
ar
X

iv
:1

20
2.

50
51

v3
  [

co
nd

-m
at

.s
up

r-
co

n]
  7

 D
ec

 2
01

2

Theory of electron-phonon superconductivity: Does retardation really lead to a small
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The theory of electron-phonon superconductivity depends on retardation drastically reducing
effects of the strong Coulomb repulsion. The standard theory only treats the lowest order diagram,
which is an uncontrolled approximation. We study retardation in the Hubbard-Holstein model in a
controlled way using perturbation theory and dynamical mean-field theory. We calculate analytically
second order results for the pseudopotential µ∗ and demonstrate the validity up to intermediate
couplings by comparison with non-perturbative results. Retardation effects are still operative, but
less efficient, leading to somewhat larger values of µ∗. Therefore, our theory can help to understand
situations where the standard theory yields overestimates for Tc.
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The theory of superconductivity based on the electron-
phonon mechanism has been very successful in describing
the properties of many materials [1, 2]. The electron-
phonon coupling is treated in the Migdal Eliashberg
(ME) theory [3], which relies on Migdal’s theorem [4].
This employs the fact that typical electron (Eel) and
phonon (ωph) energy scales differ largely. Then pertur-
bation theory greatly simplifies as vertex corrections are
small. This is true even for large values of the electron-
phonon coupling parameter λ > 1 as long as λωph/Eel

remains small [4–6].
A crucial issue is the effect of the Coulomb repulsion,

typically much larger than the phonon-induced attrac-
tion. The electronic repulsion in the pairing channel can
be projected to the phonon scale. It is then strongly
reduced due to retardation effects and one finds [7–10],

µ∗
c =

µc

1 + µc log
(

Eel

ωph

) , (1)

often termed the Morel-Anderson (MA) pseudopotential.
Here, µc = ρ0U , where U is a typical screened Coulomb
interaction and ρ0 is the density of states (DOS) at the
Fermi energy. Since usually Eel ≫ ωph, one finds that
µ∗
c ≪ µc and often also µ∗

c < λ. Eq. (1) leads to esti-
mates of the order µ∗

c ∼ 0.1 − 0.14. This agrees rather
well to the fitting parameter µ∗ obtained from tunnelling
spectroscopy for many conventional superconductors [1].

Although ME theory has been very successful, the
treatment of the Coulomb repulsion is by no means rig-
orous [11]. For the electron-phonon interaction, Migdal’s
theorem justifies the neglect of vertex corrections. For
the Coulomb interaction there is no similar justification,
and Eq. (1) is based on an uncontrolled approximation.
As long as it has not been demonstrated that µ∗

c indeed is
small, conventional superconductivity has not been prop-
erly explained. The purpose of this paper is to analyse
higher order corrections to the MA result. We show that
retardation effects also reduce higher order contributions

beyond Eq. (1), although less efficiently. For moderate
µc we then find that µ∗

c indeed is rather small, although
somewhat larger than in the standard theory.

There are cases reported in the literature, e.g., V or
Nb3Ge [1], where the experimental values for µ∗ in the lit-
erature of the order 0.2−0.3 substantially larger than the
traditional quotes, even though the ratio Eel/ωph is not
much different. These are not well explained by Eq. (1).
Density functional theory (DFT) [12] finds good agree-
ment with the tunnelling results for the pairing function,
but to explain the experimental values for Tc, in some
cases quite large values of µ∗ have to be used . A promi-
nent example is elemental Li at ambient pressure [13, 14],
where the coupling constant was estimated to be λ ∼ 0.4
[13, 15]. With µ∗ ∼ 0.1 this implies Tc ∼ 1K, while ex-
perimentally Tc ∼ 0.4mK[16], which requires µ∗ ∼ 0.23.
The role of the Coulomb pseudo potential was also dis-
cussed in the case of the alkali-doped fullerides. Here,
the MA theory leads to a large reduction of µ∗

c due to
couplings to higher sub-bands [17], although this is un-
physical [17, 18] and raises serious questions about higher
order corrections for molecular solids. Actually, it was
found that superconductivity in fullerides is due to a com-
plicated interplay between the Coulomb interaction and
Jahn-Teller phonons [19, 20].

The MA theory corresponds to treating the irreducible
vertex to first order in U . Berk and Schrieffer [21] in-
cluded a specific class of higher order diagrams describ-
ing the coupling to ferromagnetic (FM) spin fluctuations,
addressing almost FM metals, like Pd. They found that
retardation is ineffective for the added diagrams and that
superconductivity is strongly suppressed, which can help
to explain the cases when FM spin fluctuations are im-
portant. For the model considered below, we extend the
MA approach by adding the second order term. This
does not include a large enhancement of the spin suscep-
tibility and therefore we address the large class of sys-
tems which are not close to a FM instability. We use a
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projection approach and provide numerical calculations
of µ∗

c without further approximation, as well as approx-
imate analytical calculations. We find that retardation
effects lead to a reduction of µc → µ∗

c also in the sec-
ond order calculation, but less efficiently. Then we add
the electron-phonon interaction and calculate the super-
conducting gap numerically and approximately analyt-
ically. The results are well understood by the derived
results for µ∗

c . To check the range of validity, our calcu-
lations are compared with non-perturbative dynamical
mean-field theory (DMFT), which include all higher or-
der corrections. DMFT fully treats retardation effects,
which are crucial for the Coulomb pseudopotential. We
show that results based on the perturbation theory agree
well with DMFT calculations up to intermediate cou-
plings µc ∼ 0.5.

In this work we deal with generic features of electron-
phonon superconductivity and do not carry out calcu-
lations for a specific material. We employ the Hubbard-
Holstein model, which possesses all necessary ingredients,

H = −
∑

i,j,σ

(tijc
†
i,σcj,σ + h.c.) + U

∑

i

n̂i,↑n̂i,↓ (2)

+ω0

∑

i

b†ibi + g
∑

i

(bi + b†i )
(

∑

σ

n̂i,σ − 1
)

.

c†i,σ creates an electron at site i with spin σ, and b†i a

phonon with oscillator frequency ω0, n̂i,σ = c†i,σci,σ. The
electrons interact locally with a screened Coulomb inter-
action U , and couple to an optical phonon with coupling
constant g. For infinite dimensions this model is solved
exactly by the DMFT.

First we deduce µ∗
c from an analysis of the pairing in-

stability, in the limit iωn → 0, q → 0. We define the
symmetric matrix [22],

An,m = δn,m − 1

β

√

χ̃0(iωn)Γ
(pp)(iωn, iωm; 0)

√

χ̃0(iωm),

(3)
where β is the inverse temperature, Γ(pp)(iωn1

, iωn2
; iωn)

is the irreducible vertex in the particle-particle chan-
nel and the pair propagator is χ̃0(iωn) = [G(iωn) −
G(−iωn)]/[ζ(−iωn)− ζ(iωn)], where ζ(iωn) = iωn + µ−
Σ(iωn) and G(iωn1

) is the local lattice Green’s function.
A is singular at Tc. We introduce the “low-energy part”

Alow
nm = Anm −

∑

|ω
n
′ |,|ω

m
′ |>ωph

Ann′ [Ā−1]n′m′Am′m, (4)

n,m such that |ωn|, |ωm| < ωph, and Ā is the the block
for |ωn|, |ωm| > ωph. If Alow is singular, A is also singu-
lar. The “folding in” of larger frequencies describes how
retardation effects reduce effects of the Coulomb repul-
sion on low frequency properties. We first consider the
lowest order term of Γ(pp) in U , Γ(pp),1 = −U . We focus
on the dependence on the half-band width D and assume

a constant DOS, ρ0 = 1/(2D). It is a rather good ap-
proximation to write χ̃0(iωn) = ρ0π/|ωn|, if |ωn| < D
and 0 otherwise. With µc = ρ0U , A takes the form,

Anm = δnm +
π

β
√

|ωnωm|
µc, (5)

which is separable and can be inverted exactly. Replacing
summations by integrals, we find then

Alow
nm = δnm +

π

β
√

|ωnωm|
µc

1 + µclog(D/ωph)
. (6)

Comparison of Eq. (5) and (6) leads to the Coulomb pseu-
dopotential, µc → µ∗

c , as given in in Eq. (1).
We next consider the second order term of Γ(pp) in U ,

which comes from a crossed diagram,

Γ(pp),2(iωn1
, iωn2

; 0) = U2Π(iωn1
+ iωn2

), (7)

where the particle-hole bubble is given by

Π(iωn) =
1

β

∑

m

G(iωn + iωm)G(iωm). (8)

We can write Π(iωn) = −f(x)aρ0, x = iωnρ0, where f is
independent of D and approximated as

f(x) =
1

1 + b|x|+ cx2
, (9)

where a = 1.38, b = 2 and c = 5 are suitable values for
the constant DOS.

Because of the form of Π(iωn+ iωm), Ā in Eq. (4) can-
not be inverted analytically. Instead we use the inverse of
Ā based on Γ(pp),1, now only correct to first order in U .
However, since the off-diagonal terms of A in Eq. (4) are
of order U , the final analytical result is correct to order
U3. We make an ansatz for µ∗

c similar to Eq. (1),

µ∗
c =

µc + aµ2
c

1 + µc log
(

D
ωph

)

+ aµ2
c log

(

αD
ωph

) . (10)

Eq. (9) shows that the “folding in” of Γ(pp),2 for large fre-
quencies gives a small contribution to Alow. This implies
a reduced effective band width for the second order term,
described by the factor α in the logarithm. Identifying
with the analytical result correct to order U3, α ≈ 0.10
is obtained. Eq. (10) is then also correct to order U3.
Fig. 1 shows results obtained by performing the calcu-
lations in Eq. (4) numerically using Γ(pp) up to first or
second order in U and χ̃0 with Σ(iωn) ≡ 0. The analyt-
ical result in Eq. (10) are also shown. The second order
result is clearly larger than the first order result. For
µc ≤ 0.5, Eq. (10) describes the second order calculation
rather well, while for larger µc corrections to the analytic
result make µ∗

c still larger compared to Eq. (10). The sec-
ond order contribution is reduced by retardation effects,
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FIG. 1: (Color online) µ∗

c as a function of µc for D/ωph = 100
and βωph = 240. The figure shows the calculated results using

both the first order and first plus second order result for Γ(pp)

as well as the approximation in Eq. (10).

but it is substantially less efficient than for the first order
contribution, as described by the factor α ∼ 0.1.

The MA theory [Eq. (1)] makes two main predictions:
(i) as D is increased for fixed µc and ωph, µ

∗
c goes to zero

and (ii) as µc is increased for fixed D/ωph, µ
∗
c saturates

at the value 1/log(D/ωph). (i) remains true when the
second order contribution Γ(pp),2 is taken into account,
but the numerical result in Fig. 1 shows that (ii) is vio-
lated, i.e, µ∗

c does not saturate as U is increased. Berk
and Schrieffer [21] found that retardation is ineffective for
higher order terms. They focused on almost FM metals
for which the spin susceptibility is strongly enhanced for
small q and ω. This corresponds to low-lying excitations
for which one expects small retardation effects. This is
different from the situation considered here.

As a complimentary analysis, we extract results for µ∗
c

from the spectral gap ∆sp at T = 0. This is similar
to the original work by Morel and Anderson [8], which
included only the first order term in U . We work on the
imaginary axis in the limit T → 0. Starting point is the
self-consistency equation for the off-diagonal self-energy,

Σ21(iωn) =
1

β

∑

m

G21(iωm)K(iωn, iωm), (11)

where the kernel K(iωn, iωm) includes the attraction me-
diated by the phonons and the repulsion to order U2,

K(iωn, iωm) = − λ

ρ0

1

1 +
(

ωn−ωm

ωph

)2+U−U2Π(iωn+iωm).

(12)
G21(iωm) is the offdiagonal Green’s function [6, 23] and
a semi-elliptic DOS ρ0(ε) =

√
4t2 − ε2/(2πt2) with W =

4t = 2D is used. The effect of the diagonal self-energy
Σ11 is taken into account in the analytical calculations
by a factor Z = 1−Σ′

11(0), which is taken finite only for
|ωn| < ωph [see Eq. (13)].

The self-consistency equation (11) can be solved nu-
merically by iteration. For an analytical solution, we

need to make some approximations. At half filling, we
use for the Green’s function for |ωn| < ωph,

G21(iωn) ≃ −1

t

Σ21(iωn)
√

Z2ω2
n +Σ21(iωn)2

(13)

for ωph < |ωn| < D, G21(iωn) ≃ −Σ21(iωn)/(t|ωn|), and
for |ωn| > D, G21(iωn) ≃ 0. A suitable ansatz for the
off-diagonal self-energy is [8],

Σ21(iωn) = ∆3 +∆2f(iωnρ0) +
∆1 −∆2 −∆3

1 +
(

ωn

ωph

)2 . (14)

For f(x) we use Eq. (9), except that the numerical coeffi-
cients are modified for the semi-elliptic DOS. We have to
solve for the three parameters ∆1, ∆2, and ∆3 by eval-
uating the self-consistency equation at suitable values of
iω. The general case is algebraically quite involved. Here,
we only treat the first and purely second order cases ex-
plicitly to see the major effects.

For the first order case, we set ∆2 = 0 and omit the
U2-term in Eq. (12). We use the conditions Σ21(0) =
∆1, and Σ21(iD) ≃ ∆3. and assume ∆i ≪ ωph ≪ D.
With the usual approximations we find a solution for the
spectral gap ∆sp = ∆1/Z of the form [24, 25],

∆sp = c1ωph exp
(

− Zc2
λ− µ∗

c(1 + c3λ)− µ∗
c,1

)

. (15)

The result for µ∗
c is given in Eq. (1) and µ∗

c,1 = 0.
In the situation when only the U2-term is included we

set ∆3 = 0 and omit the constant U -term in Eq. (12).
To determine the parameters ∆1 and ∆2, we use the
following two conditions: Σ21(0) = ∆1, and Σ21(iD) +
Σ21(−iD) ≃ 2∆2f(i/2). The calculation again yields a
result of the form (15), however, now with

µ∗
c =

aµ2
c

1 + aµ2
c log

(

α2D
ωph

) , µ∗
c,1 =

γa2µ4
c

1 + aµ2
c log

(

α2D
ωph

) .

(16)
As before 0 < α2 < 1 accounts for the less effective re-
tardation effects. In addition a term µ∗

c,1 appears, which
was absent in the first order calculation. Such terms can
account for the discrepancy between analytical and nu-
merical results in Fig. 1, where the analytical result sat-
urates as function of µc. We obtain γ ≈ 0.8 for D ≫ ωph.
In Fig. 2, we show the µc-dependence of the numerical
solution of Eq. (11) for λ = 0.5. It is compared with the
analytical result in Eq. (15) with the respective results
for µ∗

c , Eqs. (1,10,16). We use α as before and α2 ≈ 0.2.
c1 = 1.7, c2 = 1.07 were determined by fitting to the
numerical solution for µc = 0 in the regime 0 < λ < 0.5.
c3 = 0.8 was found to give a reasonable fit for the first
order calculation in µc. We omit the term µ∗

c,1 for the
values of µc considered. The agreement between numer-
ical and analytical results is quite good, which supports
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FIG. 2: (Color online) The spectral gap ∆sp as calculated
from the numerical solution of Eq. (11) with different kernels
as a function of µc for λ = 0.5 and D/ωph = 80 in comparison
with the corresponding analytical results based on Eq. (15).

0 0.1 0.2 0.3 0.4 0.5 0.6
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

µ
c

∆ sp
/ω

0

 

 

DMFT
PT
 analytic formula

FIG. 3: (Color online) DMFT result for the spectral gap
∆sp ≃ zΣoff (0) as a function of µc for D = 2, constant λ ≃ 1
according to the second order result for gr in Eq. (17) and
Eq. (19), and ωr

0 ≃ 0.05 in comparison with the PT. We also
included the result of the analytic formula in Eq. (15) with
renormalized parameters ωph = ωr

0 , Z, calculated from PT,
µ∗

c from Eq. (10) and ci as in Fig. 2.

the earlier findings from the projection approach Eq. (4).
One finds similar results as in Fig. 2 when calculating Tc.
We now want to corroborate our findings with DMFT
and analyse the impact of increasing µc on supercon-
ductivity similar to Fig. 2. For this purpose we need
to include additional effects. We extended our previous
DMFT and ME perturbation theory (PT) [6] to the case
of finite U . In the PT for Σ11 and Σ21 we include direct
terms in U up to second order, for instance, the terms
described in Eq. (11). In addition, we have to take into
account the fact that the electron-phonon vertex Γ(ep) is
renormalized by the Coulomb repulsion. We introduce

the quantity Γ
(ep)
U , which contains g and all corrections

from the U -term. For a weak frequency dependence up
to the small phonon scale, we can define a renormalized

coupling gr = Γ
(ep)
U (0, 0). For gr we use the result up to

second order,

gr

g
= 1− a1µc + (a21 − a2)µ

2
c , (17)

where a1 = −Π(0)/ρ0 and a2 = 1
ρ2
0β

∑

k Π(iωk)G(iωk)
2.

This was found to give a good description up to U ∼ D
[26]. Thus for the electron phonon part we use

Σel−ph(iωn) = − 1

β

∑

m

[gr]2τ3G(iωm + iωn)τ3D(iωm),

(18)
where the phonon propagator D(iωm) is taken from the
DMFT calculation [6]. The effective λ is defined by

λ = 2ρ0[g
r]2

∞
∫

0

dω
ρD(ω)

ω
, (19)

where the phonon spectral function ρD(ω) includes self-
energy corrections due to U . We define the renormalized
phonon energy scale ωph = ωr

0 by the peak position of
ρD(ω). Through the condition λ ≃ 1 and ωph = ωr

0 ≃
0.05 a set of bare model parameters (g, ω0, µc) is deter-
mined by the DMFT calculations, for which we can com-
pare the PT with DMFT. The results are shown in Fig. 3.

We find good agreement of the DMFT result with PT
and the analytic formula, Eq. (15), up to µc ∼ 0.4− 0.5.
This demonstrates that (i) the electron-phonon vertex
correction according to Eq. (17) is suitable, (ii) that the
higher order form for the Coulomb pseudopotential in Eq.
(10) captures correctly the results of the PT and the full
DMFT calculation, and (iii) that the effective parameter
description is appropriate. Therefore, this validates the
previous analysis in a more complete calculation and it
corroborates our findings for µ∗

c up to intermediate values
of µc. For larger values of µc, we find that ∆sp in the PT
calculations exceeds the DMFT result, where ∆sp → 0.
Then both Eq. (17) for gr and Eq. (10) for µ∗

c start to
underestimate the reduction effect.

In conclusion, we emphasise that the standard theory
of how retardation reduces µc → µ∗

c is based on an uncon-
trolled approximation, since there is no Migdal’s theorem
for the Coulomb interaction. In a controlled framework
we analyse higher order corrections. We obtain an an-
alytical expression for the next order term, and show
that retardation also reduces this term, however sub-
stantially less efficiently. Non-perturbative DMFT cal-
culations demonstrate that the perturbative result is ac-
curate up to intermediate couplings. The main conclu-
sion is then that retardation effects indeed lead to rather
small values of µ∗

c , even when contributions beyond the
standard theory are considered. For systems with sizable
Coulomb interactions µc, our values for µ∗

c are larger than
in the standard theory and lead to reduced values of the
superconducting gap and Tc. We have focused on the re-
duction of phonon induced s-wave superconductivity due
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to the Coulomb repulsion between electrons. Supercon-
ductivity which is induced in an anisotropic higher order
angular momentum channel by purely repulsive interac-
tions, such as the well-known Kohn-Luttinger effect [27],
is not dealt with in the present work.
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