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Abstract

We investigate a Smoluchowski equation (a nonlinear Fokker-
Planck equation on the unit sphere), which arises in modeling of col-
loidal suspensions. We prove the dissipativity of the equation in 2D
and 3D, in certain Gevrey classes of analytic functions.

MSC2000: 35Kxx, 7T0Kxx

1 Introduction

The Smoluchowski equation is an equation describing the temporal evolution
of the distribution v of directions of rod-like particles in a suspension. The
equation has the form of a Fokker-Planck equation

Op = Ay +div(ypgrad V),
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except that it is nonlinear and it is phrased on the unit sphere (so the Lapla-
cian, divergence and gradient are suitably modified). One thinks of ¥do as
the proportion of particles whose directions belong to the area element do
on the unit sphere. The equation is nonlinear because the mean field po-
tential V' depends on 1. If this dependence is linear then the equation has
an energy functional, and its steady solutions are solutions of nonlinear (and
typically non-local) equations. Historically, the steady equation arose first,
in the work of Onsager ([14]) concerning the effect of the shape of particles in
a suspension on their distribution. The time dependent kinetic theory ([7]),
and the particular type of potential (Maier-Saupe) we study in this paper
are a further development. There are relatively few rigorous mathematical
papers concerning this equation. In two previous works ([4] and [5]) mostly
questions regarding the steady states were discussed. The Smoluchowski
equation is dissipative. This means that the solutions, viewed as trajectories
in a phase space, after a transient time, enter and remain in a bounded region
of phase space. The dissipativity of the Smoluchowski equation is however
a subtle matter. The energy functional is not positive definite in general,
and it cannot be used directly. Instead, the conservation law associated to
the equation, namely the fact that [¢ does not change in time, needs to
be used in order to prove dissipativity. In [4] dissipativity was proved in
2D in a weak phase space, (a phase space in which it is not clear that the
equation is well posed), using a cancellation special to 2D. The dissipativity
in three dimensions was until now an open problem. In this paper we prove
among other things dissipativity in very strong analytic spaces both in two
and three dimensions. The proof of Gevrey regularity and dissipativity in
three dimensions uses a slightly different approach than the classical method
of [9] (see also [1], [2], [8], [10] and [12]) making use of the special nature of
the Fokker-Planck nonlinearity:.

2 Preliminaries

We consider the Smoluchowski equation written in local coordinates ¢ =
(1,09, .., ¢n_1) on the unit sphere S"~ ! in IR" as:

1 . ij 1%
aﬂp:ﬁ@- (e7"'v/G970;(e" ). (2.1)



The potential V' is given by

V(x,t)=—bx;x;5%(t),
S(t) = fgn-12:(0)7;(8)1)(¢,1) 0 (d) — L6,

where z; are Cartesian coordinates in IR", o(d¢)=,/gd¢ the surface area,
and b> 0 is a given parameter representing the intensity of the potential. As
a result of applying the product rule, (2.1) can be written in the form of a
Fokker-Planck equation

(2.2)

where

1 )
A=—A,= —ﬁai(\/gg”aj)

is the Laplace-Beltrami operator, and
. 1 ii
B(’QD, V) = leg(wng) = ﬁ@(\/ﬁg ](a]V)’QD)

Because of the dependence of V' on v, the Smoluchowski equation is nonlinear
(quadratic) in .

Regarding the existence, uniqueness and regularity of solutions of (2.3),
it is easy to prove the following theorem (see [4], [5] for the same claim)

Theorem 1 Let 1)y be a nonnegative continuous function on S™~'. The
solutions of (2.8) with initial data 1(-,0) =1y exist for all nonnegative times,
are smooth, nonnegative and normalized

| votodo)= [ vo(6)ods).
In addition, they are analytic for all positive times.

From now on we will choose the normalization
/Sn_1¢(¢,t)a(d¢) ~1.

The normalization yields that the matrix S is trace-free (7(S)=0), which
implies that the homogeneous quadratic polynomial V(x,t) is harmonic.



This, in turn, implies that V, restricted to the sphere, is an eigenvector
of A corresponding to the eigenvalue 2n:

AV =2nV.
Moreover, one has the following inequality:
1
b (1 - ) Vi<l
n n

In particular
|V (x,t)| <b.

The following nontrivial property of the Fokker-Planck bilinear form B will
be crucial in the sequel:

Lemma 1 For,x,V € D(A)

(BW.V)Xo=3 [ VA= 9A) ~xAV]o(dg),  (24)
where

(u,v)y= /S‘n—l wvo(de)

is the scalar product on L*(S™71).

Proof : Assuming first that v, x,V € C®°(S"1) and applying integration
by parts one has

(B(¢),x) = 9i(v/99” 0;V)x o(d)

L s
= [0:(Vag "0V )x dg!

_/\/gg"jajvw&-x dg"™! (Z—/Sn_lgijajVQﬂaiX U(d¢>>
= [Vou/ag7ox dem+ [V, (y/agiom) dem!
— / Vo0 o(d)+ /S VA o(dg)
_ _/ GOV ox o(do) _/Snil VXA o(dp) +/5n71 VipAgx o(dg)
— / g0V 1pd;x o(dd) + /S  AGVipxo(de)

_ / Vb o(do)+ [ VA a(dd)

)+ / V(pAgx — XAyt —2n1px) o(de),



and the statement of the Lemma follows by the above and the density
of C*(S™1) in D(A). A similar proof is obtained using VV:,Vw=
1/2(Ay(Vw) —wA,V —VAyw) and integration by parts. O

3 The 2D Case

When n=2, the unit circle has one local coordinate ¢ €[0,7], and z1(¢) =
cosp, To(p)=sing, and g''=g=1. Thus, in two dimensions, the equation
can be rewritten as

Op— 02 = 0,0,V ). (3.5)
The potential V' can be written as a function of the local coordinate ¢ as:
b 2w ~ ~ ~
Vo)== [ cos(2(6=9))v(d.t) b, (3.)

In the following sections, we will use the Fourier Transform to rewrite (3.5)
a system of ODEs for which we will prove that the solutions belong to
certain Gevrey classes, in which they dissipate, and are real-entire.

3.1 2D Smoluchowski as an infinite system of ODEs

We expand ¢/ in Fourier series as
1 )
¢t o > (e,
€Z

where

~ 2m
b= [ e (0. t)de

are the Fourier coefficients. Requiring ¢(—7,t) = (j,t)* will insure that ¢ is
a real-valued function. The system (3.5) becomes a system of ODEs

o~

dy . 9 bj /1~ . -~ ~ ~
— G0 +7200.0) =5 (D0 = 2.00(2.0) = (T +2,)P(-2,1)).
and the normalization is equivalent to ¥(0,¢)=1 in this setting.
One can easily verify that the evenness of the initial datum will be pre-
served by the flow. In terms of Fourier coefficients, this means (—j,t) =



zZ(j,t) for j€ZZ. Moreover, 7,2(2j+1,t):0, for j €74 is preserved by the
flow, as well. Therefore, we can restrict our study to solutions that have the
above symmetries, i.e., solutions of the form

V(p,t) —+ Zyk )cos(2ke),

where .
()= (2k,t) = [ cos(2he)(6.1)do,

The normalization implies yo=1 and |yx| <1. Notice that for such 1 the
potential becomes

V(0,1) = — g (t)cos(20).

In this new setting, the 2D Smoluchowski equation can be written in terms
of the Fourier coefficients as an infinite system of ODEs:

=1, (3.7)
Yr +4k%ye = bky1 (Yp—1 — ygs1), k=1,2,...

In [4] the authors have proven that the solutions of the 2D Smoluchowski
equation with nonnegative continuous initial data of the form

Yo(p)=—+— Zyk )cos(2ko) (3.8)
dissipate in the space H~1/2(S') according to the inequality

b
@172 < 7€ [¥oll-2-
Also, the existence of one determining mode was proven: If for two solutions
lim [V(0,1) =V (0,4)| =0,

then
Tim ([0 (0) = (1) -2 =0.

By S(t) we will denote the semi-group of solution operators, i.e. ¥(t)=
S(t)1y. The 2D Smoluchowski equation has a compact global attractor A,
the maximal bounded set which satisfies S(¢).A=A for all t € R. Thanks to
the existence of one determining mode, or the Gevrey regularity which we
will prove in the next section, one can easily show that the global attractor
A is finite dimensional.



3.2 Gevrey regularity and dissipativity in 2D
Let us denote the uniform state by ¢, =1/2xr. Also denote

11172 =7l —ullF2gs1) = D v,
k=1

[l =277 = ull ooy = D K0
k=1

For a positive function f defined on positive integers let us define the follow-
ing classes of functions:

Hf::{w(gf)) 217T+ Z%COS%¢ kai }

and
1

Vii= {¢(¢) o

—+— Zykcos 2ko) : ikf(k:)y,%<oo},
k=1

endowed with the ‘norms’

o f£(k 1/2 . 1/2
o= (S 02) o= (L)
k=1

k=1

respectively. For f that grows at least exponentially with k it is well known
that Hy and V} are subsets of the set of real analytic functions. Also, for
each n €N there exists a combinatorial constant M, € (0,00) depending on

f, such that
150l < Maliily, € Hy.

Theorem 2 Consider the equation (3.5) for b>4 with nonnegative con-
tinuous initial data of the form (3.8). Let h(t)=min{t,1}, and let f(k,t)=
a?M® 1 <a?<1+b71, or alternatively f(k,t)=[(k—1)2"®/p2E=0 " In e
ther case, a solution v dissipates according to the inequality

b+1 _
|9 ()|f<T+ Neboll3-1/2, >0, (3.9)

and is real-entire for t > 0. In particular, the ball of radius Vb in H ¢ centered
at the uniform state 1, absorbs all trajectories in finite time.



Proof : Multiplying (3.7) by f(k,t)yx/k and summing over k=1,2,3,...,
we obtain the following a priori estimate. The computations are formal, and
can be made rigorous by considering Galerkin approximations (see [3]).

i 4y _kf(k )y}
k=1

20115Z 2_72

= F(Lbyi+byr Y (f(k+1) = f(k))yryr

k=1

< f(1)by; + by | \lzkf (k+1 kaJ

k=1

Fk,t) fkt

For f(k,t)=a?*"" 1<a?<14b7' wehave f(k+1)— f(k)=(a®"® —1)f(k),
and

<
2l b1

For “
k—1)1h0]”
e e E

one has b%f(k+1) =k*® f(k) <k?f(k), and therefore

2 <
2dt|¢|f+ ||¢||f b.
In both cases, (3.9) follows. O

Remark 1 Observe that from y2 <1, k=1,2,... the dissipativity follows
in Hy for any f for which

FR)<[(k=DVB 2, k=ko,ko+1,...,

for some ko€Z. In particular, this is true for f(k)=a** for any a>1.
Moreover, the dissipativity in Gevrey classes implies the dissipativity of the
solution and all its derivatives in L*:

1059 () [0 < My (b+e™[ol3-1/2), £>0.

In particular

sup |05 1|| e < M,Vb,
PpeA



and

dim - inf 1655 ()10 — gl = =0.

The Fourier coefficients of the elements of the global attractor A decay ac-
cording to:

2 1\—k per
< mi ) .
yr <ming 1,0k(1+b7") ’bkl(k—l)!]

Remark 2 The quotient z, =yx/y1 satisfies the following ODE:
2+ 4(k* = 1)z, =bkyy (zp—1 — 2p41) —bzr(1—10), k=2,3,4,...

and therefore

d
ﬁ(z,f) +A(K* = 1) 2 = ky (25126 — 2rzk 1) — b2 (1 —y2), k=2,3,4,...

As before, for the same choice of f as in Theorem 2, multiplying by f(k)zx/k
and summing over k=2,3,... gives the following inequality:

d = f(F)

2, o\ 2
242 kf (k)2 <blyal.
2dt =k P

In particular, [¢(t)|7/|V (t,0)|* is dissipated in time, until eventually

2
< —=|V(0,t)], t>T.
W()\f_\/l—)! (0,7)]
for some T. O

In [4] the authors proved the existence of one determining mode. Here we
improve the result leading to the convergence in stronger norms.

Theorem 3 Let 9 (¢,t), j=1,2, be two solutions of (3.7) correspond-
ing to nonnegative continuous initial data

: 1 1&g
(@)= 5+ 2 0 (0)cos(2k0)
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respectively. Let VU (¢,t) be the corresponding potential to the solution
V) (g,t). Assume that

lim [VO(0,1) =V (0,1)| =0,
i.e.
Jim [yi" (6) =1 ()] =0,
then for f(k)=a?* 1<a?<1+b7!
lim [0 (8) =0 (1) =0,
and for every n=0,1,2,...
lim 9560 (8) = @ (1) 1= =0,

Proof : Let ¢=9M —¢® and ¢=1(yp®+¢®). The Fourier co-
efficients are defined accordingly by yk:y,(gl)—y,(f), and gk:%(y,(cl)—i-y,(f)),
k=0,1,2,... The equation for the difference in terms of the Fourier coeffi-

cients reads

=0 o (3.10)
Yi + 452y = 0k (Ye—1 — Yrt1) F0ky1 (Jr—1 — Urt1), kK=1,2,...

Multiplying (3.10) by f(k)yx/k and summing over k=1,2,..., we obtain

d [ee) o0
ol 117+ 4017 = bin D (f(k4+1) = F(k)yryesr +byr Y f (k) (Ge-1 — Trs1) s
k=1 k=1

Similarly as before, and using a Schwartz inequality we obtain

d = f(k
M|¢|§+3Hwn§Sb\yunwufdkzlfé)@k_l—yw

Using Young’s inequality,

d

IO IlF < 16677 (L [0 O+ [0 ))
There exists T >0 so that for t>T

d
@G+ ()7 <1603 (1+20).
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Therefore y;(t)=—2V(0,t) —0 when t— oo will imply lim,_.[¢(t)]; =0,
and limy_.o [|031)(t)[| L= = 0. This completes the proof. O

The following Theorem shows that there are finite number of determining
nodes for the 2D Smoluchowski equation.

Theorem 4 There exists n=n(b), so that for any n equidistant points

G0 <o <-+ <=0, if
lp(l)(t,gﬁ])—lp(z)(t’(ﬁ])—)(l j:]-727"'7n7
then for every 1=0,1,2,...
. LoD 4y Al a)(2) _
Jim 040(8) = 0402 (8] =0,

Proof : Let us write the 2D Smoluchowski equation in the following
form:

Ot — Ot = byr Dy (sin(2¢)1)),
and the equation for the difference of two solutions as
Oyh — 950 = bij1 0 (sin(20) 1)) + by1 O (sin (20) ).

Let 0=¢g < o <--- <@, =2m, such that ¢;.1 —@; =d. Multiplying the above
equation by ¢ and integrating over [¢;,¢; +d], we obtain

d pitd ¢it+d bitd
o7 A LI A O (O

3

¢i+d ¢i+d _
— by [sin(20)¢? 2 by /¢ " sin(20)01s + by [ 0, (sin(20)9)¢
¢it+d
< by [sin(20)0%] 5+ b / [40s] 4+ B([1 65 | + 201l ) /¢ e

7

T ¢z+d 2 ditd o 3 2 oy [T o 2
S A L [P ) [ e Gk

7,
7

where the constants M, and M; are as in Remark 1. Observe that

bi+d pi+d
L < [ ol 2w o)

i 0

/‘?51 b? (142M,b+8Myb) /¢i+d|1/)|2
2dt 4d2 2 ®i

d
< o184 b lsin (200715 4 DB+ 538

Now

d
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Choosing d small enough that @ — b2(1+2M1;b+8Mgb) > 272, we obtain

d ¢itd ¢i+d
o M s MR T [¢¢¢]¢Z+d+by1[sm(2¢)z/; e+

Sl @+ o [l

Summing the above equations for i=0,1,2,...,n—1, we obtain

d 27
= [ [ |w|2<*z|w¢,

Therefore
Jim 6 (6) — 912 (1) 12 =0,
In particular y; — 0, and the Theorem follows. O

4 The 3D Case

When n =3, the local coordinates on S? are ¢ =(0,), and one has z;(0,¢) =
sinflcosy, x2(0,p) =sinfsing, and z5(#,p) = cosf. Also, g'* =1, g*? =sin"20,

g"?=¢* =0, and /g=sinf. In terms of the local coordinates,

1
Ap=—Agp=— (Sineag(sme o)+ — 9830 )

B()=—— 0y (sinf (3sV)) +

sin 9

1
—270:(0,V)0),
and

T 2T ~ ~ ~ ~ 1
V(gp,&,t):/o/o (sin@sinfcos(p — @) +cosbcosd)?(p,0,t) dp dQ—g.

In the following section, we will use the expansion of solutions in spherical
harmonics in order to prove the regularity and dissipativity of solutions in
certain Gevrey classes.
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4.1 Spherical Harmonics

Let P, denote the Legendre polynomial of degree k. For £k=0,1,2,... and
j=0,£1,£2,...,+k let us define

Y (6,) = Cle9 P (cos),

where 12
i 2k+1 (k—[j)!
‘ A (k+[i)H
. . dek .
Pg(x):(l—xZ)Jﬂw(m), j=0,1,2,... kK,
and

P/=P7, j=-1,-2,..., —k.
The following are well known facts about the operator A=—A, (see [13]):

1. Each ij is an eigenvector of A corresponding to the eigenvalue A\, =
k*+k: 4 4
AY? =\Y,.

2. The set {Y/: k=0,1,2,...;5=0,%1,42,..., 4k} forms an orthonormal
basis in L%(S?); in particular, for each ¢ € L?(S?) there is a represen-
tation i

v=3" > WY,
k=0 j=—k

where

i= [0 olds).

Observe that ¢ is a real-valued function if and only if w,;j = zﬂ, and
1 is an even function in variable ¢, if and only if 1,7 =4j. For the
simplicity of notation, let us also denote Y;) =0 and ] =0 for |j| > k.

3. For each £=0,1,2,..., we have the point-wise identity

k .
S Vi (0,0)2 = 2L (4.11)

it 4m
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4. If _
/ YmYIY o0 40,
g2

then all of the following must hold:
o f=m+j
o a<n+k
e k<n+a«
e n<a-+k

o a+n+k is even.
4.2 Gevrey Regularity

Let (¥,V) be a solution of (2.3) for n=3. Let 1h=33°3*_ Y/ be the
expansion of ¢ in spherical harmonics. The normalization yields

and

, » 2k+1
Uil < [ wlYio(de) <= (412)

Since V' is an eigenvector corresponding to the eigenvalue Ay =6,

2
V: Z meém’

m=—2

where V" = [ VY, ™ o(d¢). Also
V™| < b/2 V™| o(de) < bv/207. (4.13)
S

Observe also that the equation (2.3) for n=3 preserves the evenness in .
We will only consider solutions with this symmetry, i.e. solutions for which
Ul =l and VI =V,
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Lemma 2 Let F=f(A)=f(—-4,) and G=g(A)=g(—A,) be two spec-
tral operators defined by

) k o

k=0 j=—Fk

and
k

Go=>"g(M) D UiY,
k=0 j=—k
where  and g are positive functions defined on the set of eigenvalues of A.
Then for € D(F)ND(G)

/ VFGio(de) =
= 33X FO Y ™ [ Yy ol

m=—2k= Oj—*k

£33 OO0+ e gV LYy o(ds).

m=—2k=0j=—k

Proof : Since

[ VFuGiotn= 3. 3 3 5 3 vriidanus [ VYRV elds),
m=—2k=0j=—ka=008=—« o

and since [g2 YYY Po(dg) #0 implies =m+7, and a=k+2, or k=a+

2, or a=Fk, we have

2 oo k

LLVFeguatds) = 3 3 3 v FOWelewu ™ [ vy, " o(de)
m=—2k=0j=—k
2 o k

£33 Y VOO s [ Yy e (o)

m=—2k=0j=—k

2 [e'e] «@
£ X Y VI Qe g0 [ YV Y o (o).

m=—2a=008=—«

Since we assume that V~""=V" and wk =,

2 00 a

Z Z Z me a+2 ¢a+2 g( / meog_zmy A (d¢)

m=—2a=08=
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Z Z Z V- f Ot+2 a+2 g / Y f_:_gm (d¢)

m=—2a=08=

2 o0 [’
>33 VI Oas)ta 3 g0 [ VY Y S (do),

m=—2a=0p=—a

and the proof follows. O

The following Lemma establishes important estimates regarding the non-
linear term, and it will be used to prove the Gevrey regularity and dissipa-
tivity of solutions that are even in the ¢ variable.

Lemma 3 Let f(\y)=a* for a>1, and fwzzziof(Ak)zg?}kwinj.
There exists C'>0, independent of a and b, and Cy, >0 depending on b only,
such that for any v even in @, for which 352, k*a® Zj, UL |? < 0o we have

00 k ) 00 k )
(B(¢,V),Fi)g| < Ca'b (1+Zk‘a2k > |¢i|2) +C(@ 1> K™ > |yl
k=1 p— k=0 p—
(4.14)
and if 1 <a* <1+ (4Cb)7, then also

(B, V), Fib)gl <Cot3 (A¢ Fip).

Proof : Due to Lemma 1,

1
(BbV).F )y =5 [V (FUA —pAF—60F ) o (do)
Therefore, by Lemma 2 and the fact that Ay, o — A\ =4k+6
(B(,V), Fy),

2 ok ) ) )
S DI ID W PBIEET Rl IR O PR
m=—2k=0j=—k S
2 ok
=33 3 3 (PO OV 5 [ Vv Ve (d)
m=—2k=0j=—k
2 ook
5 23 % (e = A Ovsn) ~ POV w5 [ 1Yy otao)
m=—2k=0j=—k
2 oo k ) )
==3 % 3 3 FOvrude ™ [ vy, " o(de)

m=—2k=0j=—k
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2 o k
=63 > 3 Vs [ vy oas)
m=—2k=0j=—k
2 o k
=2 3 30 3 k(FOura) = FOV e 5 [ VY S e (d)
m=—2k=0j=—k
4 2
D ST
m=—2
2 o k
-3 Z Z Z GQkaw]wm+J/ me]Y (m+7) (d(b)
m=—2k=1j=—k
2 oo k
-6 Z Z Z a2k+4vmw (m—i-] / me]yk+m+] (de)

m=—2k=1j=—k
2 o k )
-1 3 Y 3 ka®Vruluy [ YviveSY old)
m=—2k=1j=—k

The following estimates are obtained using (4.12), (4.11), and (4.13). We
have

5 5SS avr [RER G (d@‘

m=—2k= l]—fk

< 15b Z Z Z 2k|¢k¢£ﬂ+]|/ |YJYk m+J)|0<d¢)

m=—2k=1j=—k
< 15bz k1) 3 W\2<6Obzka2k >l
j=—k j=-k
and

=630 30 3 a5 [ vy e (do)

2 © k
m=—2k= 13——k

<300S 303 A LY o(do)

m=—2k=1j=—k

< 60D (Z(k”r? 2 Z W|2+Z (k+2)a*" Z |¢k+2|2)

k=1 j——k = Jj=—k

< 60b(3a4+1)2ka2k Z i,

k=1 j=—k
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and also

2 oo k )
‘—2<a4—1> > Y 3 ke vruluy [ vy (dcb)‘

m=—2k= 1j—7k

C10Ma'—1) Y 33 ke udu ] [P (o

m=—2k=1j=—k

< 20b(a’ — (Z (k+2) QkZ!wkl2+Zk k+2) 2‘“2\%\2)
k=1 k=0

j=—Fk j==k

<20Z) CL o (szQ 2k Z |w]‘2 42 k—|—2 2 2k+4 Z ‘w +2‘2)

j=—k j=—k

< 806(@4—1)Zk2a2k Z AR

k=1 j=—k

The estimate (4.14) follows. For any a, which satisfies 1 <a? <1+ (4Cb)~!
and an integer ko such that 4Ca*b <ky<4Ca*b+1, and by virtue of (4.12)

one has

k
(B(y),Ft),| — (Aw Fip)y < Ca4b+0a4b2ka2’“ PR AR Zk? 2 Z Wil

k=1 j=—k j=—k
k ) .
§Ca4b+C'a4bZka2k Z |¢£|2—Ca4bzka2k Z |d}i:|2
k=1 j=—k k=ko j=—k

ko1 2k +1)2
= Cad*b+Ca'*db Z lm%(;—)
T

< (.

O

The next Theorem is an application of Lemma 3 for the choice of a=1,
and establishes the dissipation of solutions in L?*(S?).

Theorem 5 Let 1)y be a nonnegative continuous function on S*. Then
the unique solution ¥ (¢,t) of (2.83) for n=3 with initial datum by dissipates
in L*(S?) according to the inequality

[ (@)I[72 < C1b° + e~ [holle, ¢>0,

where C1 is a constant independent of b.
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Proof : Applying Lemma 3 for a=1 one obtains
thus

s+ 3 9l < Co

One can easily see that C,=C;b° for a constant C; independent of b, and
the Theorem follows. O

The following Theorem establishes the regularity and the dissipativity of
solutions in a Gevrey class. The idea of the proof is inspired by the work
of [9] and its generalization in [1], [2] and [8]. The proof presented here is
formal and can be easily made rigorous by applying the Galerkin procedure.

Theorem 6 Let 1)y be a nonnegative continuous function on S*, and
»(p,t) the unique solution of (2.3) (n=3) corresponding to that initial datum.
Let a be such that 1 < a* <min{e,1+ (4Cb)~'}, and let h(t) =min{t,1}. Then

Zam > WP <4C+ e Pdolla, ¢20.

j=—k

Proof : Let i

t)=">"a®" 3" gl )Yy,
k=0

j=—k
and

F'(t)h(t)=2Ina I (t Zka%h(t Z Yl (t)

j=—k
Multiplying the equation (2.3) by F(t )w and integrating over S? one obtains
d 1 ,
S F ()~ (0 F () (A0 F (), = (B(). F (),
which together with Lemma 3 yields

00
d 2kh

ﬁ Z |77Z)J|2 h'lCLh/ Zkaﬂfh () Z |1/)k|2_|_ ZkQ 2kh(t) Z ’77Z)J|2<Cba
k= j=—k j=—k j=—k
thus
d &
ﬁ 2kh Z ‘w]‘2+ ZkZ 2kh(t Z ‘wj|2<cb;
k= j=—k j=—k

and the Theorem follows. O
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Remark 3 As in the 2D case, the dissipativity in Gevrey classes implies
the dissipativity of v and its partial derivatives in L>(S?). In particular,
the global attractor A exists in this case as well, it is finite-dimensional, and
there are constants M(n,b), depending on n and b only, such that

sup ||VZ@/JHL°° < M(n7b)v
PpeA

and
dim - inf [[VES(#)do = Vgl = =0.

Remark 4 As a result of the Gevrey regularity one can easily prove that
the Galerkin scheme, based on the eigenfunctions of the Laplacian (in the
2D case) and the Laplace-Beltrami operator (in the 3D case) , converges
exponentially fast to the exact solution of the underlying equation (see, e.g.,

[6] and [11]).
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