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1. Introduction

The process of geostrophic adjustment has been examined by many investigators since Rossby’s (1937) seminal study.
The adjustment process following an initiadd mass imbalance is in itself a fundamental concept in the theory of geophysical
fluid dynamics. Y et, many applications have emerged that are of importance in oceanic science. Among them are the relation
between geostrophic adjustment and frontogenesis (e.g., Ou 1984; Blumen and Wu 1995), surface mixed layer
restratification following a storm (e.g., Tandon and Garrett 1994, 1995), and hydraulic jJump or bore formation during
adjustment (e.g., Houghton 1969; Kuo and Polvani 1997). There are various other applications in the oceanic and




atmospheric sciences that could be added, but those cited above provide the relative importance of the adjustment problem.

An hierarchy of models was proposed by Blumen and Wu (1995) to study geostrophic adjustment, all based on
conservation of potentia vorticity. The simplest, from both a mathematical and physical view, is the zero potential vorticity
model (ZPV); next, the uniform potentia vorticity model (UPV) contains the added feature of an ambient, uniform static
stability field and is aso analyticaly tractable: finaly, the nonuniform potential vorticity model, although more redlistic in
application to the ocean or to the atmosphere, requires a numerical approach and is not considered. Blumen and Wu
examined the final geostrophically adjusted state, for each of the ZPV and UPV modédls, which evolved from prescribed
unbalanced initial states. The transient motions associated with either ZPV or with UPV were not taken into account. The
mathematical approach was, in fact, the same one originally established by Rossby (1937) using a shallow-water model. The
principal aim of the present study is to reexamine geostrophic adjustment as an initial-value problem, restricted to the ZPV
model, in order to expose the transient motions and their effect on frontogenesis and on the adaptation to a balanced flow.

The ZPV modd is probably the ssmplest nontrivial model of fluid flow in the presence of density or temperature gradients
that can be devised. It is, however, not without interest. The model, introduced in section 2, consists of fluid in uniform
rotation about a vertical axis between two rigid lids. The flow is two-dimensional, nonlinear, and inviscid. The time-
dependent solutions, displayed in section 3, exhibit inertial oscillations at the Coriolis frequency f. The results presented
extend the analyses by Ou (1984), Blumen and Wu (1995), and Tandon and Garrett (1994). It is demonstrated in section 4
that the solution at a rigid boundary may be expressed as a Fourier cosine series, using Platzman’s (1964) results, and from
this solution the nonsteady energy spectrum and the transfer of energy through the spectrum may be derived. Some final
remarks appear in section 5. The principal results of this analysis are the demonstration that undamped inertial oscillations
can exist in this nonlinear system, that the oscillation frequency is not atered by the frontogenesis that is taking place, and
that a stationary, geostrophically balanced state is not achieved.

2. Modél

The basic equations of two-dimensional, inviscid, and rotating flow are
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where (u, 1, w) are velocity components in the usual (X, y, Z) Cartesian coordinate directions, @/#y = 0, = = p/p(0) [p is
the pressure and p(0) is the reference density], /6(0) is the ratio of the temperature to a reference temperature, g is the
acceleration of gravity, and the Coriolis parameter f is constant.

Three conservation principles that apply are conservation of potential vorticity, absolute linear momentum, and
temperature, for example, Blumen and Wu (1995). Absolute momentum coordinates will be used. They are defined as

X =x+ W, Z=1z T =1,(6)

where X is a conserved property of this system. The “momentum coordinates’ (6) should not be confused with
“geostrophic coordinates’ introduced by Eliassen (1959) to study steady frontal circulations and by Hoskins and Bretherton
(1972) to study frontogenesis in atmospheric flows. Geostrophic coordinates are defined with geostrophic velocities, but 1
in (6) is the total meridiona velocity; the sum of the geostrophic velocity Ug and the ageostrophic velocity 1.




The potential vorticity d,, expressed by (1) in Blumen and Wu (1995), is also derived in momentum coordinates (11) as
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X/ oz 6(0)’
where the Boussinesq approximation is employed, so that 8/0(0) = —p/p(0). The ZPV assumption, dp =0 requires

d 0

Eﬁ=ﬂ (7)

Blumen and Wu show further that, since 6 = §(X), the steady geostrophic flow may be expressed as

v_u=-Fa—Xﬁ 5~ 4) (8)

where the flow is confined to a channel, 0 < Z< h The time-dependent system, expressed by (1), (2), (4), and (5), is
transformed into momentum coordinates in the appendix. This system of equations in momentum coordinates reduces to
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whereu =u, andv = Yy + 7. The subscript a denotes the ageostrophic component. A barotropic pressure gradient

(independent of Z) should be retained on the right-hand side of (9) after geostrophic balance removes the Z-dependent part
of the pressure gradient. According to Neves (1996), the pressure cannot be determined from the hydrostatic equation, since
the pressure is not known at any level between the rigid lids. Neves neglects the barotropic pressure gradient, determines a
solution, and then adjusts his numerical solution to ensure that the mass flux is constant in space and independent of time.
The analytica solution obtained from (9) and (10) will be shown to satisfy these constraints.

Equations (7) and (12) show that 6/6(0) is only a function of X. The remaining equations may now be expressed as
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where



vk =y — f—]wguﬂfaZ|», (16)
wk = w(l — f'9v/oX)

These starred variables are defined as in Hoskins and Draghici (1977) but, in this case, 17 = 'ug +u, Elimination of 17
between (13) and (14) yields

a*u* . d(ad wdv du,,
-+ fuF = === - w .
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(17)

A vertical integration of (15), denoted by an overbar, gives

o+
ax

wherew* =0 at Z =0, h. Next (17) isintegrated over Z and (18) is applied to the result to obtain

= 0, (18)
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Equation (19) will be satisfied by the choice, without the bar average,
d wdv i,
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This latter condition (20) may also be expressed as
d
—w* = u,) + f(v* —vy,)=0. (21)
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The solutions, to be determined, will have the property that the vertically integrated mass flux, proportional to u*, is
independent of both X and T. Then the barotropic pressure gradient, neglected in (9) or (13), does not become a factor in

the analysis. Further ssimplification is possible by introduction of (20) into the right-hand side of (13). Then (13) and (14)
may be expressed as

du*

& =0 22
T fu, ; (22)
Wa \ f = 0 (23)
p fu* =0,

which will determine Va and u*. The geostrophic flow vg is provided by (8) and w* is determined from (15). The
variables (u*, w*) require interpretation.

Consider the temperature equation (5) and express 4] 6/6(0)]/dz using momentum coordinates as
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Further, (6) may be used to show that
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Introduction of (7) and (25) into (24), and then into (5), reveals that
a 0 d 0

e
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The horizontal velocity u* defined by (16), may be interpreted as an “effective” advection velocity—in effect, vertical
advection may be incorporated into horizontal advection in this ZPV flow.

= 0. (26)

Figure 1 ©=may be used to provide a geometric interpretation of w*. The slanting thick solid line represents a surface X =
congt, or equivalently atemperature surface. The trigonometric relationships are

singg = dX/dx = 1 + f'dvfox
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Consider the projections of w and of u* — u,, onto an X surface:
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The variable w* represents forced motion directed along X or 6/6(0) surfaces.

3. Solutions

a. Analytical representation

Solutions of (22) and (23) are
u®* = A, sinfT + B, cosfT,
v, = A, sinfT + B, cosfT, (30)

where the (A, B,) are constants. The initial conditions are as given in Blumen and Wu (1995). They are expressed in

terms of the present variables as

u*=vv*=ug+ua=0, T=0,31)

and 6/6(0) is only afunction of the initial coordinate x,. The momentum coordinate X is related to X, by



X =x+v/f =x,32)

as a consequence of its conservation property and initial condition (31). Both the horizontal and vertical structure of vy
will be that of ug, given by (8). Then the solutions that satisfy (31) may be expressed as

=80 0N cosfT). (33)
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where &/dX = d/dx,. Note that (18) is satisfied by u*, given by (34), and 6/6(0) will be chosen to be periodic in X: the
mass flux conditions are exactly satisfied. The actua velocities (ua, w), to be displayed in physical space are, however, given
by

i, = u* — f'wivfoZ, (36)

_.]
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These velocities can be evaluated by means of (33)—(35).

It is interesting to analyze the present results before specification of 8/6(0). The representation by the starred variables
shows that the motion undergoes an inertial oscillation, but the representation by (36) and (37) exhibits more than one
frequency. The situation displayed here is akin to the situation that develops when describing the motion of, for example,
coupled linear oscillators (Morse and Ingaard 1968). Transformation to normal coordinates, in the latter case, provides a
description of the motion in terms of the natural frequencies of oscillation as if the oscillators are uncoupled; otherwise the
motion is described by sums and differences of the natural frequencies as a measure of the coupling between the oscillators.

The ZPV modd solution in which the end state is specified to be steady geostrophic balance (8) has been examined by
Blumen and Wu (1995). Consideration of the time-dependent solution, (33)—35), reveals that an undamped and
nondispersive inertial oscillation must be included in specification of the complete solution. The nonlinear transformation,
expressed by (32), contains the mechanism to concentrate gradients—frontogenesis. As a consequence, a steady balanced
geostrophic flow is not realized as an end state in this ZPV model. It will be shown in section 3b that, depending on the initia
conditions, either the relative vorticity becomes infinite in afinite time or that the solution is represented as the sum of a
steady geostrophic part and a time-dependent inertial oscillation for all time. In this latter case, both frontogenesis and
frontolysis occur during one inertia period.

The time-dependent motion treated by Tandon and Garrett (1994) corresponds to d[6/6(0)]/x, = const, which results in
w¢ =w=0andu* =u, Astime progresses, the 6/6(0) surfaces tilt from the vertical (to be shown) and the fluid becomes
vertically stratified. When a[6/6(0)]/dx, # const, w* # 0 and frontogenesis will take place during the first half-cycle of an

inertial oscillation. It is interesting to note, however, that this system, (33)—35), does not exhibit buoyancy oscillations in
association with the vertical stratification that develops. The “vertical motion” w* represents a forced motion at the inertial
frequency that always remains parallel to the isotherms. The (u,, w) circulation, will, however, be shown to be a

counterclockwise circulation that is consistent with the tilting of the isotherms.
b. Numerical representation

The initial temperature field will now be specified as



016(0) = Y sinkx,,(38)

where (Y, k) are respectively the amplitude and the wavenumber. Evaluations will be carried out using nondimensional
quantities:

Xo = A'x,, z' = hz, "= ft,
(', v') =@ "u,v, w=((h"w
(39)
where g* = gY and A = (g* h)ﬂzf_l. The temperature in (38) may be expressed as
0
® '—— = sinax,, 40
90) 03 (40)

where the parameter a = 1k may be interpreted as a Rossby number. Hereafter the prime notation will be dropped.

The parameter range for the present evaluationsisa < 1, which encompasses both inertial oscillations and frontogenesis.

As demonstrated in Blumen and Wu (1995), temperature and velocity discontinuities occur when 1 — flaax = 0 [see
(29D)]. Evaluation is carried out by use of (33), noting that #/@X = d/dx,. The result shows that a =1 isacritical value when

the temperature field is expressed by (40): a discontinuity does not form when a < 1. When a = 1, a discontinuity occurs
simultaneoudly at both lids at positions |x| = /2 a timet = x, that is, at the end of the first half cycle of the inertial period.
When a > 1, discontinuities will occur at the lids at various locations |ax,| < z/2 and at timest < 7.

The numerical procedure requires evaluation of (32) expressed as
X = x, + a cosax, 5~ z (1 — cost), (41)

where the initial temperature field is represented by (40). Each isotherm is vertical at t = 0. Horizontal advection
commences when t > 0, according to (41). The sequence of tilting and frontogenesis is shown for two times in the left
panel of Fig. 2 Q= for a = 1. The right panels show the alongfront velocity v, which also develops discontinuities at both
lids [x| = /2 at timet = z. The plots for a < 1 (nhot shown) depict similar patterns, but discontinuity formation does not
occur, and the pattern reverses when t > x to recover the initia state at t = 2x.

The streamfunctions, defined by u = —‘l’z andw = ‘}"X, are displayed in Fig. 3 @=. The flow is counterclockwise in

agreement with the tilt of the isothermsin Fig. 2 ©=. Both (u, w) reduce to zero at t = z, and the ageostrophic circulation
reverses direction when z < t < 2.

Figure 4 ©= contains plots of (u, w) as functions of time at x = z/4. Three levels are displayed, z = 0.25, 0.50, and 0.75.
These plots are the physical space (X, z, t) nondimensional representations of (36) and (37). The inertial oscillation is the
most distinctive feature, but the effect of the higher harmonics is particularly noticeable at z = 0.25. The asymmetry in
between z = 0.25 and z = 0.75 is associated with w > O at each level, but u* reverses sign at z= 0.5.

4. Energy and frontogenesis

It is generdly very difficult to examine the complex interactions that take place between quasi-balanced low frequency
motions and unbalanced flows that may encompass a broad region of the oceanic and atmospheric frequency spectrum. A
two timescale analysis is, however, appropriate when the unbalanced motions are restricted to high frequencies, and a well-
defined (time) scale separation exists. This approach has been used by Blumen (1972) and by Dewar and Killworth (1995) to
study the interactions between quasigeostrophic flows and gravity—inertia waves and by Blumen (1997) to examine how
semigeostrophic frontogenetic flows interact with high frequency waves. In each case, the lowest order in the two timescale
expansion procedure reveals that the fast motions undergo an amplitude modulation by the slowly evolving quasi-balanced
flow. Since the slow motions conserve energy independently, energy is not transferred to the fast waves by this modulation
of the amplitude.




The present model provides a relatively simple framework to analyze the interaction between the evolving geostrophic
flow and the inertial oscillations. This analysis will be restricted to the bottom level surface at z = 0. The advantage is that the
effect of the interaction between these two different flows on frontogenesis may also be examined.

The relevant equations are (1) and (2), with the barotropic pressure gradient omitted, expressed as

du Ein
=+ =0, (42)
ot “ ox
W4 fu =0 (43)
— i, — M, = .
af o a'_l' a &
The solutions are (33) and (36), expressed in (X, t) space as
v=uv, + v, = v(l — cosfi), (44)
u, = —uv, sinft, (45)
where 'ng = Ug(X, t) and Ug(x, 0) = —(g*hk/2f) coskx [g* = gY, as in (39)]. Substitution of (44) and (45) into either (42)
or (43) yields
dv, du,
— + ua—’{ = (). (46)
ot ox

There is amutua interaction: the geostrophic flow modulates the inertial oscillation, and the inertial oscillation affects the
evolution of the geostrophic flow.

An energy equation for the oscillatory motion can be derived by multiplication of (42) and (43), respectively, by u, and by
V. Addition of these expressions and use of (46) provides

d u> + v? a u> + v?
- [} 0 + - [ i — U. 47
a2 Yoax 2 (47)
Multiplication of (46) by 'IJg yields
J v; d v;
—— 4+ u,——=0. 48
a2 Mg (43)

The relationship 'l.lzg = 'IJza + u2a is extracted from (44) and (45), and (47) and (48) may be expressed as
dul+v2 9V
a2 ar 2

The equipartition of energy between the oscillations and the geostrophic flow, introduced at the initia time (31), is
maintained for al time.

(49)

Further aspects of the energetics may be examined by means of (46). Substitution of (45) into (46) gives

d d _
g - Ux: v, = 0, (50)

where r = f_l(l — cosft). This expression (50) is a well-studied nonlinear advection equation for the determination of Ug,



for example, Platzman (1964). The time and place of the formation of a discontinuity in 'ng, found in section 4, may also be

determined from (50). The manner in which the inertial oscillation affects the geostrophic flow, and frontogenesis, can be
absorbed into 7, an independent time variable. The solution for Uy which satisfies the initial condition (38), may be

expressed as (Plaizman 1964)

v, = —4g*h)"*a z (nfr) 'J (nft) cosnkx, (51)

n=1

where a is defined below (40) and J represents the Bessel function of order n. The inertial oscillation (u,, v,) may be

expressed similarly by use of (33) and (36). The expression in (51) is a convenient analytic representation for further
analysis. Platzman (1964) has shown, from (51), that the energy spectrum V(n) has the distribution

V(n) ~ n 83(52)
ast—> 7, wherer_ isthe time that a discontinuity forms. Further, the transfer of kinetic energy through the spectrum &
satisfies
ne, = const(53)

ast—> 7. These results (52) and (53) provide limiting values; that is, they apply for example to Fig. 2 O= wherea=1
and ft = z (fr —= 2).

When a < 1, the system undergoes an undamped inertial oscillation in cooperation with frontogenesis during the first half
of the cycle, O < ft < 7z Duri ng this part of the cycle the relative vorticity r:"iug/r?ix increases, and energy is transported

downscale; the spectral slope approaches (52) but remains steeper. During the second half of the cycle, = < ft < 2z, a
reversal occurs and the initial state is recovered when ft reaches the end of the first cycle at ft = 2z. Whena > 1, a

discontinuity develops (r?mg/r?ix = o0) at both lids during the first half of the cycle, ft < 7. The energy spectrum and spectral
transfer are as given by (52) and (53).

5. Final remarks

The ZPV model has been used primarily to examine frontogenesis (Hoskins and Bretherton 1972; Ou 1984;Blumen and
Wu 1995) and mixed layer restratification (Tandon and Garrett 1994). In this model the temperature (or density) and
absolute linear momentum surfaces coincide for all time, although these surfaces will tilt from a vertical orientation and
move relative to each other, for example, frontogenesis. The lack of an ambient vertical stratification, asin a ZPV model,
eliminates internal gravity waves and buoyancy oscillations as solutions. Inertial oscillations and frontogenesis (or
frontolysis) represent the nonsteady response to unbounded initial conditions. The mathematical and physical simplicity of
the ZPV model makes it an attractive starting point to gain insights about the complex dynamics of models of geophysically
relevant flows.

The present analysis takes advantage of the mathematical smplicity of the ZPV mode to provide a nonlinear, time-
dependent, analytic solution of the fluid response to an initially imposed horizontal temperature gradient. Previous analyses of
the ZPV model either do not consider the time-dependent motions, although nonlinearity is retained (Ou 1984; Blumen and
Wu 1995), or time dependency is retained but nonlinearity is not (Tandon and Garrett 1994). A principa aspect of the
solution obtained is the requirement that a, defined below (40), exceed a critical value, unity in the present case, for a frontal
discontinuity to form. This formation of a discontinuity in afinite timeis a result of a self-advection process contained in
(50), or its surrogate (41). Sincefr = 1 — cosft is only a monotonically increasing function of time during the first half of the
inertial oscillation, ft = r, adiscontinuity will not have sufficient time to form unless the initia relative vorticity exceeds a
critical value. Smaller than critical initial relative vorticities lead to undamped inertial oscillations about the evolving
geostrophic flow.

Mixed layer restratification following a storm has been examined in some detail by Tandon and Garrett (1994, 1995).
Application of the present analysis to this problem is beyond the scope intended, but some comments about their

restratification parameter N2 can be made. This parameter can be interpreted as the buoyancy restoring force in the direction
normal to @ surfaces. In momentum coordinates, N2 may be defined as
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where g=g¢ cosh = f_lgf“m/r:“iz using (27). Then introduction of (29a) into (54) yields

gdv a @ 1 dv
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Evduation of (55) by (33) provides

oy - Lov
N2 = M*(1 — cosfO/f?| 1 Fox) (56)

where M4 = (g«?[@/@(O)]/HX)z. At midlevel, where v vanishes, (56) reduces to the result presented by Tandon and Garrett
(1994). The comparison may be extended to the Richardson number defined, for present purposes, as

au* 2 3 2
Ri = N2 i _U ) (57}
a7z VA
Evauation of (57) by (56), (33). and (34) gives
Ri 1 |  dv\ (58)
1= — —_— = .
2 [ oX

Again the Tandon and Garrett result, Ri = ¥4, is recovered at midlevel. The quasi-two-dimensional character of the
solutions expressed in momentum coordinates is responsible for the close correspondence between the two results. The
relative vorticity, aw/aX, does not appear in Tandon's and Garrett’ s result because d[6/6(0)]/4X is constant. The appropriate
specification of Ri in the present case is, however, determined by use of (36), not (34), and representation in (X, z, t) space.
This evaluation need not be carried out here, although Tandon and Garrett note that the presence of low values of Ri < 1
raises the possibility of symmetric instability during restratification. This possibility is excluded, however, in the present
model because the potential vorticity cannot become negative.
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APPENDI X
6. Momentum Coordinate Transfor mationof the Equations

Consider (1), and assume that the pressure gradient force is geostrophically balanced. Then (1) reduces to

di di di
4oy, e T~ fy, =0, (AD
ot ax oz

where the subscript a denotes the ageostrophic component of the flow. In this model, Ug = Oandw = 'ng +0,
Transformation of (A1) into momentum coordinates (6) yields

ou,, du,, ou,, du,, [ dv dv dv

+ “” + w - - .fur'.l + f_ '— --_ + l"ri'.f o + w_

oI oX dZ dX \ ot dx dz
= 0. (A2)

Introduction of (2) into (A2) provides (9). A similar procedure provides (10).
The continuity equation (4) is transformed to

du du aw dw du
1 + +

— |1+ f

0. (A3
dX Coox aZ dX~ az (A3)

|
|
Iy
|
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The use of (6) also provides
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Introduction of (A4) and (A5) into (A3) produces the momentum coordinate representation of the continuity equation,
expressed by (11).

Finally, the approach used to derive (9) and (10) transforms (5) into
a 6 g 0

E‘ﬁ+n5%=ﬂ+ (A6)

The ZPV condition (7) eliminates the second term, and (A6) reduces to (12).

Figures

Click on thumbnail for full-sized image.

Fig. 1. Vertical cross sectionsin the (x, X)—(z, Z) plane. The thick solid line represents an X or ad surface, and dX isnormal to X.

The velocity variables are defined by (16), the angle¢' by (27), and the interpretation of w* may be obtained by reference to both
(28) and thefigure.
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Click on thumbnail for fulll-si zed image.

Fig. 2. Left panels: Isothermsin the (x, 2) planefor a=1 at timest = z/2 (top) and t = = (bottom). The thick sloping lineis 8 =0,
and the dashed lines represent 6 < 0. Right panels: Contours of alongfront velocity 13 (normal to the cross section). The
parameter a and times't are as above, and dashed lines represent 17 < 0.

Click on thumbnail f.or full-sized image.

Fig. 3. Streamfunctions s inthe (x, 2) plane correspondingto a= 1 andtimest = z/2 and t = 7z/8. The ageostrophic circulation

is counterclockwise. U= 0 on the boundaries; the thick solid lines delineate i = -0.08, and Al =002,



Click on thumbnail for full-sized image.

Fig. 4. Ageostrophic velacities u (solid) and w (dashed) corresponding to a = 1. Oneinertial oscillation cycleisdisplayed in (a)
z=0.25, (b) z=0.50, and (c) z=0.75.
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