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Abstract

A semi-simple tensor extension of the Poincaré algebra is proposed for the arbitrary dimensions D. It is
established that this extension is a direct sum of the D-dimensional Lorentz algebra so(D-1, 1) and D-
dimensional anti-de Sitter (AdS) algebra so(D-1, 2). A supersymmetric also semi-simple generalization of this
extension is constructed in the D=4 dimensions. It is shown that this generalization is a direct sum of the 4-
dimensional Lorentz algebra so(3, 1) and orthosymplectic algebra osp(1, 4) (super-AdS algebra).

1. Introduction
In the papers [1—7] the Poincaré algebra for the generators of the rotations Mg and translations Fz in &

dimensions,

[Map:Mog] = (8acMbe+0bcMag) - (€ 2 ),
[Mabl 'DC] =0p=Fz — 9acfh (1.1)
[Pz:Py] =00,

has been extended by means of the second rank tensor generator 2 in the following way:

(Mot Mog] = (0aaMbe+0pcMag) - e d),
[(MapFe] = 0pcPz — Gachs

[P2.Pp] =CZap, 1.2)
(Mt Zog] = (02070 +0bcZad) - (C e d),
[ParZbc]=0 +  [ZapsZen]=0,

where ¢ is some constant (Note that, to avoid the double count under summation over the pair antisymmetric
indices, we adopt the rules which are illustrated by the following example:



c qd o o 1, od
['Dapr:|= e g = E[gggb - 55.55]2,:@: ngfab Leg= Z'ab Zegh @3

od
where f5y " are structure constants, and so on.)

Such an extension makes common sense, since it is homomorphic to the usual Poincaré algebra (1.1). Moreover,
in the limit ¢ —+ 0 the algebra (1.2) goes to the semidirect sum of the commutative ideal £54, and Poincaré algebra

(1.1).

It is remarkable enough that the momentum square Casimir operator of the Poincaré algebra under this
extension ceases to be the Casimir operator, and it is generalized by adding the term linearly dependent on the
angular momentum

pEe, +cz%m, Uk nkle, 1.4)

where X ={Fz,Z,4,M41. Due to this fact, an irreducible representation of the extended algebra (1.2) has to

contain the fields with the different masses [4, 8]. This extension with noncommuting momenta has also
something in common with the ideas of the papers [9—11] and with the noncommutative geometry idea [12].

It is interesting to note that in spite of the fact that the algebra (1.2) is not semi-simple and therefore has a
degenerate Cartan-Killing metric tensor nevertheless there exists another nondegenerate invariant tensor f; in

adjoint representation which corresponds to the quadratic Casimir operator (1.4), where the matrix ."?'f('r is inverse

to the matrix fg, hk"lh;m = 5,.';2.

There are other quadratic Casimir operators

cizabz_,. 1.5)

cZeabodz 7 (1.6)

Note that the Casimir operator (1.6), dependent on the Levi-Civita tensor gabed

dimensions.

, is suitable only for the D=4

It has also been shown that for the dimensions D=2, 3, 4 the extended Poincaré algebra (1.2) allows the

following supersymmetric generalization:

{0 @2} =0 ™C) 3 70,

[MabJ QK] =~ [Oab Q. @.n
['DaJ QK] = D_.
[ZabJ QK] =0,

with the help of the supertranslation generators Q.. In (1.7) C is a charge conjugation matrix, d is some constant,
and ogp=1 JHvs, rb], where ¥z is the Dirac matrix. Under this supersymmetric generalization the quadratic Casimir

operator (1.4) is modified into the following form:
o _ KA
P04 2%, - = Qel(CTH T, (1.8)

while the form of the rest quadratic Casimir operators (1.5), (1.6) remains unchanged.

In the present paper we propose another possible semi-simple tensor extension of the &-dimensional Poincaré
algebra (1.1) which turns out a direct sum of the O-dimensional Lorentz algebra so(Z'- 1,1} and £-dimensional
anti-de Sitter (AdS) algebraso(0—1,2). For the case o'=4 dimensions we give for this extension a
supersymmetric generalization which is a direct sum of the 4-dimensional Lorentz algebraso{3,1) and
orthosymplectic algebra osp{1, 4) (super-AdS algebra). In the limit this supersymmetrically generalized extension
go to the Lie superalgebra (1.2), (1.7).



Let us note that the introduction of the semi-simple extension of the (super) Poincaré algebra is very important
for the construction of the models, since it is easier to deal with the nondegenerate space-time symmetry.

Let us extend the Poincaré algebra (1.1) in the ' dimensions by means of the tensor generator Z_4 in the

following way:

[MabMog] = (aaMbc+TocMag) - (co d),
(Mt Pe] = 0bcPa— Gacls
[Pa:fs] =CZg8,

[Mablzcﬁ] = (gaa'zbc"'gbczadj - e d), @D
2
[Za:Pc] = %(chpa - GacPb s
z
=

[Zap Zed] = o{(0a0Zbo+ BbcZad) - C& 1],

where & and ¢ are some constants. This Lie algebra, when the quantities F5 and 74 are taken as the generators

of a homomorphism kernel, is homomorphic to the usual Lorentz algebra. It is remarkable that the Lie algebra
(2.1) is semi-simple in contrast to the Poincaré algebra (1.1) and extended Poincaré algebra (1.2).

The extended Lie algebra (2.1) has the following quadratic Casimir operators:

C1 = P3Py + 02 Fhiy, + 2aM 30y, E i, 22)
Co= 0227,y +832(c2¥0My, + 2373 0m, | 8T X, ik, 23)
Ca= 30027, 7 1+ Ba%cZp Mg + 2270y | @4

Note that in the limit 3 — 0 the algebra (2.1) tends to the algebra (1.2) and the quadratic Casimir operators (2.2),
(2.3), and (2.4) are turned into (1.4), (1.5), and (1.6), respectively.

The symmetric tensor
H¥ = st v tr bl = ik (2.5

with arbitrary constants g and ? is invariant with respect to the adjoint representation

gl Hm”UmkUn'f. (2.6)
Conversely, if we demand the invariance with respect to the adjoint representation of the second rank
contravariant symmetric tensor, then we come to the structure (2.5) (see also the relation (32) in [6]).
The semi-simple algebra (2.1)

[ x] = fd X @7
has the nondegenerate Cartan-Killing metric tensor

G =Ferm Tin' s 28

which is invariant with respect to the coadjoint representation



Gt = U U "G -

With the help of the inverse metric tensor gk"l H g‘k'f

(2.9)

T = 5,'?-, we can construct the quadratic Casimir operator which,

as it turned out, has the following expression in terms of the quadratic Casimir operators (2.2) and (2.3):

bl 1 3-z20
WogHhe, = 1+ Tz,
KA g2io-1)| 17 salio-z) 2}

that corresponds to the particular choice of the constants s and ¢ in (2.5).

The extended Poincaré algebra (2.1) can be rewritten in the form

[NabJ NC\G"] = (gaa*'\"bc +gbc"~"'ad) - leerdl,
[Lagilcpl=(0aplac +dactap) - (Cw D),

[Mapilen]=10,

where the metric tensor g4z has the following nonzero components:

gas=1{0z0. Bo+10+1=-1}.

The generators
Mo =M <z
ab = Mabh~ ag2 ab

form the Lorentz algebra so{ - 1, 1), and the generators

g 1
Lag= [ia.b = ozleptepri=tona= e lonion = D]

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

form the algebraso(f - 1,2)(Note that in the case &' =4 we obtain the anti-de Sitter algebraso{3,21). The

algebra (2.11)—(2.13) is a direct sumsol0—-1,11®so(l-1,2) of the O-dimensional Lorentz algebra and O-

dimensional anti-de Sitter algebra, correspondingly.

The quadratic Casimir operators MyuNT, L 458, and £3857x

terms of the operators Cq (2.2), Cz (2.3), and €5 (2.4) in the following way:

b as_ _1
NI — L gal =Za—zcl,

L

Maph®0 =
ab 1634

Cz,

b, 1
gIICEN_ N = Cs.
abod 1657 3

In the case &=4 dimensions the extended Poincaré algebra (2.1) admits the following

generalization:

2u-g Of the algebra (2.11)—(2.13) are expressed in

(2.17)

(2.18)

(2.19)

supersymmetric



2,
{000} = 207008 + 0020 )

[MabJQK] = —(T54 Q)
[Pz, Q] =2lyzQ),.

B.1

= _ 45
[ abJQK] = _T':gabQJKJ
where @, are the supertranslation generators.

Under such a generalization the Casimir operator (2.2) is modified by adding a term quadratic in the
supertranslation generators

- KA
E1 = PPy 40270y +237M ™My - —0c(CTH U8 XX, (3-2)

whereas the form of the rest quadratic Casimir operators (2.3) and (2.4) is not changed. In (3.2)
=15, Z5p.Msp, 2 T is a set of the generators for also the semi-simple extended superalgebra (2.1), (3.1).

The tensor

HYE = yHIL KL = (- 1P RPL PP (3-3)

is invariant with respect to the adjoint representation

HKL= (—1)['DK+DM]['DL+1]HMNUNLUMKJ (34)

where pg-=pi¥) is a Grassmann parity of the quantity &£. In (3.4) ¥ and w are arbitrary constants and nonzero
elements of the matrix #4L equal to the elements of the matrix #4/ followed from (2.3). Again, by demanding the

invariance with respect to the adjoint representation of the second rank contravariant tensor

L (myPRPLTPRIEL LK e come to the structure (3.4) (see also the relation (32) in [6]).

The semi-simple Lie superalgebra (2.1) (3.1) has the nondegenerate Cartan-Killing metric tensor =g (see the

relation (A.6) in the Appendix A) which is invariant with respect to the coadjoint representation
Gueg = (=1 )FKELHEN g Ny M, (3.5)
With the use of the inverse metric tensor &%%,
GHLGy = 55J (3.6)

we can construct the quadratic Casimir operator (see the relation (A.11) in the Appendix A) which takes the
following expression in terms of the Casimir operators (2.3) and (3.2):

1 (= 9
XKGKLX.I’_= 20&2[(:1— 2252 Cg]_. (3.7)

that meets the particular choice of the constants ¥ and % in (3.4).

In the D=4 case the extended superalgebra (2.1), (3.1) can be rewritten in the form of the relations (2.11)—
(2.13) and the following ones:

4ziq
=

{Q Qb= -=—=(2%C)cpl ag, (3.8)
[Lag Q] =-{Za5Q),. (3.9)

[NabJQK:|= a, (3.10)



where

1
Zag = $[MaTel, Ta={ivsvs,ysh

{¥a,¥p} =20ap, dgp=diaal-1,1,1,1), (3.11)
¥s =¥o¥i¥e¥s.

The generators M5y (2.15) form the Lorentz algebrasno{3, 1} and the generatorsiggs (2.16), @, form the
orthosymplectic algebraosp(l,4). We see that superalgebra (2.11)—(2.13), (3.8)—(3.10) is a direct sum

so(3, 1)@ osp(l, 4) of the 4-dimensional Lorentz algebra and 4-dimensional super-AdS algebra, respectively.

In this case the Casimir operator (2.17) is modified by adding a term quadratic in the supertranslation generators

_qMh 1 .
Qulc™h) Q,a=2a—2'f31J

[

2 (3.12)
453

NabNab _ ‘L.‘qB‘L’qB _

while the form of the quadratic Casimir operators (2.18) and (2.19) is not changed.

Thus, we proposed the semi-simple second rank tensor extension of the Poincaré algebra in the arbitrary
dimensions £t and super-Poincaré algebra in the &' = 4 dimensions. It is very important, since under construction of
the models, it is more convenient to deal with the nondegenerate space-time symmetry. We also constructed the
quadratic Casimir operators for the semi-simple extended Poincaré and super Poincaré algebra.

It is interesting to develop the models based on these extended algebra. The work in this direction is in progress.

Permutation relations for the generators X of Lie superalgebra are

[ Xe T 98 s - (-1 P = (A1)

Structure constants fKLM have the Grassmann parity

p(me]ws(wa +om=0 (mod2), (A-2)
following symmetry property:
fe ™ = (- 1)P5P g M (A.3)
and obey the Jacobi identities
T -0 P = 0, (A.4)
(LM

where the symbol (L] means a cyclic permutation of the quantities &, £, and . In the relations (A.1)—(A.4)
every index # takes either a Grassmann-even value kip, =0) or a Grassmann-odd one &(p, = 1]. The relations

(A.1) have the following components:



D Xi] =fud™ X
I X b =fed X, (A.5)

D xa] =fua%y.
The Lie superalgebra possesses the Cartan-Killing metric tensor
Gier = (=1 g™ = (1P PG = (2107 Gige= (117 G (A.6)
which components are

Gt =T Tin = Fid T
Gea =fed Tam' = fem' Fag” (A7)
legl =0,

As a consequence of the relations (A.3) and (A.4) the tensor with low indices

A
furmr ="' Gring (A-8)

has the following symmetry properties:

—[=1)7HPE _1)PKDM (A.9)

T = Tapem=-1 Temt -

For a semi-simple Lie superalgebra the Cartan-Killing metric tensor is nondegenerate and therefore there exists

an inverse tensor G"‘/‘f-,
G GLM = 58 (A.10)
In this case, as a result of the symmetry properties (A.9), the quantity
X, (A.11)
is a Casimir operator

[pG¥in,, Xpl=10. (A.12)
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