3+4 1) log N)*/?)~1 in the proof of Theorem 3.1, which the condition
(4.4) allows. Note that this gives more than what is claimed since

I(@rer) | <

1
SR <1+ +0O(1/1log N).
[(®r®r) || 1o V(BT DlaN (1/log N)

Taking g ~ ((8+1) log N)~1/2 also allows us to remove the v/Iog N term from the probability
of error in Lemma 3.2. [ |

Remark. Note that Theorem 3.1 assures us that it is sufficient to take |T'| + || of the
order of N/y/log N (rather than of the order of N/log N as Theorem 4.2 states) and still
have invertibility with [|(®;®p) || < 2, for example. The reason why we actually need the
stronger condition will become apparent in the next subsection.

4.2.3 Proof of Theorem 4.2
To prove our theorem, it remains to show that |P(vy)| < 1 on I'® with high probability.

Lemma 4.4 Under the hypotheses of Theorem 4.2, and for P as in (4.8), for each v € T'°
P(IP(y)|>1) < 4N~0HD),

As a result,

P <maX|P(7)| > 1) < 8N4,
vyel'e
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Proof The image of the dual vector P is given by
P:= <P1 (t)> = &*®p (P} Or) ' Rrsgn a,

where the matrix ®*®p may be expanded in the time and frequency subdomains as

.. (R, F*R}
oo ()

Consider first Py(t) for t € T¢ and let V; € CI'l be the conjugate transpose of the row of
the matrix (Ri} F *R’é) corresponding to index t. For ¢t € T, the row of R}, with index ¢
is zero, and V; is then the (|7'| 4+ |©2|)-dimensional vector

0
= (g e

These notations permit us to express Pj(t) as the inner product
Pi(t) = ((®:®r) 'Rrsgna,V;)
= (Rrsgna, (91®r)~'V;)
= > W(y)sgna(y)

yel

where W = (®:®r)~1V;. The signs of « on I are statistically independent of I' (and hence
of W), and therefore for a fixed support set I, Pi(t) is a weighted sum of independent
complex-valued random variables

Pit)=> X,

vyel’
with EX, = 0 and |X,| < [W(y)|. Applying the complex Hoeffding inequality (see the
Appendix) gives a bound on the conditional ditribution of P(t)

P(P()>1]T) < dexp (—4H1W|2> |

Thus it suffices to develop a bound on the magnitude of the vector W. Controlling the
eigenvalues of ||(®5:®Pr)~!| is essential here, as

W < ll(@p@r) "I - [ Vell. (4.9)

Using the fact that |[V4]] = 1/|Q|/N, and Lemma 4.3 which states that ||(®}®p) || <
1+ o(1) with the desired probability, we can control |W]||:

IW? < (1+0(1))) - [QU/N.

This gives

PAO 1 < dew (-t )

Our assumption that || obeys (4.4) yields

P ([P(t)] > 1) < 4exp(—(5+ 1) log N) < 4N~ ()
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and

P (maX]Pl(t)| > 1) < 4NP.
teTe

As we alluded to earlier, the bound about the size of each individual P(¢) one would obtain
assuming that ||+ || be only of the order N/v/log N would not allow taking the supremum
via the standard union bound. Our approach requires |T'| + €2 to be of the order N/log N.

By the symmetry of the Fourier transform, the same is true for Py(w). This finishes the
proof of Lemma 4.4 and of Theorem 4.2. ]

5 Robust UPs and Basis Pursuit

The results of Sections 3 and 4 extend to the general situation where the dictionary @ is
a union of two orthonormal bases ®1,®5. In this section, we present results for pairs of
orthogonal bases that parallel those for the time-frequency dictionary presented in previous
sections. The bounds will depend critically on the degree of similarity of ®; and ®2, which
we measure using the the mutual coherence defined in (1.4), p := p(®1, P2). As we will see,
our generalization introduces additional “log N” factors. It is our conjecture that bounds
that do not include these factors exist.

As before, the key result is the quantitative robust uncertainty principle. We use the same
probabilistic model to sample the support sets I'1, 'y in the ®; and ®2 domains respectively.
The statement below is the analogue of Theorem 3.1.

Theorem 5.1 Let @ := (<I>1 <I>2) be a dictionary composed of a union of two orthonormal
bases with mutual coherence . Let T'y be a sampled uniformly at random of size |I's| = Nr,.
Then with probability 1 — O(N—P), every signal f with ®f supported on a set T'y of size
IT'y| = Np, with

Cs
(1% - (log N )S

has most of its energy in the ®o-domain outside of I's:

Npl + NF2 < (5.1)

1@ - 1r,1* < [1£17/2,

and vice versa. As a result, for nearly all pairs (I'1,T'9) with sizes obeying (5.1), it is
impossible to find a signal f supported on I'1 in the ®1-domain and I'y in the ®o-domain.

We would like to re-emphasize the significant difference between these results and (1.5).
Namely, (5.1) effectively squares the size of the joint support since, ignoring log-like factors,
the factor 1/u is replaced by 1/u?. For example, in the case where the two bases are
maximally incoherent, i.e. p =1/ VN, our condition says that it is nearly impossible to
concentrate a function in both domains simultaneously unless (again, up to logarithmic
factors)

IT1] + [T2| ~ N,

which needs to be compared with (1.5)

IT1| +|T2| > 2VN.
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For mutual coherences scaling like a power-law u ~ N7, our condition essentially reads
IT1| + |T2| ~ N?' compared to |T'y| + [T2| ~ N7.

Just as with Theorem 3.1, the key to establishing Theorem 5.1 is showing that the eigenval-
ues of A := Rp,®5®1 R} (playing the role of F¢For in Theorem 3.1) can be controlled.
To do this, we invoke results from [4,5]. These works establish that if T's is selected using
the Bernoulli model of Section 3, and I'; is any set with

Cp - E[lg|
(Np?) - (log N)S’

04| < (5.2)
then
[A*A] < (3/2) - E[T'a| /N

with probability 1—O(N ) (here and in (5.1), Cj is some universal constant that depends
only on (3). Using the same reasoning as in the proof of Theorem 3.1, we can translate this
result for the case where I's is sampled under the uniform probability model of Section 2. If
I’y is selected uniformly at random of size |I's| = Nr,, and I'y is any set of size |I';| = Np,,
and Nr,, Nr, obey (5.1), then

[ATA[l < (3/2) - [Ta| /N (5.3)

with the required probability. (The asymmetry between the set sizes suggested in (5.2) can
be removed since ||A*A|| can only be reduced as rows of A are removed; we really just need
that |To] < N/3 and |T1| < N/(log N)%.) As we have seen, the size estimate (5.3) is all
that is required to establish the Theorem.

Note that Theorem 5.1 is slightly stronger than Theorem 3.1. In Theorem 5.1 we generate
the random subset of the ®3-domain once, and (5.3) holds for all subsets of the ®;-domain
of a certain size. In contrast, Theorem 3.1 fixes the subset I'; before selecting I's, meaning
that the sets I'ys the RUP fails on could be different for each I'y. The price we pay for this
stronger statement are additional log N factors and unknown constants.

The generalized {y-uniqueness result follows directly from Theorem 5.1:

Theorem 5.2 Let f = ®a be an observed signal with support set I' = I'y U Ty sampled
uniformly at random with

!

C
B
=T o < .

and coefficients sampled as in Section 2. Then with probability 1 — O(N—5), the solution
to (Pp) is unique and equal to a.

To prove Theorem 5.2, we simply apply Theorem 5.1 with C’é = Cg/2, using the same
reasoning about support sizes as in Corollary 4.1 (and in [10]).

The conditions for the equivalence of (Py) and (P) can also be generalized.

Theorem 5.3 Let f = ®a be a random signal generated as in Theorem 5.2 with

1

B
T ol < ———F——.
’ 1“"‘ 2‘_u2-(logN)6

Then with probability 1 — O(N~P), the solutions of (Py) and (Py) are identical and equal to
a.
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The proof of Theorem 5.3 is again almost exactly the same as what we have already seen.
Using Theorem 5.1, the eigenvalues of (q)ltq)[‘)_l are controlled, allowing us to construct a
dual vector meeting the conditions (4.5) and (4.6) of Section 4.2.1. Note that the (log V)°
term in the denominator means that P(|P(y)| < 1), v € I'® goes to zero at a much faster
speed than a negative power of N, it decays as exp(—p(log N)®) for some positive constant
p > 0.

6 Numerical Experiments

JFrom a practical standpoint, the ability of (P;) to recover sparse decompositions is nothing
short of amazing. To illustrate this fact, we consider a 256 point signal composed of 60
spikes and 60 sinusoids; |T'| 4 |©2| & N/2, see Figure 1. Solving (P;) recovers the original
decomposition ezxactly.

We then empirically validate the previous numerical result by repeating the experiment for
various signals and sample sizes, see Figure 2. These experiments were designed as follows:

1. set Nr as a percentage of the signal length N;

2. select a support set I' = T'U 2 of size |I'| = Nr uniformly at random;

3. sample a vector o on I' with independent and identically distributed Gaussian entries';

4. make f = ®q;

5. solve (P;) and obtain &;

6. compare « to &;

7. repeat 100 times for each Nr;

8. repeat for signal lengths N = 256,512, 1024.

Figure 2(a) shows that we are numerically able to recover “sparse” superpositions of spikes
and sinusoids when |T'| 4 || is close to N/2, at least for this range of sample sizes N (we
use the quotations since decompositions of this order can hardly be considered sparse).
Figure 2(b) plots the success rate of the sufficient condition for the recovery of the sparsest
a developed in Section 4.2.1 (i.e. the minimum energy signal is a dual vector). Numerically,
the sufficient condition holds when |T'| 4 || is close to N/5.

The time-frequency dictionary is special in that it is maximally incoherent (x = 1). But as
suggested in [10], incoherence between two bases is the rule, rather than the exception. To
illustrate this, the above experiment was repeated for N = 256 with a dictionary that is a
union of the spike basis and of an orthobasis sampled uniformly at random (think about
orthogonalizing N vectors sampled independently and uniformly on the unit-sphere of CV).
As shown in Figure 3, the results are very close to those obtained with time-frequency
dictionaries; we recover “sparse” decompositions of size about |I'1| + [I'2| < 0.4 N.

IThe results presented here do not seem to depend on the actual distribution used to sample the coeffi-
cients.
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« f=®a spike component sinusoidal component

- - - ) | T S—
50 100 150 200 250 300 350 400 450 500 50 100 150 200 250 50 100 150 200 250 50 100 150 200 250

Figure 1: Recovery of a “sparse” decomposition. (a) Magnitudes of a randomly generated coefficient
vector a with 120 nonzero components. The spike components are on the left (indices 1-256) and
the sinusoids are on the right (indices 257-512). The spike magnitudes are made small compared
to the magnitudes of the sinusoids for effect; we cannot locate the spikes by inspection from the
observed signal f, whose real part is shown in (b). Solving (P) separates f into its spike (c) and
sinusoidal components (d) (the real parts are plotted).
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Figure 2: {¢;-recovery for the time-frequency dictionary. (a) Success rate of (Py) in recovering
the sparsest decomposition versus the number of nonzero terms. (b) Success rate of the sufficient
condition (the minimum energy signal is a dual vector).
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Figure 3: {¢;i-recovery for the spike-random dictionary. (a) Success rate of (Py) in recovering the
sparsest decomposition versus the number of nonzero terms. (b) Success rate of the sufficient
condition.

7 Discussion

In this paper, we have demonstrated that except for a negligible fraction of pairs (7', (2),
the behavior of the discrete uncertainty relation is very different from what worst case
scenarios—which have been the focus of the literature thus far—suggest. We introduced
probability models and a robust uncertainty principle showing that for nearly all pairs
(T, ), it is actually impossible to concentrate a discrete signal on 7" and €2 simultaneously
unless the size of the joint support |T| + || be at least of the order of N/v/log N. We
derived significant consequences of this new uncertainty principle, showing how one can
recover sparse decompositions by solving simple convex programs.

Our sampling models were selected in perhaps the most natural way, giving each subset
of the time and frequency domains with set size an equal chance of being selected. Now
there is little doubt that conclusions similar to those derived in this paper would hold
for other probability models. In fact, our analysis develops a machinery amenable to other
setups. The centerpiece is the study of the singular values of partial Fourier transforms. For
other sampling models such as models biased toward low or high ferequencies for example,
one would need to develop analogues of Theorem 3.1. Our machinery would then nearly
automatically transforms these new estimates into corresponding claims.

In conclusion, we would like to mention areas for possible improvement and refinement.
First, although we have made an effort to obtain explicit constants in all our statements
(with the exception of section 5), there is little doubt that a much more sophisticated
analysis would yield better estimates for the singular values of partial Fourier transforms,
and thus provide better constants. Another important question we shall leave for future
research, is whether the 1/y/log N factor in the QRUP (Theorem 3.1) and the 1/log N
for the exact ¢j-reconstruction (Theorem 4.2) are necessary. Finally, we already argued
that one really needs to randomly sample the support to derive our results but we wonder
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whether one needs to assume that the signs of the coefficients a (in f = ®«) need to be
randomized as well. Or would it be possible to show analogs of Theorem 4.2 (¢; recovers
the sparsest decomposition) for all «, provided that the support of oz may not be too large
(and randomly selected)? Recent work [5, 6] suggests that this might be possible—at the
expense of additional logarithmic factors.

8 Appendix: Concentration-of-Measure Inequalities

The Hoeffding inequality is a well-known large deviation bound for sums of independent
random variables. For a proof and interesting discussion, see [19].

Lemma 8.1 (Hoeffding inequality) Let Xy, ..., Xn—1 be independent real-valued random
variables such that EX; =0 and | X;| < aj for some positive real numbers a;. For e >0

N—-1 62
P ZX]- >e] <2exp (—2)
2 a3

2

where ||al|3 = ;aj.

Lemma 8.2 (complex Hoeffding inequality) Let Xo,...,Xn_1 be independent complex-
valued random variables such that EX; =0 and | X;| < a;. Then for e >0

N-1 2
P ZX]- >e| <4dexp <—2> .
2 Al

Proof Separate the X; into their real and imaginary parts; X; = Re Xj, X]i- = Im Xj.

Clearly, [ X]| < a; and |X j'] < a;. The result follows immediately from Lemma 8.1 and the
fact that

N—-1 N—-1 N—-1 .
P Xj|ze| <P [D_Xj|=¢/V2|+P Xi| >€e/V2
7=0 7=0 7=0
m
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