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ABSTRACT

Using least parameters, we expand the step-transition operator of any linear multi-
step method (LMSM) up to O(7°%5) with order s = 1 and rewrite the expansion of the
step-transition operator for s = 2 (obtained by the second author in a former paper). We
prove that in the Dahlquist relation G537 o GT = G} o G35 with G being an LMSM, (1)
the order of Gy can not be higher than that of G1; (2) if G is also an LMSM and G5 is
a symplectic B-series, then the order of both G1 and Gy must be 2.
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1. Introduction

For an ordinarily differential equation (ODE)

d P
2Z=12), ZeR, (1)

any compatible linear m-step difference scheme (DS)

> =1 Bf(Z) (Z By, # 0) (2)
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can be characterized by a step-transition operator (STO) G (also denoted by G™): RP —
RP satisfying

Y G =1 Bifo Gt (3)
k=0 k=0

where G* stands for k-time composition of G: G o G--- 0o G (refer to [2,3,5,6,7]). This
operator G7 can be represented as a power series in 7 with first term equal to identity
I. More precisely, one can expand® the STO G7(Z) of any linear multi-step method
(LMSM)? of form (2) with order s > 2 up to O(7°%°):
+oo i
G (Z) = Z %ZW +7VA(Z) + T2 B(Z2) + 7°C(2) + 5 D(Z) + O(755)  (4)
i=0
(where 20 = 7, ZW = f(7), zW+1 = 220 700 — ZW 70 for | = 1,2, - ) with complete
formulae for calculation of A(Z), B(Z), C(Z) and D(Z).
Thus, the STO G7 satisfying equation (3) completely characterizes the LMSM (2)
as: Z1 =G (Zy), -+, Z = G (Z—1) = [GT]™(Zy), - - .
When equation (1) is a hamiltonian system, i.e., p = 2n and f(Z) = JVH(Z), where
L [ 0p —1
I, 0,

function, (1), (2) and (3) become

, V stands for the gradient operator, and H : R*® — R! is a smooth

dz

o JVH(Z), ZeR™, (5)
> aZi=1Y KJIVH(Z) (Z Br # 0) : (6)
k=0 k=0 k=0
Y Gt =1 B JVH oG, (7)
k=0 k=0

and we can rewrite
Z0 =z
ZzW =jvH,
Z¥ =JH,. . JVH = zN 7zl
718 = 7l1] ( Z[u)? + ZWz1, (8)

ZW =7 (7Y’ 4 3zl Z0 700 4 711 789,

3More generally, one can use an STO to characterize any DS compatible with (1), and obviously the
STO can be written in form (4).



715 — 711l (Z[u)‘* + 6211 (Z[u)2 72 4 3711 (2[21)2
+ 470z 78 4 Z1 714,

and generally,

Zlr+1] _ Z Z :!Q(z’l, igy - 1) J(VH)., 7l gliz .. 71

AT
J=1 i1+ig+-+ij=riiy>1 J "2 J

where i3 < iy < -+ <'i;, Q(iy,49,- - ,4;) is the number of all different permutations of
{i1,d9,+ -+ ,i;}, and (VH),; Z0Zll. .. 7] stands for the multi-linear form

F(VH) i)yl
gl ol
Z OZy) -+ 0Z,) (t1) ;)

1<ty,-,t;<2n

Z([;Z]) stands for the t,-th component of the 2n-dim vector Z[l,

The expansion of STO (4) has been used to study the symplecticity of LMSM (refer
to [3], [7]), and also the symplecticity of Dahlquist pair (refer to [8]).

Definition 1. (due to K. Fengl?'ll) An LMSM is said to be symplectic for Hamilto-
nian system (5) iff its STO G defined by (7) is symplectic, i.e.,

{aG(Z)TJ {6G(Z)} _

07 0z ©)

for any hamiltonian function H and any sufficiently small step-size 7.
Definition 2. If three B-serieses® G7, G5 and G in form (4) compatible with equation
(1) satisfy
Gy oGl =Gh oGy (10)

for some real number A and for any smooth function f and any sufficiently small step-size
7, then GT and G} are said to be a Dahlquist® pair or a conjugate pair via G3, and we
call equation (10) a Dahlquist relation or a conjugate relation. A Dahlquist pair G7 and
G7 is said to be symplectic if GT or GY is symplectic. In this case when one of G7 and
G} is symplectic, we also call the other conjugate-symplectic.

In the present paper, for any linear multi-step method (LMSM) with order s = 1,
using 6 parameters we obtain the expansion of its step-transition operator in form (4) up
to O(7°); and using 5 parameters we rewrite the expansion of the step-transition operator

for s = 2 (obtained by Tang in a former paper [9] where 9 parameters are used) (in Section

4For the details about B-series, one can refer to [4]. We would like to thank Ernst Hairer for the

suggestion that the case when G7 is a B-series should be considered in the conjugate relation.
5Tt was G. Dahlquist!! who found that the trapezoid rule and the mid-point rule are a conjugate pair
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2). We prove that in Dahlquist relation (10) with G; being an LMSM, (1) the order of
(G5 can not be higher than that of G; (that means, conjugation will not improve the order
of any LMSM); (2) if G3 is also an LMISM and G5 is a symplectic B-series, then the
order of both Gy and Gy must be 2 (in Section 3).

2. Expansion of Step-Transition Operator

Theorem 1. If scheme (2) is of order s = 1, then the corresponding step-transition

operator defined by (3) has the following expansion:

G(Z) = f Z,—;ZM +72C(Z)+mD(Z) + T*E(Z) + T°F(Z) + O(79), (11)

where C(Z),D(Z), E(Z), F(Z) can be determined by 6 parameters w, p, 0, o, n, v:

()

C=wzl¥ w= _ : 12.1
D emo kv 12-1)
p_wo W\ o L) 711 712
D=|\=z—-—+—=-1Z2 e~ 12.2
m k3
b 2 k=0 [kzﬁk - ?O‘k] 5 — Yoo ko
feo K ’ > emo ko
o nw w w dp w p ]
p= (2 M _ w0 0 Py 12.3
(3 6 176 4714 (12.3)
30w?  3w?  w 1]
_ T | AR
(pw TR 3) :
w? wé w o p
w4+ = 24z 1] 713]
+(w+2+pw 4+6+4)Z
3w? W wp  w
3, == T 7, ZF W 71 7[2]
* (w P 1 T2t 6> 200
m kS k4
a:Zk0<25k_§ak>w n:ZZL:Ok Qg
D o Rou 7 oo kv
F =vZbl (12.4)
w20 Hw?d?  bnw?  13w?  3wpd  Bwp w) L 2
— — — Z V7 (7 712
{ 7 TR 2 4+4+M+8}z3(>
N wr o dw? N 50%w?  36w?  pw?  Bnw? N 17w?  36pw N 3wp ot Y
—_— — — — w J—
2 2 8 12 T 12 T 1 1 7Ty



96%w?  How?  BHnw? n 13w?  Tépw n Spw n wd n w n 0> n p
8 4 12 24 4 4 6 8 2 6
ARSASYAL
S5w?d?  3w? Snw?  Tw?  30pw  3pw w
53 3 _ 2 _ w
+{ dw” + w? + 3 1 + pw 12+8 1 +4—|—Jw+8}
Z[lg}Z[”ZE]Z[Q]
n nw? n 3w?0? W6 n w? n 52w Sow + 20w n pw o wd nw n w
3 1 2 "6 s T3 T2 12 12w
2
P p o 0p (1] 7 [4]
Py P 9 %Ly
TR TR } :
T6w? + o 30w? n 36°%w? n Tpw?  nw? n Tw?  dpw n 20w 4wt w
1 1 8 13 12 2 Ty T
ZE}ZU;Z{HZ{?]
36w? n w3 n 362w? S + 3pw? WP 3w?  30pw n ow 4wt w
2 2778 > 12 '8 4 T3ty
2
PP WO
—+ ———>ZNZNZ
VD 12} 2 %
50w?  3wd  6%w? pw? bpw?  dw?  Bw? dpw  pw  dw
4 JE— J— —_— —_— — —
+{“ 7 R R R R R A
nw  ow

1 i”: k* k_5+k4—2k3+k2 +2k3—3k2+k p w5+w
5! 24 w 12

Here we use the notation for example,

] 2 i aAY
Z (2M)" 2% = .;lﬁzﬁ—zﬁzk [2"]  [2"] ) 12%]
i,j k=
where z; 1s the i-th component of p-dim vector Z, and [Z["]} ) stands for the j-th compo-
nent of p-dim vector Z").

The proof of Theorem 1 is tedious but straightforward calculation, and similar to
that for s > 2 given in [9]. A difference is that we here try to use least parameters in
expressing C(Z), D(Z), E(Z) and F(Z). We give the complete proof of Theorem 1 later
in Appendix 1.

Similar result for s > 2 is already given in [9], where 9 parameters A, u, v, p, &, 0, X,
n and ( are used for expressing A(Z), B(Z), C(Z) and D(Z) in (4). Using 5 parameters

5



Wa, P2, 02, 09 and vy, we rewrite the result for s = 2 as follows:
Theorem 2. If scheme (2) is of order s = 2, then the step-transition operator decided
by equation (3) has the following expansion:

G(Z) = io ; ZW 4 3C(Z)+ 1 D(Z) + °E(Z) + 5F(Z) + O(r7), (13)

=0

where C(Z),D(Z), E(Z), F(Z) can be expressed by 5 parameters wy, pa, d2, 09 and vy:

Zk =0 {k2ﬁk _ak}

C =wo 78, wy = ; (14.1)
> o ke
1
D= py— =Gy + 22 70 ﬂzz[”z[?ﬂ, (14.2)
2 2 2
m k3 k*
T ke T Dok
E =0,7 4 <w§ + %) ZW Z1 76 (14.3)
+ ( (52w2 + F + p2 ) ZWzZW 4 <2w§ + %) ZW 71 78,
D o [%5’f 112500% - {% _132k2+kw + = k = ( P2 — %52“}2 + %)} O"f]
02 = )
Do ko,
F =1, 719 (14.4)
w2 P2 1
—6 2 —5 = _ = ARVA
{ 2wi + 2+ otz + 5 002 — o) 12+2}

_|_

Sow3 + Wi + 2powy — —52 wa + ﬂ +5 } ARVASVAY

_|_

1
Sowy + w2 + Spaws — 652w2 + g + '032 } ZEQ]Z[”Z[‘”
5 1] ZE] Z;El] 713]

+
wl»—‘ wlm

2w2 —|—w2 + pawo + 2

21§
S H,_,H,_/
N

+

52w2 + w2 + 3paws +
+ )

+

[\DIOJ [\DIOJ [\DIOJ

52&)2 + w2 + 3,02Ld2

5
{-
{-
+{ ot + 2w2 + 2pawn + 22
{-
{-
{-

2w + Wz + 3pawr + — 3 } Zz[lz]ZmZ[g]



m k® kS kA —2k3 k2 2k3 —3k2+k Jows wo k2—k
> ko {551@ - [E + 5r W2 12 (p2 -5t 7) + 5 02| g

> ko ko

Vg

3. Order Barriers for STOs in Dahlquist Relation

Theorem 3. In Dahlquist relation (10), if B-series G stands for an LMSM, then
the order of Gy can not be higher than that of G1.
Proof. Supposing the order of G7, GT and G} are u, v and w — 1 respectively, we write

their expansions as follows:

+oo 4
EHAEDY %ZM + TA(Z) + O ) (15)

1=0

+oo 4 A
ay(2)=Y" %ZM U IN(Z) + O(r+?) (16)
i=0

+oo 4
T T 4 w w
Gi(Z) = ZEZ” + TYB(Z) + O(Tv ) (17)
i=0
where A(Z) # 0, B(Z) # 0 and M(Z) # 0.
Provided v > u, there are three cases:

Case 1. w > u, expanding both sides of (10) and comparing the terms in 7! we

have
A(Z) =o. (18)
Case 2. w = u, expanding both sides of (10) and comparing the terms in 7! we
have
\B,ZW 4+ A(Z) = xvZB. (19)
Case 3. w < u, expanding both sides of (10) and comparing the terms in 7%T!
we have

AB,Z0 = \vzIUB, (20)

From Theorem 1, Theorem 2 in Section 2 above, and Lemma 1 in [7], we know that in
fact A(Z) = aZ"+Y for some a # 0. Since B-series G is compatible with (3), w > 2.
When A # 0, it’s easy to check that any of the cases (18), (19) and (20) is impossible;
when A = 0, equation (10) becomes into G7(Z) = G5(Z) which contradicts v > u.

So the only possible case should be v < w. U



Theorem 4. In Dahlquist relation (10), if both Gy and G3 stand for LMISMs, and
Gy is a symplectic B-series®, then the orders of GT, G5 and G% are 2, 2 and 1 respectively.

The result in Theorem 4 is a little different from that in Theorem 1 in [8], and the
proof of the former will also based on the latter.

Proof of Theorem 4. Supposing the order of G7, GT and Gf are u, v and w — 1
respectively. Since they are compatible with (3), v > 1, v > 1 and w > 2. We write their
expansions as (15-17). According to Theorem 1 in [8], if G5 is symplectic, then the order
of G7 can not be greater than 2. So 1 < u < 2. And according to Theorem 3 above, we
know v < u. Let’s discuss all the cases as follows:

Case 1. If u = 1, then v = 1. Expanding both sides of (10) and comparing the

terms in 72 we have

A(Z) = M(2). (21)

Case 2. If u = 2, v = 1. Expanding both sides of (10) and comparing the terms

in 72 we have

0=M(2). (22)

Case 3. If u =2, v = 2 and w = 2. Expanding both sides of (10) and comparing

the terms in 72 we have
NB,ZW 4 A(Z) = M(Z) + A ZU B. (23)

Case 4. If u =2, v =2 and w > 2. Expanding both sides of (10) and comparing

the terms in 7> we have

A(Z) = M(2). (24)

Since A(Z) = aZ* for some a # 0, and G is a symplectic B-series with order v, cases
(21), (22) and (24) are impossible. So the only possible case is (23), i.e., u = v =w = 2.
]
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Appendix 1. Proof of Theorem 1

When we set
X kit
GMZ2) = = 20+ 7 Cu(2) + T DilZ) + T El(Z) + TR Z) + O(),  (25)
i=0
then
R (k+ 1) o ) 5
TZ + 7°Cr1(Z2) + 7° Dy (Z)
i=0 ’
+ T4Ek+1<Z) + Tst+1(Z> + O(TG)
ZGkH(Z) =G"[G(2)] (26)
k’t 7
= Z N9+ 72C [G(2)] + T DL [G(2)]
+ B [G(2)] + T°FL [G(Z)] + O(79)
=+ 1+ 11T+ 1V +V + O(r9),
and
I i j
1= = Z ZM (26.1)
=0 v L7=0
+72C(Z) + TDy(Z) + T EN(Z) + T Ry (Z) + O(7%)] "
:Z - Z =2V +72C+ Dy + T B + TR
= Lj=0 7!
kT [1] ~+00 Tj [] 9 3 A 1 [1] +oo Tj [} , )
+F Z o ZﬁZJ *(701+TD1+TE1)+2'Z22 ZEZ] *(TC’l)
2l i 1 1
L7=0 |
k’37'3 [ Tj . |
e {Zf} 2 <¢201>} +0(%)
Lj=0 i
o (k + 1)i7!
:Z ~ 70 4 72 43 {D1 + kZE]CH}
1=0
i) k?
+ 7 {El + kZZ“]Dl +kZ; zWo + ?ZB}OI}
k k
+ 7 {F1 +kZWE, + k2zlZWD, + 22[1 700, + QZE,} (79 ¢,

k k2 k2 L
Z[l] _Z[2]D1 + _Z£22]Z[1]Cl + EZE)]CI} n 0(7_6);

+2 L2

(@) + 52D+ 5
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N 2 3
1T =7%C, o (Z + 770 4 %ZM + %ZW +72Cy + 73D1) +0(°)

:T2Ck+73(ck>zzm+74{%(Ck)zzﬂw(ck) Cy + 5 (Ck) 1z [”}2}

1
+r5{6(0k)zz[3}+((Jk)ZD1+(Ok) Z0cy 4 2 5 (Ch). [ZzM 7]

+é (Ck).s [Z“Jf’} +O0(7°%);

— 2
111 =7*D}, 0 (Z + 7z %ZP] + 7201) +0(r°%)
=7°Dy + 7" (Dy), 21

+7° {% (D), Z® + (D), C. + % (Di).» [Z[”f} +O(%;

v —=74F} o (Z + ’/'Z[l]) + 0(7'6)
= rE, +7° (Ek), ZW 4 0(7'6);

V =r°F}, + O(r%).
From (26), (26.1)—(26.5), we obtain

Crp1 =C1 + Cy;

Dy =Dy + kZNCy + (Ck), ZM + Dy

k2

323}01 (ck) AR

+(Cy), C1 + = ((Jk) [Z[”]2 + (D), ZM + Ey;

By =By + kZWD, + kzU (200 +

k
Fopr =Fy + kZUE, + ]ngQ] [ZWD,] + 5252} valen

k 2
32 (O + 528D,

2
k3 1
ng’]()l + 5 (Ch). 78 4+ (Cy), D

+ ];ZE] (2 +

k2 2] 7

+ 22 [ZMeq] +

+§<Ck>22 (2122 4 (C). 2YC + - (Co)a [2M)
1 1

+3 (Dy), Z® + (D), Cy + 3 (Dy) .2 [ZM} + (By), ZzM

1 F.
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(26.3)

(26.4)

(26.5)

(27.1)
(27.2)

(27.3)

(27.4)



From (3), we have

m “+o00
kl 7
Z o [Z ~ 20 4 P2CU(2) + TP DR(Z) + T EW(Z) + TP F(Z) + O(79)
i=0 :

+o0o
—TZﬁkf (ZkT ZW 4 72C(Z) 4+ T3 Dp(Z) + T EW(Z) + O(7 ))

=0

=fzﬂk{ o) sre [ 520 was ey
k=0 i=0
ST
i=0
+oo m Llrit+l m m 1
=> CT 2 4 22N 3200 + Y 6 {ZE]Dk n kZLQ}Z[”Ck}
1=0 k=0 ‘ =0 prt
T iﬁk VB, + k20 20D, + & gty 4 & (Zz)* ¢,
k=0 : * 2 7 2 7
1
+52. (Ck)z} + O,

comparing the coefficients of 72, 73, 74 and 7° respectively on both sides of (28) we obtain

Zaka = Z {kﬁk — Eak} ARE (29.1)
k=0 k=0 '
Z ap Dy = Z {Eﬁk - a&k} zZ8 4 Zﬁkzz[« ICy; (29.2)
k=0 k=0 k=0
k=0 k=0
+3°5 {ZE}D yAyALle }
k=0

Kk "
Z apFy = Z { B — gak} 7Bl 4 Z B {ZEJEk + k21 2D, (29.4)

it k2
+5 20 2P0+ S 7 (ZzM)* ¢, + 2232] (ck)z}.

From relations (27.1) and (29.1) we deduce directly
Cpp = kC) = kC, (30)

and (12.1). Substituting (30) into (27.2), we obtain

2

k4 —
Dy, = kD; + w (ZMZE 4 ZB) (31)
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substituting (31) and (30) into (29.2), we obtain

m (k2 k3 k> —k
d kay | Dy =) < =B — oy — 7181
<k0 Oék> 1 { ol ﬂk 31 g 5 woék}

k=0

- k2 —k
+ Z {k’wﬁk - 9 wak} ZLHZD]
k=0

Then we get (12.2), and

k2w k2 —k p Wl w
Dy = | — + kw?| ZI Z1 T2 2B
k { 5 + w} . + 5 w+k 5 " 5 +2

Substituting (30) and (32) into (27.3), we have

k2w + 3kw? + kw

Epy =E) + - 7 711 712
2
- [k (g — %6 - g) + kw? + kTw} ARVA
2 zZ
) k2
+ {k (g—%+g) +7w} 74+ B,
and then
k2 - k 2 2k3 - 3k2 + k [1] [1] [2}
Ek :kEl + (3w + CU) + 1—2w Zz2 AR
1.2 2 3 2
(e B e
3 —3k2 4k k2 —k [3w?
+ : LI 5 ( ; —|—w)} APYARVAL
K2k (p Wb w\ 2P -3k 4k
rFr_ 7,7 svoogw T AS
T2 (2 > F 2) * 12 w}

Substituting (33), (30) and (32) into (29.3), we obtain

N k4 -k (p wd w 2k3 — 3k* + k
K ko p_wo  w\) 2h 3k +E 0
2{3!6’“ T { 2 <2 2 +2)+ 12 w]o"“}z

2k — 3k* + k k* —k [ 3w?
K wh — %wak i (i + w) ozk} ZEZ}Z[”ZM

p wl w k? —k -k (p wi w
2+ _ p_w v
{ <2 2+2>jL 7| > 272 73
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k? —k 2k3 — 3k + k
+— w?® + 132 i w} ak}ZE]ZB]

- k2 —k 2k — 3k + k
- Z { (k; + —) B — { I (3w® + w) + —w] ak} ARVASVASD
=0

12

and we have (12.3), and

3_ 912 2
Ek:{%; 132k +kw+k2k<g_w_5+w)+k(a nw 5w+w

2 2 2 3 6 4
bp  w  p
BT I AL 4
YR +4>} (34)
Bw  3k*w? 3kw?d | n
el kow — ARVARYAS
[3 1 Py ] :
K2 (p wi w K —Fk , 2k — 3k? p Wl w
r(E_= . ko2 -2+ 2
+[2(2 2 2)+ ;T w w<2 2 2)
""LW_’“S_“] 77
2 2
Ko  3k%w?  kpw kw?§
kod — = 2| ZzW 71 7[2]
[6 L R ] 2 2
Substituting (30), (32) and (34) into (27.4), we obtain
Fry1 =1+ Fy
+ k2w2+k_3 _|_k_2 __w_5_|_u_) + k z_@_é_@u_ﬁ_i_@_’_éﬂ_w_i_g
2 6 2 \2 2 2 3 6 4 6 4 4 4
bk (L2909 Rep  ROWTL
2 2 2 2 2
3k2 2k3 — k p wl w E+k(p wi w

ko 4 22 2w (P-4 Y) 1k p_w0 v
+{w+4w+ B W+ w<2 2+2)+pw+ 5 (2 2+2>

3kW5}Zl1Z[1}Z[3}

5k +2k 5 2k + K? p wl w 3 5kow?

9 F_Z 4% 2 _
—l—{ 1 w”+ 1 w+ kw(2 2+2 Qkpw 1
0w
R L N A
+ (K + )<2 5 +2)} .
6k* + 5k k3 + 3k* + k p wl w kwp  kéw?

k 3 o rYv 2 Vo v k L ndl eed
—l—{3w+ 1 w” + G w+w(2 2—|—2>—|—2 4}
ZE] Zil] Z,LH 712l

k% + 5k 2k3 + 3k% + 2k o
+{2kw3+7T+5w2+ +36 i —|—2/<:pw+k:w <§—%+§)—k5w2}

ZW Zilz] 71 712]

2 3 2 2
+{2kw3+9k Z—Gk:w2+2k —|—34/<: +2kw+2kw (B_w_(s w) kpw  kéw }

2 2+2

2 4
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ARIAL A
Th? + 6k , 2k + 3k* + 2k p wl  w 3kdw?
wHkpw+ko|z——+=|— 1

3
—i—{kw —|——4 w”+ 1 5 5 13
2 (722
5k* + 4k 2+2k3+3k’2+2k _3k5w2+k /_)_w_§+g Lk
i v 4 YTy Y 272 "3 p

A ANNAY

k3 K (p wé w o nw dw w dp w p
- (=4 = —_ = _ =, 2 _ 2P 27 B Z6
+{ v (2 2+2>+k<3 6 1% 4+4+4)} ’

6 2
and then
Fp = kF, (35)
3Rtk o KRR 3Kk (p Wi w
12 24 12 2 2 2
—k(oc nw dw w 6p 0w p -k (p wi w
3 (§_F_I+E_Z+T+Z)+ > “’(5‘7*5)
-k K-k,
_ 1] 7[4]
+ TR 1 &u}ZZZ
K-k, 2P —3kE4k , k-2 +k powh w
- - - - - = k2 —k g_ 4=
+{ w” + 3 w” + Y w—i—( )w<2 2+2>
k* —k B—k(p w w 3(k* — k)
P2 2y 2 M2z 78]
T T (2 2+2> 8 w}zz
10k —9k% —k ,  3k*—4k*+ k p wl  w 3(k* — k)
ko (P Y)Y
+{ o w? + o w+ ( )w(2 2+2)+ R
5(k*—k). o K-k (p wi w 0
S S g2 2\ 7 Z0] 78]
T AU Y
L[BOE k) AR Rk, K2R3 KRk (p Wi w
2 s 7 21 T2 Y 2 2 T2
2 2
Pl SV k5w2} 211 71 711] 712
4 8 z z z
TR -3k —dk , K-k  3(K2—k) k2 —k
2 3 2 _ 2
+{(k k) w® + D Wit W T— 5 Sw
-k (p wi w
rF_ ==, * ARNARIATNAL
L w(z 2+2>} =
6k3 — 3k* — 3k E*—k p wl w
+{(k2—k)w3+ < w? + 3 w—l—(k2—k‘)w<§—7+§)
K-k K-k 0
T g M}ZZQ ASAVASVA
Bk g MK 3R Wk Kk Rk 8(R k)
w 51 w g v 5 AW g w
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K-k [(p wd w 1] 2
4 )Y 2 (7B
L w(z 2 +2>} = (77)

10k3 =3k =Tk , k'—k 3(K*—k). , K-k (p wi w
+ w” + w +

24 8 8 2
2
b - kpw} 71 ()2 2

2

+

N k* — 2k3 + k2 +k2—k 0w 0w w_5p+52w+p
24 T2 \B376 16 411
2k3 —3k*+k (p wi w
Zv oo T (B2 2 L gl
TR (2 7 * 2)}
Substituting (30), (32), (34) and (35) into (29.4) we have
(Z/{?Oék) F1 =
k4ﬁ_k;5 Uk -3k (p Wi w
- ET 24 " 12 "2 2 T2

2 2
kK _kozk<0 nw 6w+w 5p+5w+p)}z[5]

NE

N 2k3—3k2+kw+k2—k B_w_5+g E z_n_w_é_w+g_5_p
£ 12 2 \2 2 2 36 4 6 4
Pw p 263 —3k* +k , 283 =3k +k (p wi w
T )W—{T“ +T(§—7+5)
+k4—2k3—|—kz2 +k;2—k; J_nw_5w+w_5p+52w+p
20 T2 \376 46 4T 4 Ta
K-k (p w w k* —k K—k_,
p_wo_ v _ [1] 714
+ 5 w<2 2—|—2)—|— T 1 5w}ak}ZZZ
L [Ew 3k2 2 kpw 5 kow? 3(k2—k) 4
[ b 8] s,
| 4Kk -3k 2+k4+2k3—3k2 LRk (p wi o w
8 “ 24 YT 2T 2 e
2 2
Ml k,ow _ k- ’f(w} ozk} ZW z 0 71 712
4 8 z z z
N ([kw 3K 3k, ) 5 Tk —3k?—4k
—l—;o{[——ir—w + kpw — —5w}ﬁk—{(l§ —k)w® + D w
+k4—kw+3(k:2—k)w+k:2—kw p_wi w Rk
12 T 2 2 2 3 2 .
Z[1]Z[1]Z[1}Z[2]

K —k o,  2k%—3k? k? wl  w p wl w
+Z{{ R TR C R S R R s
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hpw _R6P) Rk g Wk K28
2 2 | 2 8 “ 21 7
RN VRN Wl DU e

+ (k k)<2 2+2>+ 5ot 5~ 5 3

o k2 k3 — k2 6k3 — 3k — 3k
- E {[k2w2~|——w~l— w] B — [(kz—k:) w? + 3 w?
k=0

k* —k o k? —k k? —k
+ w+(k2—k)w<£—w—+u—})+ po— g 5602}0%}

8 2 2 2 4
ZZUZ]Z[H (ZL”Z[Z])

" (R — R? p Wl w 10k% — 9k — k
kQ " il . 2
+;{[ S (2 2+2)}5’“ { 24 “

E*— 4k + k B k2 —k
+3—+w+(/~c2—k’)w(p “ W)JrM

24 i ™

SR k) a Kk (B _wo f)] ak} 70 71 78

8 3 2 2 2

o k3 k2 k2 — k 14k3 — 3k2 — 11k Et— k
—I—Z{{—w—l——w}ﬁk { 5 w3 + o w? + g v
k=0

k* —k K-k (p w w 3(k*—k)_ 4 1 (22
+ 9 pw+ 9 W(§—7+§)+T5w:|&k}ZZQ(Z)

= E*—k  10k% -3k -7k , 3(K*—k)_,
+k§{ ﬁkw—[ Wt o W= o

K-k (p wi w k? —k 1] 2

and we obtain (12.4). O
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