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Special Issues
The geometrical application of split octonions is considered. The new representation of products of the basis

units of split octonionic having David's star shape (instead of the Fano triangle) is presented. It is shown that
active and passive transformations of coordinates in octonionic ““eight-space”” are not equivalent. The group of
passive transformations that leave invariant the pseudonorm of split octonions is SO(4,4), while active rotations
are done by the direct product of O(3,4)-boosts and real noncompact form of the exceptional group G2. In
classical limit, these transformations reduce to the standard Lorentz group.

1. Introduction

Nonassociative algebras may surely be called beautiful mathematical entities. However, they have never been
systematically utilized in physics, only some attempts have been made toward this goal. Nevertheless, there are
some intriguing hints that nonassociative algebras may play essential role in the ultimate theory, yet to be
discovered.

Octonions are one example of a nonassociative algebra. It is known that they form the largest normed algebra
after the algebras of real numbers, complex numbers, and quaternions [1—3]. Since their discovery in 1844/1845

by Graves and Cayley there have been various attempts to find appropriate uses for octonions in physics (see
reviews [4—7]). One can point to the possible impact of octonions on: Color symmetry [8—11]; GUTs [12—15];
Representation of Clifford algebras [16—19]; Quantum mechanics [20—24]; Space-time symmetries [25, 26];
Field theory [27—29]; Formulations of wave equations [30—32]; Quantum Hall effect [33]; Kaluza-Klein program
without extra dimensions [34—36]; Strings and #-theory [37—40]; and so forth.

In this paper we study rotations in the model, where geometry is described by the split octonions [41—43].

2. Octonionic Geometry

Let us review the main ideas behind the geometrical application of split octonions presented in our previous
papers [41—43]. In our model some characteristics of physical world (such as dimension, causality, maximal

velocities, and quantum behavior) can be naturally described by the properties of split octonions. Interesting



feature of the geometrical interpretation of the split octonions is that their pseudonorms, in addition to some
other terms, already contain the ordinary Minkowski metric. This property is equivalent to the existence of local
Lorentz invariance in classical physics.

To any physical signal we correspond eight-dimensional number, the element of split octonions,
s=ct+x P+ 8, roanl (m=1,2,3), 2.1

Here we have one scalar basis unit (denoted as 1), the three vector-like objects J,, the three pseudovector-like

elements j,, and one pseudoscalar-like unit I. The eight real parameters that multiply basis elements we treat as
the time ¢, the special coordinates x”, some quantities A" with the dimensions momenturn™, and the quantity

having the dimension energy'l. We suppose also that (2.1) contains two fundamental constants of physics: the
velocity of light © and the Planck constant A.

The squares of basis units of split octonions are inner product resulting unit element, but with the opposite signs,
JE=1,  jE=-1, %=1, 22
Multiplications of different hypercomplex basis units are defined as skew products (1,17, k= 1,2, 3],

Indm =Tl = Enmid

Jadem =—dmfn= enmkij

Il =‘.iimjn=‘€nm.f<-:"k; 23)
Il =-IFn=]n,
_iir.--lr =_f_iin=-:"ns

where €. is the fully antisymmetric tensor.

From (2.3) we notice that to generate complete basis of split octonions the multiplication and distribution laws of
only three vector-like elements J, are needed. In geometrical application this can explain why classical space has

three dimensions. The three pseudovector-like basis units j, can be defined as the binary product
. 1
Jn= Eenmkjm‘_?"ﬁ @49

and thus can describe oriented orthogonal planes spanned by two vector-like elements f,. The seventh basic unit
I (the oriented volume) is formed by the products of all three fundamental basis elements 7, and has three

equivalent representation:

F=Jyj1=J2iz =733, (2-5)

The multiplication table of octonionic units is most transparent in graphical form. To visualize the products of
ordinary octonions the Fano triangle is used [1—3], where the seventh basic unit [ is place at the center of the
graph. In the algebra of split octonions we have less symmetry, and for a proper description of the products (2.3)
the Fano graph should be modified by shifting I from the center of the Fano triangle. Also we will use three
equivalent representations of I, (2.5), and, instead of the Fano triangle, we arrive at David's star shaped duality
plane for products of the split octonionic basis elements.

On this graph the product of two basis units is determined by following the oriented solid line connecting the
corresponding nodes. Moving opposite to the orientation of the line contributes a minus sign to the result.
Dashed lines just show that the corners of the triangle with 7 nodes are identified.

Conjugation, which can be understand as a reflection of the vector-like basis units 7,, reverses the order of

octonionic basis elements in any given expression, thus

=1,
. 1 + 1 )
it Eenmk(}mjk:' =Eenm.f<—7k+-?m+= ~n (2.6)

I*= Uin) =izt =-1,
there is no summing in the last formula. So the conjugation of (2.1) gives
st=ct—xd™ - BALIT - chwl @7
Using (2.2) one can find that the pseudonorm of (2.1),

sfasstastn = ot _ x4 58" - orln?, (2.8)



has (4 + 4] signature. If we consider s as the interval between two octonionic signals we see that (2.8) reduces to

the classical formula of Minkowski space-time in the limit & = 0.

Using the algebra of basis elements (2.3) the octonion (2.1) can be written in the equivalent form
s=clt+aol) + 77 (g + B S (2.9)

We notice that the pseudoscalar-like element ! introduces the ‘quantum' term corresponding to some kind of
uncertainty of space-time coordinates. For the differential form of (2.9) the invariance of the pseudonorm (2.8)
gives the relation:

" 2
ds? Jl_ﬁ[l_ﬁz A dan]_[ﬁ@] J (2.10)

cdt o ax™ e at

where v =dx fd? denotes 3-dimensional velocity measured in the frame (2.1). The generalized Lorentz factor

(2.10) contains extra terms that vanish in the limit & — 0. So the dispersion relation in our model has a form similar
to that of double-special relativity models [44, 45].

From the requirement to have the positive pseudonorm (2.8) from (2.10) we obtain several relations

2oz @ a (2.11)
vige?  ToER oEh

1

Recalling that A and w have dimensions of momenturn™ and energ\,r‘l, respectively, we conclude that the

Heisenberg uncertainty principle in our model has the same geometrical meaning as the existence of the maximal
velocity in Minkowski space-time.

To describe rotations in 8-dimensional octonionic space (2.1) with the interval (2.8) we need to define
exponential maps for the basis units of split octonions.

Since the squares of the pseudovector-like elements j, are negative, _ii.g =-1, we can define
7% = t0s B, + j,5ind,, B

where & are some real angles.

At the same time for the other basis elements Jy,f, which have the positive squares J‘E = !2 =1, we have

eda™r = coshimg, +npsinhime, (3.2)

8% = cosheo + Isinh e,

where 1, and & are real numbers.

In 8-dimensional octonionic ““space-time ” = (2.1) there is no unique plane orthogonal to a given axis. Therefore
for the operators (3.1) and (3.2) it is not sufficient to specify a single rotation axis and an angle of rotation. It can

be shown that the left multiplication of the octonion s by one of the operators (3.1), (3.2) (e.g., 93-1‘5'1) yields four
simultaneous rotations in four mutually orthogonal planes. For simplicity we consider only the left products since
it is known that one side multiplications generate the whole symmetry group that leaves the octonionic norms
invariant [46].

So rotations naturally provide splitting of an octonion in four orthogonal planes. To define these planes note that
one of them is formed by the hypercomplex element that we chose to define the rotation (j1 in our example),

together with the scalar unit element of the octonion. The rest orthogonal planes are given by the three pairs of
other basis elements that lie with the considered basis unit (j1 in the example) on the lines emerged it in David's

star (see Figure 1). Thus the pairs of basis units that are rotated into each other are the pairs that form
associative triplets with the considered basis unit. For example, the basis unit ji, according to Figure 1, has three

different representations in the octonionic algebra:

j1=T2la=iziz=Hl. (3-3)

So the planes orthogonal to {1 -1} are (72 —15), (iz - j3), and (71 — 7). Using (3.3) and the representation (3.1) it is

possible to ““rotate out ™ * the four octonionic axes, and (2.1) can be written in the equivalent form

5= N@ 18 L i, 15005 1 e 18055 4 e 180, 3.9



where

z
My =.\fcztz+ﬁ2a‘|l, My = Jx2+x2,
Yo 3.5)
My =ﬁi4Ja‘.§+a‘.§J My = }xf+czﬁ2w2
are the norms in four orthogonal octonionic planes. The corresponding angles are given by

By =arccosit fN, 8y = arccos(xs [Ny,

(3.6)
gy = arccas(mtz /M), 8= arccos(chi [N, .
This decomposition of split octonion is valid only if the full pseudonorm of the octonion (2.8) is positive, that is,
5T NE-NE+NT-NG >0, B9

A decomposition similar to (3.4) exists if the another pseudovector-like basis unit, jz or jz, is fixed.

Figure 1: Split octonion multiplication as David's star.

In contrast with uniform rotations giving by the operators j, we have limited rotations in the planes orthogonal
to (1-7,) and {1-7). However, we can still perform a decomposition similar to (3.4) of & using expressions of the

exponential maps (3.2). But now, unlike on (3.5), the norms of the corresponding planes are not positively
defined and, instead of the condition (3.7), we should require positiveness of the norms of each four planes. For
example, the pseudoscalar-like basis unit{ has three different representations (2.5), and it can provide the
hyperbolic rotations (3.2) in the orthogonal planes {1- 17}, {#1 - j1), (7= — j2), and (5 - j3). The expressions for the 2

norms (3.5) in this case are: ctZ— 522 \ fo - ﬁzhlz \ '\IIX§ - ﬁzﬁugz, and 1'}(3? - ﬁzhg?.

Now let us consider active and passive transformations of coordinates in 8-dimensional space of signals (2.1).
With a passive transformation we mean a change of the coordinates ?, xp, A5, and t, as opposed to an active

transformation which changes the basis 1, 75, i, and I.

The passive transformations of the octonionic coordinates ¢, xp, 4, and w, which leave invariant the norm (2.8)

form 5C(4, 4). We can represent these transformations of (2.1) by the left products
s'=Hs, (3.8)

where & is one of (3.1), (3.2). The operator £ simultaneously transforms four planes of 5. However, in three
planes & can be rotated out by the proper choice of octonionic basis. Thus & can represent rotations separately in
four orthogonal planes of 5. Similarly we have some four angles for the other six operators (3.1), (3.2) and thus

totally 4= 7 = 28 parameters corresponding to 5((4, 4] group of passive coordinate transformations. For example,
in the case of the decomposition (3.4) we can introduce four arbitrary angles ¢, ¢, #3, and #., and

5= M TP Ly 0 BB 3, g o LN Y, 4y e 1Bt P 3.9)

Obviously under these transformations the pseudonorm (2.8) is invariant. By the fine tuning of the angles in (3.9)
we can define rotations in any single plane from four.

Now let us consider active coordinate transformations, or transformations of basis units 1, 75, jn, and {. For them,

because of nonassociativity, the results of two different rotations (3.1) and (3.2) are not unique. This means that
not all active octonionic transformations (3.1) and (3.2) form a group and can be considered as a real rotation.
Thus in the octonionic space (2.1) not to the all passive 52{4, 4)-transformations we can make corresponding

active ones, only the transformations that have a realization as associative multiplications should be considered.
It is known that associative transformations can be done by the combined rotations of special form in two
octonionic planes that form a subgroup of 52(4, 4], known as the automorphism group of split octonions Gg’c (the

real noncompact form of Cartan's exceptional Lie group zz). Some general results on GZNC and its subgroup

structure can be found in [47,16b].

Let us recall that the automorphism 4 of a algebra is defined as the transformations of the hypercomplex basis
units ¥ and ¥ under which the multiplication table of the algebra is invariant, that is,



Alx + 1= Ax + Ay, (3.10)
(Ax1(AY) = (A0xp))

Associativity of these transformations is obvious from the second relation, and the set of all automorphisms of
composition algebras form a group. In the case of quaternions, because of associativity, active and passive
transformations, SLM2) and S0(3), respectively, are isomorphic and quaternions are useful to describe rotations in

3-dimensional space. One has a different situation for octonions. Each automorphism in the octonionic algebra is
completely defined by the images of three elements that do not form quaternionic subalgebras, that is, they all
not lie on the same David's line [49]. Consider one such set, say (j1,jz,71). Then there exists an automorphism

Jrl =1,
Jy =dzroslog +51) f 2 +izsin{ey +51)/2, 3.11)
) =Jqcos8 +7sinfq,

where @1 and 1 are some independent real angles. By the definition (3.10) the automorphism does not affect

unit scalar 1. The images of the other basis elements under automorphism (3.11) are determined by the
conditions

iy =Jjzcosiey +51) /2 -jzsinlay +81) /2=y,
I =Icosfy - Jysingy =74y,

s =Jpe0siay - F1) /2 +73sinley - F1) /2 =T,
g =Jaeos(oy - 1)/ 2 - Fpsinley - F1) / 2=]50".

(3.12)

It can easily be checked that transformed bases 7, j5, {" satisfy the same multiplication rules as 7, jn, I.

There exist similar automorphisms with fixed jz and j3 axes, which are generated by the angles sz, 5z and a3, fz,

respectively.

One can define also hyperbolic automorphisms for the vector-like units J, by the angles uy, k. For example, for

fixed 71 similar to (3.11) and (3.12) transformations are

_I"i =1,

Jé =Jzcoshiky +uq) /2 +jzsinh (b +uq) /2,

I' =Icoshuy —jisinhuy,

iy =jzeoshify+ug)f2+izsinhiky +uglf2 =775, (3.13)

3 =jycoshuy —Isinhuy =nr,
jr2 =jzoosh ik - w1) /2 +Fzsinh (b —uq) /2 =J‘;21’,
Jé =Jzcoshiky —wql) /24 Tesinhiky —uq) /2 =jr33' .

Analogously in the case of fixed [ we find that

I =1
#y =jicoshoy +3ysinhoy,

#y =jeeoshoz+Jzsinhog,

7y =jyI"=Jicoshoy +jysinhoy, (3.14)
Ay =jnl"=Jdzroshoz +jzsinhoz,

By =jyy=jscoshioy +o0z) - I3sinhi(oy + o2,

Ay =julv=dzcoshioy + 0] - Izsinh (o +0z]).

So for each octonionic basis there are seven independent automorphisms each introducing two angles that
correspond to 2= 7 =14 generators of the algebra GZNC. For our choice of basis the infinitesimal passive

transformation of the coordinates, corresponding to Gé‘]c, has the form

tro=1,

1 gk ik ok
Xy =x,——Eef-j-k(aJ—,5’ )x +cﬁ,8m+5|1-'_f|.-k—e&-ku3]h ,

1. i (3.15)
W= - Eﬁ,—x - =k,

. 1 ] 1784 i 1 i
Ny o=k EEU#(GJ +J5’J:|ﬁ. —cu“w+2—h(ua-k+s,jku3]x"ﬁ



where U, is the symmetric matrix

2!’.'71 .f('3 R’z
U= .f(3 252 .fc'l . (3-16)
ke ky -2(09 +03)

In the limit (#4, fico — 0} the transformations (3.15) reduce to the standard {2} rotations of Euclidean 3-space by

the Euler angles ¢, = o — 5.

The formulas (3.15) represent rotations of (3,4)-sphere that is orthogonal to the time coordinate . To define the
boosts note that active and passive forms of mutual transformations of ¢ with x,,A5, and @ are isomorphic and

can be described by the seven operators (3.1) and (3.2) (e.g., the first term in (3.9), which form the group {3, 4).

In the case [#4, a0 — 0) we recover the standard 23} Lorentz boost in the Minkowski space-time governing by the

operators 87, where i, = arctany, /c.

In this paper the David's star duality plane, which describes the multiplication table of the basis units of split
octonions (instead of the Fano triangle of ordinary octonions), was introduced. Different kind of rotations in the
split octonionic space was considered. It was shown that in octonionic space active and passive transformations
of coordinates are not equivalent. The group of passive coordinate transformations, which leave invariant the
pseudonorms of split octonions, is S2{4,4), while active rotations are done by the direct product of the seven

(3, 4)-boosts and fourteen GZNC—rotations. In classical limit these transformations give the standard 6-

parametrical Lorentz group.
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