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We construct two low order nonconforming quadrilateral elements for the Reissner-
Mindlin plate. The first one consists of a modified nonconforming rotated Q1 element for
one component of the rotation and the standard 4—node isoparametric element for the
other component as well as for the the approximation of the transverse displacement, a
modified rotated Raviart-Thomas interpolation operator is employed as the shear reduc-
tion operator. The second differs from the first only in the approximation of the rotation,
which employs the modified rotated Q; element for both components of the rotation,
and a jump term accounting the discontinuity of the rotation approximation is included
in the variational formulation. Both elements give optimal error bounds uniform in the
plate thickness with respect to the energy norm as well as the L2 norm.
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1. Introduction

In the last two decades, extensive efforts have been devoted to the design and anal-
ysis of finite elements to resolve the Reissner-Mindlin (R-M) plate, which is one of
the most widely used plate bending model. However, the elements for which a sound
mathematical analysis exists are largely constricted to triangular and rectangular
elements. Arnold, Boffi and Falk 3 checked the possible traps during the straightfor-
ward extension of rectangular elements to general quadrilateral meshes. Following
the guideline of 2, it seems hopeful to analyze the classical quadrilateral MITC fam-
ily '3 35, Duran, Herndndez, Hervella-Nieto, Liberman and Rodriguez 0 recently
proposed a new quadrilateral element (DL4) which is the same with MITC4 & except
that a bubble enriched 4—node isoparametric element is used to approximate the
rotation. They established the optimal H! error bound for a general quadrilateral
mesh, while the optimal L? error bound is only proved for mildly distorted quadrilat-
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eral meshes®. Meanwhile, for the nested mesh with mildly distorted quadrilaterals,
they derived optimal H! and L? error bounds for the classical MITC4. In 2%, we
proposed two elements that are also similar to MITC4 except that the rotation is
approximated by the nonconforming rotated Q; element (NRQ;) 3*. The optimal
H! and L2 error bounds are derived for mildly distorted quadrilateral meshes. Con-
sequently, all the above elements cannot be regarded as strictly locking-free since
they degrade over general quadrilateral meshes either in the L? norm or even in the
energy norm.

In this paper, we present two new quadrilateral elements, which can be regarded
as the quadrilateral extension of the rectangular elements in 28. For the first element,
we use the modified NRQ; to approximate one component of the rotation, and
the 4—node isoparametric element to approximate the other component as well
as the transverse displacement. A modified rotated Raviart-Thomas interpolation
operator introduced in 3! is employed as the shear reduction operator. The second
element differs from the first in the approximation of the rotation. The modified
NRQ); is used to approximate both components of the rotation, and a jump term
which accounts the discontinuity of the rotation approximation is included in the
variational formulation. We prove optimal H! and L? error bounds uniform in the
plate thickness over general quadrilateral meshes.

The main ingredient of our method is a new shear reduction operator, which
is motivated by the observation due to 2° 3! 32 namely, the L2 convergence rate
deterioration originates from the the non-optimality of the following interpolation
estimate for the rotated RT[g element 36,

|| rot(u - HU)HLQ(Q) < Ch|I‘Ot u|H1(Q) + C’Ir(nea%( dK/hK || I‘Ot’u,”Lz(Q),
h

where II is the rotated RT g interpolation operator, and dk is the distance be-
tween the midpoints of two diagonals of an element K of the triangulation 7; for
a domain (2. While the modified rotated RT|o; element instead admits the optimal
interpolation error estimate:

[ rot(u — Rhu)||L2(_Q) < Chlrot u|H1(_Q),

where Ry, is the modified rotated RT o) interpolation operator. In the same spirit,
the rotated ABF [ interpolation operator 4 could also be used as a shear reduction
operator that would lead to the optimal L? error estimate. Actually, the relatively
new ABF|g interpolation operator appeared in early 80’s engineering literature in
a disguised form as a kinematically linked interpolation operator. This interesting
relation has recently been uncovered in 3% and 2. Naturally, the L? error degradation
of DL4 element could be cured by using either the modified rotated RT[g) or the
rotated ABF o) interpolation operator as the shear reduction operator.

The outline of the paper is as follows. We introduce the R-M model and recall
some a priori and regularity estimates of the solutions in §2. In §3, we introduce the

aSee 29 for the exact definition.
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elements. Two Korn’s inequalities for piecewise vector field of the approximation
spaces of the rotation are established in §4. We derive error bounds for all variables
in the energy norm and L2 norm in the last section.

Throughout this paper, the generic constant C' is assumed to be independent of
the plate thickness ¢t and the mesh size h.

2. Variational Formulation

Let {2 represent the mid-surface of the plate, which is assumed to be clamped along
the boundary 0f2. In the sequel, we assume that {2 is a convex polygon. Let ¢
and w be the rotation and the transverse displacement, respectively. In the R-M
plate model, they are determined by the following variational formulation: Find
¢ € H)(2) and w € H(£2) such that

(. ¥) + M (Vw — ¢, Vv — 1) = (9,v) Vo € Hp(£2) and v € Hy(£2), (2.1)

where a(n,y) = (CE(n),E(Y)) for any n,v € H{(2), and £(n) is the symmetric
part of the gradient of . Here H}({2) denotes the standard Sobolev space, and
H (1)((2) the corresponding space of 2—vector-valued functions, this rule is applicable
to other spaces and operators. Let g be the scaled transverse loading function, t—the
plate thickness, A = Fx/[2(1 + v)] with Young’s modulus E, the Poisson ratio v
and the shear correction factor . For a 2 x 2 symmetric matrix 7, C7 is defined
as Ct = D[(1 —v)T + vtr(r)I] with the bending modulus D = E/[12(1 — v?)],
where T is a 2 X 2 identity matrix and tr(7) is the trace of 7.

For any domain D, the norm and semi-norm in H*(D) are denoted by || -

k,D
and | - |k, p, the subscript D will be dropped if it is 2.
Given ¢ and w, the shear stress =y is defined by
v =Xt"3(Vw — ¢). (2.2)

A proper space for the shear stress is H _l(div7 {2), which is defined as the dual
space of

Hy(rot, 2) = {q € L*(2) |rotq € L*(2), g-t=0 on 09N}

with ¢ denoting the unit tangent to 942 and rot ¢ = rot(q1, ¢2) = 9zq2 — dyq1. It can
be shown that

H 'div,2)={qe H () | divge H ()}
with divg = 0;q1 + 0yq2. Define
H(div,R) = {qe L*(2) | divg € L*()},
and the norm in H (div, {2) is given by

lallzz(aiv) = (||‘I||2L2(n) +l diV‘I”%z(Q))l/Q-
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The following a priori estimates and regularity results of the solution of (2.1)
are essentially included in the Appendix of ¢ and 7 as

[lli+lwl + lIvllo < Cligll -1, (2.7)
[8ll2 < Cllgll-1, llwllz < C(llgll-1 + ]l gllo),
Idivyllo < Cllgllo,  tllvlly < CUlgll-1 + tligllo)-

3. Finite Element Approximation

Let 73, be a partition of 2 by convex quadrilaterals K with the diameter hx and
h := maxger, hx. We assume that 7, is shape regular in the sense of Ciarlet-
Raviart '® . Namely, all quadrilaterals are convex and there exist constants o > 1
and 0 < p < 1 such that

hi/h g <o, [cosb k| <p, i=1,2,3,4 VK €T

Here h j and 8; x denote the shortest length of edges and the interior angles of K,
respectively. The quasi-uniformity of 7, is not assumed.

Let K = (—1,1)2 be the reference square and the bilinear function F' be an
isomorphism from K — K = F (K ). Let DF be the Jacobian matrix of the mapping
F and J its determinant. Obviously, J(&) = Jo + J1& + J23.

For notation brevity, the inner products in L?(K) and L?({2), and the dual
pairing between H ~!(div, £2) and Hg(rot, £2) are all denoted by (-,-). Denote by
+ o f the mean value of a function f over the sub-domain (2; of 2.

We firstly use the standard 4—node isoparametric bilinear element space

Wy:={veH)2)|v, €Qi(K) VKeT,}
to approximate the transverse displacement, where
Qu(K):={goF~" | g € Span{l,2,5,27} }.

Denote by II; the standard bilinear interpolation operator.
Next we define

Np:={veL¥RQ) | v € @1, vis continuous regarding Q).
and Q.(v)=0ifecC 90}

with
Q1:={qo F~' | g € Span(1,,7, 27,2 — i) },

and Q. (v): =+ v for all smooth function v: K — R and e C K. The five degrees
of freedom associated with @1 are give by the mean value of a function f over
four edges and the integral f wfo F~144. Denote by IIj, the standard interpolation
operator over Np,.
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Remark 3.1. The finite element space Ny, defined above is a modification of NRQ;
by adding £7 in the basis function. It differs from the element introduced in © as

Q1:={qo F~' | g € Span (1,2,7,47,00(2) — 0:(7)) }

with

Define
Vh:NhXWh and IN/'h:thNh

as the approximation space of the rotation. As V', and ‘N/h are nonconforming, so
when differential operators such as £, rot and V may be applied to functions in V7,
or ‘N/h, we shall write &, rot, and Vj, in all these cases, which are defined piecewise
on each element. The space V', or ‘7h is equipped with the piecewise semi-norm
[v|1.n = ||Vavllo and the norm ||v||1,, = ||v]||o + |v]1,n. The same rule is applicable
to the scalar functions in Nj,.

Using the general theory in 2, we have the interpolation result

v —pollo + hllv — Tpv|l1n < CRE|v]le Yo € Hy(£2) N H?(82). (3.8)
Finally, we define
Th:={xec H (2)NHy(rot,2) | x=DF Ty, x e V(K) VYKecT,}.

0)+b(#,9), (0, 1)+b(#,9), (4, 0)+b(#,9), (0, 4)+b(#, )
J ( —1)). The interpolation operator R, is defined

Here V/(K) is spanned by (1,

1
with b( ,U) = (2|K|( )
as Rh|K = Ry with

/(v—RK'U)~tds:O7 Ve C 0K

for any v € H'(£2) N Ho(rot, £2). Tt is seen that

4

Ryv :Z(bi—l—b)/ v-tds (3.11)
with b;(z) = DF~Tb;(&) and b(x) = DF~Tb(&), where
bi(@) = 10,2 1), ba(@)=(1~5,0),
by(#) = 10,5 +1), bu(@)=7(~1-,0)

It is easy to rewrite (3.11) into the following form:

4
RKv:Zbi/ 'U~td$—|—/ rotvdxb. (3.13)
i=1 €i

K
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A straightforward calculation gives

4

1 o 1,7 1
rotRszB;/Eiv-tdsﬁ—j(m—Z)Z/v-tds

i=17¢

4
a2 [ v f
= v-tds = rot v dx. 3.14
|K|; e K ( )

Next we prove a property of Ry,.
Lemma 3.1. For any u € H*(2) N H}(2), we have
R, Vu = VIIju. (3.15)

Proof. Since u € H%(2)NH{ (£2), so I u is well-defined. By the Sobolev imbedding
theorem that Ry, Vu is also well-defined. Using (3.13) with v = Vu, we get

4
RiVu = Zbl-/ Vu-tds = [IVu = VIju,
=1 Jei
where we have used Lemma 2.1 of 2 in the last identity. O
Lemma 3.2. For any v € H'(2) N Hy(rot, 2),
lv — Rpvllo < Chlvly. (3.17)

If rotv € H'(2), then

[[rot(v — Rpv)|lo < Chlrotwl;. (3.18)

Proof. Using (3.13), we have

Riv =H'v+/ rotv dx b.
K

Taking the rotation into account, it is proved in Theorem 7.1 of 2 that
||lv = ITv||p < Chlv|;.

A straightforward calculation yields
||/ rotvdz bllo,x < CIK["?[|rotvllo,x[|bllo x < Chi|lrotv]o,x-
K

Combining the above three equations and adding up all K € 7},, we obtain (3.17).
The estimate (3.18) is a direct consequence of (3.14). |

Define by E}, all edges of 7;, and E,; all interior edges of 7;,. As in '°, for any
piecewise vector v € ez, H'(K), we define the jump of v as

W] = (" @nt)s+ (0" @n)s, Vee B,
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where (v®mn)s denotes the symmetric part of the tensor product. On the boundary
edge, we define the jump of a vector as [v] = (v ® n)g, where n is the outward
normal to 0f2.

We introduce the first element which solves the following

Problem 3.1. Find ¢, € V', and wy, € W), such that
an(@p,¥) + A% (Vwy, — Rpepy,, Vo — Rpp) = (g,v) Vap € V), and v € Wy,
where ap,(u,v): = (CEL(u), EL(v)) for all u,v € V.
The shear stress is defined locally as
Y= M2 (Vw, — Ruoy,).

The second element is defined as to solve the following

Problem 3.2. Find ¢,, € ‘N/h and wy, € Wj, such that
an(oy,, ) + Xt 2(Vwy, — Ry, Vo — Rpap) = (g,v) Vb € V,andov € Wh,

where

an(u,v): = (C&(u), En(v)) + Z He][ [u] - [v]ds (3.26)
ecEy €
for all w,v € ‘N/h, where k. is a positive constant.
The shear stress is defined as in Problem 3.1.

Note that fe’l/J - tds is well-defined for any ¢ € V', or ‘N/h, so Ry is also
well-defined for any ¥ € V', or ‘7h.

Remark 3.2. It seems quite unusual at the first sight that the vector space V7,
consists of two different finite element spaces. This is mainly due to the fact that
the discrete Korn’s inequality is invalid over ‘N/h as suggested in 2% by means of a
counterexample. If we use ‘N/h to approximate the rotation in Problem 3.1, then
the resulting method does not converge in the classic sense even over a rectangular
mesh 28,

4. Korn’s Inequality

In this section, we first prove Korn’s inequality for V'3, next we cite a weak Korn’s
inequality for ‘N/h, which is the cornerstone for Problem 3.2.

We shall frequently use the following basic inequality: For any K € 7} and
e C 0K, there exists a constant C only depending on the shape regularity constants
o and p, such that

[vllo.e < Cllel™Y2vllo.x + le|“?|vx) Yo e HY(K). (4.1)

This inequality also holds for vector-valued functions v € H*(K). We refer to * for
a proof. Using the above inequality, we get

lv = Qe(®)lloe < Clel*lvlix Vv e H'(K). (4.2)
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Lemma 4.1. For any u € Vy,

[ul1,n < V2I|En(u)o- (4.3)
Proof. Let u = (u,v), then

lentu)ls = 3 [ (1ou/oef + Flou/on) do

KG'Z’}L
Ou Qv
+ [|0v/0y||2 + 1/2||0v /0|3 + Z / ——d=x. (4.4)
Jy Ox
KeTy,
Green’s formula yields
ou 81} / v 8u Z / v
Z = Z u——ds. (4.5)
Kot / 8y 8:0 8y 817 Kot Jox or

For any edge e C 0K, if it is on the boundary 9f2, we have Ov/0t = 0. If e is the
common edge of two adjacent elements, then the summation of two integrals on e

[l s = [as3: —o.

since u € Nj, and Ov/O7 is a common constant along e. Consequently, we obtain

lenwlf = 3= [ (1ou/osf? + 5lou/oy) da

KeTy,
+lov/oyl} + lovjosl+ - [ GEde
KeTy,
1
§|u|1 hs
which gives (4.3). |

Remark 4.1. An integration by parts gives

uli < V2[|IE(u)llo Vu € Hy(12),
while (4.3) indicates that this inequality is also valid for a piecewise H' vector field.
Remark 4.2. Inequality (4.3) remains true for triangular meshes if N}, is replaced
by the Crouzeix-Raviart element ' and W), is replaced by the conforming Py ele-

ment. This inequality has been proven in 26 by a different method under a constraint
on the mesh partition.

The next lemma concerns a weak Korn’s inequality for a vector field in Vi

Lemma 4.2. For any u € ‘7}“ there exists a constant C' such that
1 /2

|mm<dwhnm-§jf . (4.8)

ecEy,
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The above inequality is a special case of the results in ''. Notice that (4.3)
cannot be directly deduced from (4.8).

Clearly, Poincaré’s inequality for the function in V', and ‘N/h hangs on Poincaré’s
inequality for the function in Np,.

Lemma 4.3. There exists a constant C such that

[vllo < Clolin Vv e Ny

f33 2

The above inequality is well-known, see for instance, Remark 3.3 o or see !

for more general case.
Using (4.3), (4.8) and Lemma 4.3, it is straightforward to prove the coercivity
of ap,.

Lemma 4.4. There exists a constant C' such that
ap(u,u) > C’||u||%h forall uwe Vy,. (4.10)
If there exists a constant kg such that k. > kg for all e € Ey,, then
an(u,u) > Cllul3 , Jor all we Vy,.
On the other hand, it follows from (4.1) that there exists a constant C' such that

lan(u, v)| < Cllu|l1nllv]n for all u,v e Vyor ‘7h. (4.12)

5. Error Estimates

In this section, we shall derive the error bounds. Our approach is essentially the same
as that in 2! and its generalization 22. The main ingredient is a Fortin operator 23
constructed in next lemma.

Lemma 5.1. Let My, be a space consisting of piecewise constants on each element.
Then there exists an operator IT: H{(2) — V', such that

(rotp (v — ITv),q) =0 Vg € Mp, (5.1)
and
|lv — IIv|o < Chlv — ITv|y . (5.2)
Moreover, if v € H*(R2), the following estimate holds:
|v — ITw|yp < Chlvls. (5.3)

Proof. We consider the following auxiliary problem: find (v", p*) € V', x M}, such
that

(thh,vhz) + (roty, z,ph) = (Vv,Vpz) Vz € Vy,

b\ (5.4)
(rotp v", q) = (rot v, q) Vq € M.
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Notice that (V'p,, M}) is a stable pair for the rot operator (see, e.g.,Theorem 4.5
of 28), so the existence and uniqueness of (v", p") are the consequence of the classic
mixed finite element method theory . Denote II;, = (IIj,, II;,), we have

(Vi(v — v"), Vi, (0" — Iw)) = (voty, (v" — I,w), p")

= (roty(v" — v),p") + (roty (v — Myw),p")

= (roty (v — Tv), p).
Using the discrete B-B inequality for (V'y,, M},), we obtain

roty, z, p" Vi(v—v"),Vz
Cllpllo < sup o2 _ o W =v1) V2) g o).
e T P

A combination of the above two inequalities and using (3.8) give
IVi(v = o™ = (Va(v = o"), Vi(v = Iw)) = (rotn(v — Tyw),p")
< Chlola (Vi (v = v") o + [p"]l0)
< Chllz||[Va(v —v")o,

which implies (5.3).
A standard dual argument gives

lv = v"lo < Ch||Vi(v —v")]o.
Let ITv = v", we complete the proof. O
Remark 5.1. The operator IT constructed in the above lemma is a type of Fortin

operator. Such kind of operator is explicitly or implicitly exploited in many different
settings (cf. 7 21 9 10),

Remark 5.2. Let IT = (II;,,I1;). It is easy to see that IT : H(2) — V), and
satisfies (5.1), (5.2) and (5.3).

Using Lemma 5.1 and Remark 5.1, we may construct a special interpolant for
the shear stress as that in Lemma 3.1 of 2.

Lemma 5.2. There exists w" € W), such that 7: = \t~2(Vwh — Ry, I1¢) = Ry~.

Proof. For any q € My, it follows from the definition of R;, and (5.1) that

/rotRh(qb—HqS)qdw:/rot(¢—H¢)qdm:0,
o) Q

which together with (3.14) gives rot Rk (¢ — II¢) = 0 over each element K. By
Lemma 3.1, there exists wy; € W), such that

Ry (I1p — ¢) = Vwr.
Define

wh = IIw + wi.
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Using (3.15), we get VII;w = R, Vw. Consequently,
M2(Vw" — R, T ¢p) = M 2(VILw + Vw; — Ry IT)
=M "2R,(Vw — ¢) = Ry. m|

Define the consistency error functional e (u,v) for any w € H?(2) and v €
Vi orVy as

eh(u’ 'U) _ {EKETh IBK(Cg(u) : n)lvl dS,
EKETh faK Cg(u) ‘nv ds + ZeEEh UCG[’U’] ! ['U] dS,
where v; is the first component of v. Using (4.2), we estimate e, as
len(u, v)| < Chllulla[[v]|1p- (5.11)

Theorem 5.1. Let (¢, wn, ) be the solution of Problem 3.1 or Problem 3.2, and
(¢, w,~) be the solution of (2.1) and (2.2), there holds

¢ = @nllin+ 1V(w —wn)llo +tly = vnllo < Ch(llgll -1 + tllgllo)- (5.12)

Proof. For any ¥ € V, or ‘N/h and v € Wy, we have the error equation for the
solution

an(¢ = ¢, ) + (v = v1, Vo = Rpyp) = (v, ¢ — Rpyp) + en(d, ),
from which we get
an(IT$ — @) + (V — V4. Vv — Rpyp) = an(Ilp — ¢, ) + (¥ — v, Vo — Rpp)
+ (7. ¥ — Ruyp) + en(9, ). (5.14)
Let ¢: = IT¢p — ¢;, and v = w" — wy,. Applying Lemma 5.2, we conclude
q - Y = A2 [V(Wh - Wh) - Rh(ﬂ¢ - ¢hﬂ = /\tiz(vv - Rhl/’)-

Substituting the above identity into (5.14), using (4.10), (4.12), (5.11) and (3.17),
we obtain

l]l1,n + t|Y = Yrllo < Ch(||¢p — T 1,1 + t]|y — Ruyllo) + Ch(||d]l2 + [|7]o)-

Using (5.3), Remark 5.2, the interpolation estimate (3.17), the regularity esti-
mates (2.7) and (2.9), we obtain

16— @pllin+tly —vnllo < Chlllgll -1 + tllgllo)- (5.17)
It follows from
Vwh = Rudy, + My, Vw = ¢+ At?y,
and (5.17) that the error bound (5.12) for w holds. |

We turn to the L? error estimate. To this end, we need the following lemma,
which can be proved as that in Lemma 4.2 of 20,
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Lemma 5.3. For any w € H{(2) and ¢ € H(div, $2), there exists a constant C
such that

|(w — Ryu, Q)| < Ch?|uli|| div Cllo + Chl| rot(u — Rpw)|lo]¢]lo- (5.19)
Define an auxiliary problem as: find (1, 2) € H(£2) x H3(£2) such that
a(m, ) + \M"2(Vz — 1, Vn —m)
= (¢~ dp.m) + (W —wh,n) V(m,n) € Hy(L2) x Hy(£2).
Define s = At 72(Vz — ). Analog to (2.8) and (2.9), we have the regularity result
of the above auxiliary problem as

[bll2 + [I2ll3 + lIsll E(aiv) + tlsll < C(ll@ = @pllo + [lw — wallo)- (5.21)

For the solutions of the above problem, using Lemma 5.2, there exists a function
2" € Wy, such that

(5.20)

M72(Vz" — Ry IT4p) = Ry,s. (5.22)
Exploiting the Aubin-Nitsche dual argument, we obtain the L? estimate as
Theorem 5.2. The solutions of Problems 3.1 and 3.2 admit the error bounds
¢ = @nllo + llw — wrllo < Ch?|lgllo- (5.23)

Proof. Putting m = ¢ — ¢, and n = w — wy, into the right-hand side of (5.20), we
obtain
¢ = dnlls + llw — willg = an(d — @ 9) + (5. V(w —wn) = (¢ — B3,))

+en(¥, @ — ). (5.24)

Obviously,

V(w—=wn) = (¢ —¢p) = A" (v =) + by — Riy,.
Using (5.22), we obtain
an(¢ — ¢, ) + A71t2(7 = Yp, Bn8) = an(@ — ¢y, IIp) — (v — vy, RiI17)
= (’77 H¢ - RhH,l/)) + 6h(¢, H¢)a

where we have used (y — ~,,Vz") = 0. By substituting the above two identities
into (5.24) we obtain

16 — @l + lw — wnlls = an(d — @y, — IY) + A" (y = 7,8 — Rs)
+ (8, ¢, — Rngy,) + (v, ITp — Ry ITvp)
+en(Y,d— @) —en(@p, 9 — IIvp)

=h+--+1I.

Using (5.3) and the interpolation error estimate (3.17), we bound I and I as

(| < Chllg = @pllinllllz
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2| < Chtlly —pllotl sl
decompose I3 into

IB = (S, (I - Rh)(¢ - ¢h)) + (87 ¢ - Rh¢)

Using (3.17) for the first term and Lemma 5.3 for the second, we obtain

13| < Chllg — @y ll1nlisllo + Ch?|pli]| div s]lo + Chllrot(¢ — Rue)llollsllo-

Similarly, I, is bounded as

L] < CR2|vlloll]l2 + CR?| divyllo|ep]1 + Chll7]ol rot(vp — Rap)|o-

The estimates for the last two consistency error functionals are standard as

and

[Is| < Chll@ — @pllrnlltll2

16| < Ch?|| Izl

Summing up all the above estimates, using (5.12), (3.18) and the regularity esti-
mate (5.21), we obtain the desired estimate (5.23). m|

Acknowledgement

P. B. Ming was partially supported by National Natural Science Foundation of
China under grant 10201033.

References

1.

2.

3.

S. Agmon, Lectures on Elliptic Boundary Value Problems (Van Nostrand Mathemat-
ical Studies, Princeton, NJ, 1965).

D. N. Arnold, D. Boffi and R. S. Falk, Approximation by quadrilateral finite elements,
Math. Comp. 71 (2002) 909-922.

D. N. Arnold, D. Boffi and R. S. Falk, Remarks on quadrilateral Reissner-Mindlin
plate elements, In: WCCM V-Fifth World Congress on Computational Mechanics (H.
A. Mang, F. G. Rammerstorfer, and J. Eberhardsteiner, eds.), 2002.

D. N. Arnold, D. Boffi and R. S. Falk, Quadrilateral H (div) finite elements, SIAM J.
Numer. Anal. 42 (2005) 2429-2451.

D. N. Arnold, F. Brezzi and L. D. Marini, A family of discontinuous Galerkin finite
elements for the Reissner-Mindlin plate, J. Sci. Comput. 22 (2005), 25-45.

D. N. Arnold and R. S. Falk, A uniformly accurate finite element method for the
Reissner-Mindlin plate, STAM J. Numer. Anal. 26 (1989) 1276-1290.

K.-J. Bathe and F. Brezzi, On the convergence of a four-node plate bending element
based on Mindlin-Reissner plate theory and a mixed interpolation, Mathematics of
Finite Elements and Applications V (J. R. Whiteman eds.) Academic Press, London,
1985, 491-503.

K.-J. Bathe and E. N. Dvorkin, A four-node plate bending element based on
Mindlin/Reissner plate theory and a mixed interpolation, Internat. J. Numer. Meth-
ods Engrg. 21 (1985) 367-383.



April 24,2005 21:9 WSPC/INSTRUCTION FILE finms

14

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

P. B. Ming and Z.-C. Shi

D. Braess, Finite Elements: Theory, Fast Solvers, and Applications in Solid Mechan-
ics, Second edition, (Cambridge University Press, Cambridge, 2001).

D. Braess, C. Carstensen and B. D. Reddy, Uniform convergence and a posteriori error
estimators for the enhanced strain finite element method, Numer. Math. 96 (2004)
461-479.

S. Brenner, Korn’s inequalities for piecewise H' vector fields, Math. Comp. 73 (2004)
1067-1087.

S. Brenner, Poincaré-Friedrichs inequalities for piecewise H! functions, SIAM J. Nu-
mer. Anal. 41 (2003) 306-324.

F. Brezzi, K.-J. Bathe and M. Fortin, Mixed-interpolated elements for Reissner-
Mindlin plates, Internat. J. Numer. Methods Engrg. 28 (1989) 1787-1801.

F. Brezzi and M. Fortin, Mized and Hybrid Finite Element Methods, (Springer-Verlag,
New York, 1991).

F. Brezzi and L. D. Marini, A nonconforming element for the Reissner-Mindlin plate,
Comput & Structures. 81 (2003) 515-522.

Z. Cai, J. Douglas, J. E. Santos, D. Sheen and X. Ye, Nonconforming quadrilateral
finite elements: a correction, Calcolo. 37 (2000) 253-254.

D. Chapelle and R. Stenberg, An optimal low-order locking free finite element method
for Reissner-Mindlin plates, Math. Mod. Meth. Appl. Sci. 8 (1998) 407-430.

P. G. Ciarlet, The Finite Element Method for FElliptic Problems, (North Holland,
Amsterdam, 1978).

M. Crouzeix and P.-R. Raviart, Conforming and nonconforming finite element meth-
ods for solving the stationary Stokes equations I, Rev. Francaise Automat. Informat.
Recherche Opérationnelle Sér. Rouge 7 (1973) 33-75.

R. Duréan, E. Herndndez, L. Hervella-Nieto, E. Liberman and R. Rodriguez, Error
estimates for low-order isoparametric quadrilateral finite elements for plates, STAM
J. Numer. Anal. 41 (2003) 1751-1772.

R. Durédn and E. Liberman, On mixed finite element methods for the Reissner-Mindlin
plate model, Math. Comp. 58 (1992) 561-573.

R. S. Falk and T. Tu, Locking-free finite elements for the Reissner-Mindlin plate,
Math. Comp. 69 (2000) 911-928.

M. Fortin, An analysis of the convergence of mixed finite element methods, RAIRO
Anal. Numér. 11 (1977) 341-354.

V. Girault and P.-A. Raviart, An analysis of a mixed finite element method for the
Navier-Stokes equations, Numer. Math. 33 (1979) 235-271.

J. Hu, P. B. Ming and Z.-C. Shi, Nonconforming quadrilateral rotated Q1 element for
Reissner-Mindlin plate, J. Comp. Math. 21 (2003) 25-32.

R. Kouhia and R. Stenberg, A linear nonconforming finite element method for nearly
incompressible elasticity and Stokes flow, Comput. Methods Appl. Mech. Engrg. 124
(1995) 195-212.

M. Lyly and R. Stenberg, Stabilized MITC plate bending elements, preprint, 2001.
P. B. Ming and Z.-C. Shi, Nonconforming rotated Qi element for Reissner-Mindlin
plate, Math. Mod. Meth. Appl. Sci. 11 (2001) 1311-1342.

P. B. Ming and Z.-C. Shi, Quadrilateral mesh, Chinese Ann. Math. Ser. B. 23 (2002)
235-252.

P. B. Ming and Z.-C. Shi, Analysis of some lower order quadrilateral Reissner-Mindlin
plate elements, Math. Comp. to appear.

P. B. Ming and Z.-C. Shi, Approximation of quadrilateral H g (rot) finite elements
and its application to Reissner-Mindlin plates, preprint, 2002.

P. B. Ming and Z.-C. Shi, Some low order quadrilateral Reisssner-Mindlin plate ele-



April 24, 2005

33.

34.

35.

36.

21:9 WSPC/INSTRUCTION FILE finms

Nonconforming Quadrilateral Rotated Q1 Element 15

ments, Contemp. Math. 330 (2003) 155-168.

P. B. Ming and Z.-C. Shi, Mathematical analysis for quadrilateral rotated Q; element.
I1. Poincaré inequality and trace inequality, J. Comp. Math. 21 (2003) 277-286.

R. Rannacher and S. Turek, Simple nonconforming quadrilateral Stokes element, Nu-
mer. Meth. Part. Diff. Equations. 8 (1992) 97-111.

R. Stenberg and M. Siiri, An hp error analysis of MITC plate elements, SIAM J.
Numer. Anal. 34 (1997) 544-568.

J. M. Thomas, Sur l'analyse numérique des méthods d’éléments finis hybrides et
mixtes, These de Doctorat d’Etat, Université Pierre et Marie Curie, Paris 6, 1977.



