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Abstract: In this paper presents the procedure in which the author obtains the boundedness on central

morrey spaces g*(R") for the multilinear commutators T. generated by Calderon-Zygmund operator

and vector symbol b = (b,,---,b,), where b, is a J-central BMO function.
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1 Introduction and Satements of
Results

As one of the most important operators in
harmonic analysis and its applications in some related
topics, the Calderon-Zygmund operator are of interest
in analysis.

Let K(x,y) be a function satisfing the following
size condition:

|K(x, »)[<Clx=y[", x#y, @
| K(x,y)-K(x',y) |+
|K(y,x)—K(y,x)|< C|lx=x""I|x—y["’, where
0<d<landC>0.

The Calderén-Zygmund operator associated to

and if |x—y|=2|x-X"],

the above kernel K is formally defined by 7f(x) =
J‘Rﬂ K(x,y)f(y)dy, where x is not in the support
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of f. A celebrated result is that 7 is a bounded
oper-ator on I”(R") space when 1< p<oo.

On the other hand, in 1976, Coifman, et al'™
introduced the commutator 7, generated by a
function b and the Calder6n-Zygmund operator T,
which is defined by

T,()(x) = [ K(x,»)bx) =631 () d.

The main result from [1] states that 7, is a
bounded operator on I7(R"), 1< p <, when the
symbol 5 is a BMO function. It is natural to ask
whether the above conclusion also be right when b
is in more generally space than BMO. In 2002,
Alvarez, et al introduced a kind of more generally
space than BMO, i.e., A-central bounded mean
oscillation spaces.

Definition 1@ Given A<Un, 1<q <w, the i-
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central bounded mean oscillation space CBMO**(R")
is defined as

CBMO™ (R") ={f € Li,,(R") || /' || sys0s <
where the norm || /|| ... 1S given by

1 o =3B I ()= oy "0/

| BO,R) )", @

here and in what follows, B(x,R) denotes the ball in
R" withcenter x andradius R, | B(x,R)| denotes

its volume and ;¢ ) = jB(O o /D | BO.R)].

Obviously, when 1=0, CBMO®*(R")=
CBMO “(R") defined in [3]. In addition, we know
BMO <, CBMO “ (also see [4]). Hence, if we
only assume b CBMO “, or more generally be
CBMO **, T, may not be a bounded operator on
I7(R"). However, it has some boundedness on other
spaces. As a matter of fact, Alvarez et al? and
Komori®® have obtained the A-central BMO estimates
for the commutators of a class of singular integral
operators on central Morrey spaces.

Let us first recall the definition of central
Morrey space.

Definition 217
Morrey space g “*(R") is defined as

B R ={f € L (R") | f Il s <0k
where the norm || f ”W is given by

17 M =SRUI?(IB |f (x) I"dx /| B, R) [**)"". (3)

(0.R)

Let 1eR, 1<g<w, the central

Here, we state the corresponding result in [2,5]
of T, as follows (also see [4]).

Proposition 1 Letl<g<p<ow, p'<l<wo,
1/q=1/p+1/1, O<u<l/n, A=A +u<0. If
b isin CBMO"* and T is the Calder6n-Zygmund
operator, then there exists a constant C >0 which is

independent of f* such that
1T, on < CHBN g1 M 50 -

For the sake of generalizing the above result to a
more general case. Fu, et al¥l, in 2008, discussed the
operator 7, , with rough kernel 2 on central
Morrey space B**(R") . In this paper, we will focus
on discussing A-central BMO estimates on central
Morrey spaces for a wider class of commutators,
which is introduced by Pérez et al®® in 2002, i.e., the
multilinear commutators 7, with vector symbol b=

(b,---,b,) defined by,
L=, K(x,y)ﬂy)f[ (B,()-5 Ny, (@)

where T is Calderon-Zygmund operator associated
K satisfying the condition (1) and some smoothness
assumption. We obtain the following theorem.
Theorem 1 Let T is a the Calderon-Zygmund
operator associated K satisfying the condition (1),
T, is the multilinear commutators defined by (4).

For any ie N, suppose that O< u <1/n, 1l<g<

pi<o, 1<p' <l <o, 1/q=Y1/1+1/ p, A=A+

i=1

> w1,<0. If beCBMO"*(R"), then T, is bounded

i=1

from g”*(R") to g**(R") and
1T o <CT TN i 11 s (B)
i=1

where C'is a constant which is independent of f.
Throughout this paper, the letter C always

remains to denote a positive constant that may varies

at each occurrence but is independent of the essential

variable.
2 Proof of Theorem 1
Our proof of this theorem depends on a little

technical. The spirit is the estimates for the operator

T, are treated on the local parts and the nonlocal
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parts respectively. We use I7(R") boundedness
given already in last section for Calderén-Zygmund
operator T . Without loss of generality, we assume
that m=2. For fixed R >0, denote B(0,R) by
B and B(0,kR) by kB for ke N, assume that f e
B”"(R"), we write
Fx) = 1) 225 + f(X) A= 225) = f1(x) + (),
and
T; (f)(x) = [by(x) = by 116, (x) = b, ]IS (x) —
[61(x) = by, ITT(B, () = b, ) f1(x) =
[0, (x) = b, JITT(B, () = by ) f1(x) +
TI(by() = by p) (B, () = by ) f1(x),
where y,, is the characteristic function of ball
B(0,2R) and b,

function b, over the ball B. Thus, the following

denotes the average of the

integral can be written by
(REARICIRRES
(], 11,0~ By 0B, ()b, 1T () P ) +
( f by (x)=by JTT(5, ()=, ) f1(X)) dx)™* +
( b, (x)=b,, ITT(B, () =5y ) S1CN dx)™ +
([, 1TTBC) =y, 0B, ()=b2s) 1) )=
Jo+J, + I+, (6)
(i) We consider the estimate of J, as follows:
< ([ 115(0)=by (B, ()b, T, (x) [ o)+
( IB |16, (x)=b 1 1[(B, (x)=b, TS, (X) [ -
dx)" = Jy, + .
Firstly, applying the Holder inequality with
exponents ¢ and then by the boundedness of 7 on

L'(R"), we have

1
1

( )| l’ldx)llpl <

iB

C | B I”Wllblll

CBMO A ”bZ”CBMO 2, 12 ”f”Bmv/h '

To estimate the term of J,,, we first note that

|x—y['~2""B| for xeB and y e(2°B) .
the condition (1), A=4 +Zﬂt <0 and the Holder
inequality, we get

LAGLDY [y | SO x =yl dy <
CY127B[H [, 1/ dy<
k=1

CIBIN S Nlynan Qo 27) <
k=1

CIBIAIfI
So, the Holder inequality applied to the J,

pmAa "

yields that

J,<CI|B""| b ||
Therefore,

J<C| B[ b, ||

CBMO 11 ” bZ ”CBMO b, 1p ” f ”B A

CBMoll‘Aq”bZ ”CBMOIZ"'Z”f”B”'Al .

()

(if) Now consider J,, denote 1/ ¢,=1/1,+1/ p,,

then 1/g=1/1 +1/q,, by the Holder inequality, we
have

J, <C| B b |

cvo tm >

([, 71,0 —b,0) A1) 1 de)' <

CIBI byl pppin G +2) (8)
where J,, := (IB| T[(b,()=b,,) ;] (x)|*dx)"®, and
T = ([ 1 TLB, () =, ) /1) [}

For J,,, since 1< p' <l,<oo, we know ¢, >1.
First of all, using the boundedness of 7 on the
space L"(R"), and then from the Holder inequality
with exponents ¢, , we have

el [CYO R AR VA =
C(],, 15, () = by d2) ([ | £ ()1

dx) "< CIB A £l s [, 15, (x) -
11, A
20p " X 2B by, = by 1<
CIBI™ BE= || f 1l

In fact, to get the inequality above, the following

CBMO 2 #2 *
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fact is applied
1By 05 =Dy 5 121 12B [ [ B,(x) by | dx <

CI2B[" (], 1,(x) =Dy [* d)™. (9)
Now we treat term J,, . Similar with the estimate
of J,, the fact |x—y['~[2“"B| for xeB and

y, € (2" B) is also used. Using the condition (1), the
Minkowski inequality, the Holder inequality with

28

exponents ¢,,and A=A + i 4, <0, we get
T <Y, ([ 0 1 G0) =5, ) SO
-yt dy)tdaye<cf, ([ 1 G0)-
by ) f D)1 x=p[[*dx)" dy <

¢ ZI\ (RICXCOR ST NACOIY

| xX—y |n|q1 dx)llq1 dy <

C; 271‘77/611 (J‘ZHIB | (b2 (y) — b2 B) |/z dy)l/[2 .

(o | £ )P di)?” <

CZ[(J;mlB | (bZ (y) — b2 2’“13) |I2 dy)l/IZ N
k=1

| 2k+lB |1/12 | b sz |]2—kn/q1 | 2k+lB ‘1/p1+/11 .

2 2k+lB -

” f ” - }1< Ci 2—kn/q1 | 2k+1B |1/12+/421/pl+n‘,l .
g A

k=1

116, gy e 1S 1l < C LB 4272

” bZ ”CBMO I, ” f ”B L (Z 2/cn(21+#z)) <
k=1

C| B[ 4| b, |
as desired.

CBMO 22 ” f ”B A

Notice that, the estimation above depends on the

following fact, which is coincided with the inequality
9):

k
|b2 g — bZB |< CZ| 2/ p |—l/12

j=0
(T, 15206 =y [ d) <

Cli, |l |2 B (10)

CBMO'2+2

Combining the estimates for J,,, J,, and (8),
we obtain
Ty SCIBE 1B gy 152 logugnsel1 £ 1] ns (12)
as desired.
Likewise, the estimates of J, is symmetric to
J,, therefore, the estimate of J, following that
To< CLBE 1, gl B2 e e IS 1
(12)
(iii) Finally, we have to consider J,. We split

this term similarly:
Jy<( JB | TT(B,() = by ) (B, () = by ) A1) I )™ +
(IB ITI(B, () = by )0, () = b, ) /1 () |-
dx)" = J, +J,,. (13)
Consider J,, first. The estimation of J, is
the same as before, since 7' is a bounded operator
on L'(R"), moreover the Holder inequality with
exponents ¢ imply
Ja < CIBO =B B0 =0y )l ey <

2
CH( L 5 I, (x)~b, , I dx)"""-
i-1
(IZB |f(x)|ﬂ1dx)l//p1 <C | B |1/q+/1 %

” bl ”CBMO h.om ” bz ”CBMO 12, 12 || f ”Bm At

Notice that here we use the same method during
the estimate of J,, and (9) for every function b,.

Next we consider J,,. The spirit is similar to
that of J,,, by the fact |x—y|'~|2""B| for xeB
and ye(2°B)‘, the Minkowski inequality, the
Holder inequality with exponents ¢, the inequality
(10) and the condition A=A, + Zm: i <0, we get

Ja < CJ ([, 6.0~ )00, ) F O
=yl dy)dayr<cf (] 1G0)-
b, (B, ()b, ) f W x- [ ) dy <

Cg J.ZMB\ZkB(J.B ” (bl (y)_bl B)(bz (y)_bz B)'
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SO x=ylfdx)dy<C) 2.
k=1
: / 1/1,
1[:1[(]2’”13 |(b1 (y)_b, B) |'dy) i (j2k+13 |f(y) |p1 .
dy)" " C3 @M [ 2B A S D)

k=1

2
{H(jz‘+13| (b, (¥) = b, ) |4 dy)l/I, 4
i-1
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