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We consider the semi-relativistic Pauli-Fierz Hamiltonian and a no-pair model 
of a hydrogen-like atom interacting with a quantized photon field at the 
respective critical values of the Coulomb coupling constant. For arbitrary 
values of the fine-structure constant and the ultra-violet cutoff, we prove the 
existence of normalizable ground states of the atomic system in both models. 
This complements earlier results on the existence of ground states in (semi-)
relativistic models of quantum electrodynamics at sub-critical coupling by E. 
Stockmeyer and the present authors. Technically, the main new achievement 
is an improved estimate on the spatial exponential localization of low-lying 
spectral subspaces yielding uniform bounds at large Coulomb coupling 
constants. In the semi-relativistic Pauli-Fierz model our exponential decay rate 
given in terms of the binding energy reduces to the one known from the 
electronic model when the radiation field is turned off. In particular, an 
increase of the binding energy due to the radiation field is shown to improve 
the localization of ground states. 
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Comments: Revised second version providing optimized exponential decay 
rates for the semi-relativistic Pauli-Fierz model; see Theorem 
4.5 and Remark 4.7. The revised manuscript is accepted for 
publication in the Journal of Operator Theory. 25 pages
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