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ABSTRACT

This work provides the general theory of the volume and mass conservation in
terms of its transport across surfaces (open or closed) defined by a constant
value of an oceanographic property obeying a balance law. This fluid property

can be any spatial density *P (amount of quantity per unit volume), or its
specific value = o (amount of quantity per unit mass, where a is the
specific volume). The main expressions obtained relate the volume transport
across ad-surface to the flux of the quantity (heh) across the d.surface

boundary, and the mass transport across a&’—surface to the flux h¢ across the

&’-surface boundary. These expressions differ, in general, from the volume and
mass conservation of the c|3'-surface, being however equivalent for closed

(unlimited) . surfaces. The main expressions are generalized to the three-
dimensional case, and the relation to previous results is discussed.

1. Introduction

Volume and water mass conservation, and the balances of salt and heat play a
primary role in the study of oceanic processes, especially in those involving water
mass transformation due to interior mixing, sea surface heating, and water mass
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fluxes (see, e.g., Walin 1982; Tziperman 1986; Garrett et al. 1995; Garrett and Tandon 1997; Nurser et al. 1999). The main

idea in these approaches is the application of balance laws and volume or mass conservation to surfaces extending from the
upper ocean to the ocean interior, relating therefore fluxes in the upper layer to interior processes like heat or buoyancy

diffusion.

The objective of this work isto find the most general expressions for the volume and mass transport across surfaces
(open or closed) defined by a constant value of an fluid property obeying a general balance law. This fluid property can be



any spatial density b (amount of quantity per unit volume), or its specific val ue&’ = ob (amount of quantity per unit mass,
where a is the specific volume). As a consequence, this work solves some mathematical problems arising in the analytical
treatment of volume and mass transport across arbitrary surfaces in the ocean, and clarifies some previous results by putting
them in a general framework where the relation to the first principles becomes clear. For example, we will prove that in this
approach the selection of the fluid property obeying a balance law (potential density, temperature, salinity, potential vorticity,
etc.) is independent of the underlying physical assumption of mass or volume conservation and therefore any balance law
can be employed. We will aso show that the expressions obtained are not equivalent to the conservation of mass or area

(volume in the three-dimensional case) of the d_surface.
2. Balance equations and d.coordinate surface

When measurements of some oceanographic field ¢'(x, t) (e.g., the temperature or salinity field) are available, it becomes
useful to apply the general theory of rates of change of integral expressions in arbitrary volumes (see appendix A for the

basic mathematical theory) to the particular case where the arbitrary surfaces are isosurfaces of the spatial density ¢' or

isosurfaces of the specific value &’ In order to do so we define the velocity field w (introduced in a general way in appendix
A) by specifying that its component normal to atbh-surface equals the speed of displacement of that cII'—surface, that is,

dy¢

dt

This equation defines only the component of w normal to the d_surface. The component of w tangent to the d_surface is
set to zero (thus, w is completely defined by the field ¢'). Letndy = T¢|T¢|_l be the unit vector normal to the ®-surface.
Thus, we define

Weh = —d3’t|?d3|_lnc|3,(2)

and therefore the -surfaces are material surfaces with respect to the velocity weh. The label b in Wweh makes explicit that
there is a field wgh for every fluid property ¢' but there is only one fluid velocity field u. The definition of the fluid velocity
for a®-observer (an observer moving with the field wgh, or awgh-observer) reads now v(f: = U — Weh. As atrivial example

note that ¢’ =0— Vdh - neh = 0, which implies, for example, that all diapycnal fluxes of aincompressible fluid (.l‘j =0) are
zero (isopycnals are material surfaces). With weh so defined, the following relations hold:

+

db=¢,+(w, +v,) - Vb=v,-V, (3a)
(.-Ib.r = _w:.h ) vd)' (31)}

Relation (3a) means that the rate of change of d in afluid particle is equal to the fluid advection relative to the d.observer
(for a®_observer the fluid veloci ty isveh) because & is congtant in the places he occupies during his own motion. Relation

(3b), [equivaent to (2)], means that the temporal change of d in afixed spatial point X is equal to minus the advection of ¢
by the wg field. Note that the absence of time derivatives of & that follows when employing, say, ~Wgh - V& instead of

b P is only apparent, since the temporal change is included in the definitions of wgy and vi.

Appendix A shows that the general balance equation for ¢'(x, t) can be written as (A8). Combining both the genera
balance (A8) and (3a) we obtain, in the absence of supply z,

v,V + ¢V-u = —-V.h,, (4a)
pv;,-Vd = —V.h,. (4b)

For incompressible fluids, relation (4a) states that, at a point X, the advection of ¢ apparent to awgh-observer equals the
(minus) divergence of he. SinceV - heh(x, t) can be interpreted as the flux of he, across the boundary of the point x,



integral expressions of (4) on arbitrary curves and surfaces (next section) are related to fluxes of hgy across the boundary of

these arbitrary curves and surfaces. This concept is an expression of the one- and two-dimensional (2D) versions of the
divergence theorem. Furthermore, the incompressibility condition does not need to be imposed if instead of (4a) we consider
specific quantities and use (4b). This latter option is more general (it only assumes mass conservation) and leads to

expressions involving the transport of mass across +-surfaces.

In order to integrate (4) over ad-surface it is useful to establish an orthogonal curvilinear coordinate system (vl, Ve, v3)
=1€x, 2, v, Px, 2], in such away that V& - V&b = 0 (see Fig. 1 @=). This orthogonal coordinate system differs from
the nonorthogonal coordinate system that consi ders¢' as the vertical coordinate and (x, y) remain unchanged (e.g., the
density coordinate system used by Tziperman 1986). The problems we shall consider in the next section are, for simplicity,

2D [in the (x, 2) plane], and therefore functions do not depend on y. However, we continue working in the three-
dimensional (3D) space (considering the y coordinate) in order to use the general tools of the vector and tensor algebra. The

Jacobian of the transformation isJ = |T'd3|*1|?§|*1. Because of the orthogonality of the transformation the reciprocal basis
and tangent basis vectors are parallel:

el = V¢ e?=Vy = e’ =V
IVEI2e! e, = e? e; = IVl?e?, (5)

€

and therefore the unit reciprocal-basis vectors and unit tangent vectors coincide, ng =¢l= e = |V§|_1?§,é2 =é&,=j,n
b= &%= &= |"-F’C|3|*1"'F'd3. The differentia arc length aong the g—coordi nate curve isdl(1) = gfl/ 211 dﬁ = Wﬁrl d'i and

the differential area vector in the coordinate SJrfacer = constant is
ds(3) = I o dy = nplVE[ ™ o dy = nep dly di(2).(6)

Having set in this section 1) the general balance equation for & in terms of the fluid vel ocity vgh relative to ad-observer

(4), and 2) the orthogonal curvilinear coordinate system with b providing one of the family of surfaces, we are now in a
position to integrate (4) over a¢'-surface and relate the volume and mass transport (next section) across acb-surface to the
vector flux h¢,.

3. Volume and mass transport

First, we assume the fluid is incompressible and obtain the volume transport across ad_surface. In order to do so we
multiply (4a) by |"'F"5|3'|_1 di(1) dy=J ﬁ dy and integrate on ad_surface. Us ng the expression of the divergence of a vector
field A in terms of its contravariant components Al

V-A=1J '%UA‘), (7)

we obtain

€2
Vo dS {3)

£1 ¥

__[” ighi) + i(ﬂr-*) dédy.  (8)
— ). ) |e¢ o g

(For clarity we drop momentarily the symbol & from heh). Since Jhl = |Td3|_1|?§|_lh cel= |"'F"2|3|_1h . ng, and Jh® = |
VO UVEh . e3= V€[ . nd,, relation (8) can be partly integrated,



,&f.’ Vg Ngalll)= —4y|ivel - “szu
Ll €y £2) -

£y J

— rﬁ}"
£ a¢'

(IVE'h - n,)dé
(9)

Note that vy - neh di(2) is the volume transport (by unit distance in the'y direction) across the differential surface
element dS(3). Here dI(1) is the distance measured on the d_surface a ong the g—coordi nate curve. Symbol LCIJ(E’l’ E’z)
stands for the path on the db_surface from E:, = gl tog = gz- In the most general case the Iimitsi‘::.1 =& 1(‘5|3') and gz =& 2(CIZ')

are arbitrary and therefore depend on ¢ (see Fig. 2a©=). Since these limiting functions, & , and & o Must be specified for

every case, we can employ Leibniz' s rule to relate the integral of the derivative to the derivative of the integral, and write the
second term on the right-hand side of (9) as

Eale) p
—(IVE"'h - n,) dé
Epidh) 0
&, dé,
=—|=2IV¢th-n,| +|=IVEh-n,
aﬁt' ll E=£; t:)(ﬁ ‘ &=&
Ealls)
+ — IV&l-Th - n, dé. (10)

a‘;b 1':"-[[1’."!}

Note that |V§|*1a§1,ga¢ = [VE[IVE - ar, Dy = ng - 4R, ,(Dy/ah, where R, ,(d) isthe position vector of the

pointsin the limiting curves.

For limits gl and gz not depending on b (asinFig. 2b ©=) the first two terms on the right-hand side of (10) can be
removed and relation (9) is finaly written (dividing by Ay) as

vf." ' “u’: dj{l}: —[lvq‘)l Ik - ng (£2.4)

(&)
LplE1.62)

d

- — h-n,dl(l). (11)
I Lolé1.E2)

This equation is one of the main results of this work. Note that it is independent of the parameterisation chosen for the ﬁ
coordinate curves (this must be the case because only bisa physically measurable field). Physically, relation (11) means
that the volume transport across a limited db-surface equals the flux of h across the d.surface boundary in the (ﬁ, Y, ¢')
space. The boundary of the d.surface in this space is formed by the two points [(ﬁl, ¢') and (ﬁz, cb)] plus the two limited

surfaces ® + 5 = constant. This latter concept (the flux of h across these two boundary surfaces) can be understood by
considering that



= lim (26¢) ]U [, &) dé
Ggr—{) Ey(eh '

Laleh )

- f(¢-, &) dgl, (12)

Sl )

whered* = d + 5. 1n order to compute the second term on the right-hand side of (11), choose two points [(ﬁl, ¢')
and (E:,Z, ¢')] over any d_surface (see Fig. 3 ©@=); move normal from the d_surface to get the four points, (gl, Ct'i) and (
E’z' c|3'i'); integrate h - ngy along the surfaces bt (curvesin 2D space) from gl to gz; compute the difference; and divide by

25¢'. These arguments show that (11) isin fact an expression of the divergence theorem (..r &script; V - h dv =[fy917,1])
1/ h - ds) applied to a curve. Previous formulations related to this development are derived and discussed in appendix B.

The physical dimensions of (11) are those of volume transport (volume/time), and therefore (11) is independent of the
physical dimensions of the balanced quantity b, In this sense (11) may be interpreted as an expression for the volume

conservation in terms of the volume transport across ad-surface. If the divergence term in (4) were kept in the previous
development, we would have obtained a relation similar to (11) (with some additiona terms) which, while not expressing
volume conservation, would be a mathematical identity since no constitutive equation for the flux h has been adopted. Thus,

the balance equation for dis used, in this development, with the purpose of taking into account the relative motion and
geometry of the cllsurfaces.

Relation (11) is however different from the expression of volume conservation of the d.surface (area conservation in the
2D case). This latter concept is instead presented in the appendix A and is given by (A4). Applied to wg, this means that the
rate of change of the d_surface volume (ared) equals the volume transport, across the d._surface boundary, of the
incompressible fluid. Both concepts are however related when the arbitrary volume is defined by a closed (unlimited) .
surface (or a number of closed ¢'i-surfaces). In this case we have

d, (A9)
- dv = — v, -dS(3)

df T ehy Ay

(i g
adJ A1 eh)

meaning that the rate of change of the volume enclosed by ad-surface equals the flux of he across the db_surface

h,-dS(3),  (13)

boundary.

A more general way of dealing with similar problems is based on the conservation of mass instead of the conservation of

volume. This aternative approach starts from the balance equation (4b), using therefore the specific field '&’ = ob ingtead
of the spatial density b, Now v&; is the velocity of afluid particle relative to the observer moving with velocity W&; on the

surface &’ = constant. The relation equivalent to (11), and the second main equation of this article, is
— . (&a. B
pvJJ ) nr}: d'l,[l) - [Iv¢| ]hrj'J ’ “{;’Lgl_;}:.
Lr_i|['§|-'§2:

d

- = h, - n; dl(1).
ad) LilE1.82)

(14)



The first term on the left-hand side is the transport of mass through the limited surface'ﬂJ = const. The terms on the right-
hand side are the flux of hgy across the boundary of the limited &’—surface. In an analogous way to (11), relation (14) means

that the mass transport across a limited &’-surface equals the flux of he across the &’-wrface boundary. Note that, as long
as the mass of a fluid body is conserved and there is no supply z¢, relation (14) is exact. However, it is apparent that most

applications of (14) require the density field be known. The difference between (11) and (14) is important for non-isochoric
motions (divu # 0), like compressible phenomena in the ocean or in atmospheric applications when spatial coordinates are
used.

Relation (14) is different from the expression of mass conservation of the fluid particles on the d.surface. This latter
concept is instead given by (A6), applied to w&;, and means that the rate of change of the mass of the fluid in the 'ﬂ’—surface

(which, in general, is not a material surface, and therefore is not formed by the same fluid particles at different times) equals
the mass transport, across the dsurface boundary, of the (mass-conserved) fluid. Both concepts are again related when the

arbitrary volume is defined by a closed '&’-surface (or anumber of closed %;-surfaces) by

d“.l. {AD)
- pdv = — pv ;- dS(3)

dt b 1 eh)

w2 h,-dS(3).  (15)
a'{f’ ) ¢ | h

meaning that the rate of change of the mass in the volume enclosed by the &’—surface equals the flux of heh across the &’
surface boundary.

When the flux field hey and the ¢'-SJrface are of afull 3D nature the procedure given above must be generalized by the
establishment of an orthogonal curvilinear coordinate system (vl, Ve, v3) = [g(x, Y, 2, n1(% Y, 2, ¢'(x, Y, 2)]. ThusJ =
VE YV HVDIL, ai(2) = (VE L o€, di(2) = (V[ L dy, dS(3) = IV o oy = nhlVE 41 % o dy; It = (VY

7 1 21 _ b iwEL 3, _ wErLo, 1 -
Vil thdy - ng, Iy = VD HVE g, - n,, and Iy = IVE V5 eh - ndb. For control surfaces limited by & and
n-coordinate lines, the generalization of (11) is
£2
v-dS(3) = —|| IVpl'h, - n, di(2)

£

n:

— || IV¢I-'h, - n, di(1)

T

.
" 3 | Mo mediD dI2),  (16)
meaning that the volume transport across adlsurface limited by orthogonal coordinate surfacesg = E’l’ f_f, = gz’ n=nq,

and i = 17,, equals the flux of hgy across the d_surface boundary (see Fig. 4 ©=). The interpretation of these termsis

analogous to the 2D case. A relation equivalent to (16) but for the mass transport [analogous to (14)] may be also derived in
asimilar way.

4. Summary



This work has introduced the general theory of the volume and mass conservation in terms of its transport across
isosurfaces (open or closed) of an oceanographic quantity obeying a general balance law. In the volume conservation case

the moving surface (neither material nor steady) is defined by a constant value of the spatia density b and the genera
expressions obtained relate the volume transport across the c)E'—surface to the flux of h¢, across the d.surface boundary. In
the more general case only mass conservation is assumed, the surface is defined by a constant value of the specific quantity

= a¢', and the expressions relate the mass transport across the &’-surface to the flux hey across the +-surface
boundary. These relations [(11) and (14)], together with the 3D generalisation (16), are the main results of this work. These
expressions differ in general from the expressions for the volume (or area) and mass conservation of the ¢'-surface, being
however equivalent for closed (unlimited) d_surfaces.

Some previous results have been derived as particular cases of the general theory, and have been clarified at the light of
the present generalization and interpretation (appendix B). These previous results are not as complete as the main relations

(11) or (14). For example, the flux of h across the two points (ﬁi, ¢'), i =1, 2,in(11), seem never been simultaneously

included in previous developments. The general expression (10), valid even when limits gl and gz depend on ¢' the mass
transport equation (14), and the 3D generalization (16), are, to the best of my knowledge, also new.

The development introduced here makes aso clear that the selection of the fluid property obeying a balance law is
independent of the underlying physical assumption of mass or volume conservation, and therefore any balance law can be

employed. Thus, the role of the flux hg in this theory is to modify the geometry (shape, gradients, and location) of the d.

surfaces, the final expressions being independent of the physical dimensions of the balanced quantity used. The final
equations are independent of the constitutive equation chosen for the flux field hgh, and the boundary conditions, being

therefore a general development where many physical processes (as interior diffusion and mixing, balance of potential
vorticity, balance of energy, etc.) can be considered.
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APPENDIX A
5. Mathematical Preliminaries

This appendix introduces the mathematical tools for dealing with rates of change of integral expressionsin arbitrary
volumes, the general balance eguations, and the relevant curvilinear coordinate transformation. Let the rate of change of a
field A measured by an observer at point (X, t) having a velocity c(x, t) be denoted by

dA/dt= A +c - VA(AD



where V is the 3D gradient operator, and A, denotes the partial derivative of A(x, t) with respect to time. Let u be the
fluid velocity field. For ¢ = u we simplify d A/dt = dA/dt = A For managing balance equations in integral form in arbitrary
control volumes (i.e., neither material nor steady) it is useful to employ the kinematic identity

r ,
%jfdv: d“'f—l-.f\'f’-w dv

A dt

L

r
- [f. + V-(fw)] dv, (A2)

[see Truesdell and Toupin (1960, section 81)]. The symbol d /dt indicates that the volume of integration 1 is material
with respect to the velocity w. The field w is the velocity of the points that form the arbitrary volume /. The balance
equation for %/ is obtained from (A2) for f = constant, (d,/dt)( &script; dv) = f&script; V. wdo= [fy917,1])z) W -

ds, and states that the volume change equals the compression or expansion of the volume boundary. A steady volume (w =
0) istrivialy conserved. The field v = u — w is the velocity of afluid particle relative to an observer having velocity w, that

is, the fluid velocity for aw-observer. From (A1) follows that d f/dt = fov. Vf, and therefore

d, ., d , :
E ,,.f dv_df .rf dv fv-ds, (A3)

! a1t

meaning that the rate of change of the extensive quantity with spatial density f in an arbitrary volume equals the rate of
change of the extensive quantity in the fluid particles in the arbitrary volume minus the flux of fv (or transport of f) relative
to the moving boundary #1”. The rate of change of volume in terms of v is obtained from (A3) for f = constant.

For an incompressible fluid, V - u=0,V - w=-V - v, thus (d/dt) (f&script; fdv) = f&script; f du, and therefore
(A3) reads (d, Jat)(J &script; f dv) = Jascript; J dv — [fy917,1])4) fv - ds that is, the rate of change of f in an

arbitrary volume is related to the change of f in the fluid particles inside the volume (f ) minus the the f-transport relative to
the moving boundaries (fv). For f = constant we have

d, B B
E dv = V-vdv = v-ds, (A4)

qr At a1

which states that the rate of change of an arbitrary volume equals the (minus) volume transport (of an incompressible
fluid) relative to the moving volume. For a material volumew = u, v = 0, and therefore, for aincompressible fluid, (A4)
states that the volume of a material element is conserved (d//dt = & Vscript; = 0).

The density of massp is defined by M = f&script; dm = f&script; p du, and mass conservation is

dM  d
—_— = — dv = h+ pV-u)dv =0
| P (p + pV-u)dv .

ptpVou=0,  (AS)

in integral and local form, respectively. Using (A3) with f = p the mass conservation in an arbitrary volume may be
written as

d,,
d_; pdv=—Q pv-ds, (A6)

at a1



which states that the rate of change of mass in an arbitrary (changing) volume equals the (minus) mass transport across
the volume boundary.

Next, we consider some extensive fluid property & = J' b v havi ng aspatial volume density b = ¢'(x, t) obeying the
general balance equation

I
%jcj}du+ h, -nds= | z,dv. (A7)

a4

The field ¢'(x, t) is the spatial volume density of the balanced quantity, heh(x, t) is the true flux vector, zgh(x, t) isthe

spatia volume density of the rate of supply of the balanced quantity, and n is a unit vector normal to the surface boundary.
A balance equation expresses the time derivative of an extensive quantity contained in a volume in terms of its flux through

the boundary and the external source of the quantity. With the concept of mass available (o = p_l is the specific volume)

we introduce also the specific val ue&’ = a¢', that is, the amount of the quantity per unit mass. The local form of (A7) may
therefore be written in the following equivalent ways:

d}.r + V. ("j)u + h;,f.) = Z4s (ABH}
¢+ ¢V-u=-V-h, + z,

it

(A8b)

pp=—V-h, +z, (ASc)

i

Given the mass conservation (A5), Egs. (A8b) and (A8c), express the balance of the same quantity though using different
fields (the spatial density and the specific value).

The previous results have been expressed in direct vector notation in order to show their coordinate-free nature. Now we
assume that |"Fd3| # 0 (the b-surfaces provide therefore a family of surfaces) and will consider this set of db.surfaces as a
new coordi nate surface family. In order to do this we establish a one-to-one curvilinear transformation R(vl, V2, v3): (x, Y,

z)-[x(v , v ) y(v Y ) Z(v , v )] which can be inverted (v , v )-[v %Y, 2,v (x Y, 2),Vv (x Y,

2)]. [This notation mimics that in D’ haeeeieer et al. (1991) but note that v° = ¢'] There are three families of coordinate
surfaces (v = constant, the other two vJ vK variabl e) and three families of coordinates curves produced when one
coordinate v' is allowed to vary while the other two, v/ and VK , are held fixed. Summation convection is implicit in repeated
indices (i, j, k), except for caret () indices. Tangent-basis vectors (tangent to the W coordinate surfaces) aree, = e?iR/e.-“ivi,

and unit tangent vectors é = |e||*1e|, where [e; |*l is the scale factor. Reciprocal-basis vectors (perpendicular to the
coordinate surfacesv' = ci) aree = V', The covariant and contravariant components of a vector d are defined by d. = d

- g and d=d - ei, respectively. The metric coefficients 9i =e - & and gij =g . ej; g= det[gij] = det[g”]_l. The
Jacobian of the coordinate transformation J = J(vl, v2, v3) = a(x, Y, z)/r?i(vl, v2, v3) =€ - e, Xey= (e1 . 2 x e3)_1

= g V2. The differential arc length along a coordinate curve v' isdl(i) = (gﬁ)ll2 v’ =V x WK vl (i, j, keye 1, 2, 3).

The differential element of area in the coordinate surface v' = constant is as(i) = |e_i X e;’\i| dv'l dvk = J|"'F'vi| ! dvk; and

the differential area vector dS(i) = [Vv'[ 1%y d(i) = J o) dvkT'.

APPENDIX B
6. Relation to Previous Developments
Walin (1982) derived his basic equation for the heat balance for a particular configuration of isotherms and heat fluxes. In

order to present in general terms his procedure and relate it to the framework introduced here we start from the balance
(4a), V - u =0, and assume that every dsurface at a fixed timet defines a volume in such away there is a one-to-one



correspondence between & and the volume ’Imf’(di', t). Sincedu =J dd dﬁ dy, volume integration of (4a) and use of dS(3) =
J"'F'¢' o‘i dy leads to ff vih - dS(3) d¢' = —..r V. heh dv. Using the divergence theorem,

v, -dS(3) ddp = —@ h, - ds. (B1)
Differentiating with respect to ¢ (for afixed timet), in the 2D space (X, 2), we obtain

d
v, -dS3) = —— h

[T el ) aclf) [ i1 e

-ds. (B2)

o

The symbol [#/](d) denotes the boundary of 4 which, though assumed a function of @, need not be a closed -

surface. However, when the d_surface is only asmall part of the boundary of %' this expression has redundant information
in the term on the right-hand side, caused by the application of two (in part) inverse operations—namely, 3D volume

integration and partia differentiation. Two-dimensiona integration on the d_surface leadi ng to relation (11) is instead a more
clear and direct approach, expressing in an explicit way the flux of h¢, across the ¢'-surface boundary. Walin's (1982) main
result is a particular case of relation (B2). He used the thermodynamic equation with T=v. h- to obtain arelation

between sea surface heat flow and volume transport across isotherms. The 2D control volume used in Walin's derivation
consists in four surfaces (51, ) 4), two of them are isotherms (T, and T), one vertical deep surface ) 4 and one

horizontal upper surface 52. It is assumed that the heat flux hT(S P hT(53) = 0. Thus (B1) applied to the present case is

Ty
v-dS3)dTl' = —@ h,-ds

E!

—(H, + H,), (B3)

where H = J'& script;, hy - dsisthe heat flux through surface 5n. Denoting G = .rTle vy - dS(3), Walin's (1982)
main eq. (2.7), G = —[dH,/dT] +; — [#H,/dT] ., is derived in asimple way.

Garrett et al. (1995) and Garrett and Tandon (1997) deal with water mass formation and surface fluxes of volume and
heat in terms of mean flow and averaged buoyancy. Buoyancy b = —g(p — p)/p,, where g is the acceleration due to

gravity, and p o is a constant reference density. It is assumed that the fluxes correspond to the averaged flow u. The
decomposition used isb =b + b, u =u + U, with b’ = 0 and u’ = 0. The averaged buoyancy balanceisb, +u - Vb +bV -
u=-V . (bu’). A constitutive equation for V - (b'u’) of the form eV - (Vo) =-V - (b'u"), where . is the buoyancy

eddy diffusivity, is also introduced. We proceed for the averaged buoyancy bin asimilar way to that used for & and define
the velocity of b-surfaces wj, = —bt|TB| nf, so dW _b/dt = 0, and V[, = u — wj,. Since the average operator and partial

spatial derivatives are assumed to commute, incompressibility impliesV - u=0. Assuming that 1) the flux at the ocean
surface (h, = hf, - nf) is given by sea surface heating and fresh water transport (evaporation minus precipitation), and 2)

the flux in the ocean interior is given by the congtitutive equation for V - (b'u’) above, so that -nj, - pu’ = xenj, - Vb=
KE56/5HB, where §( )/on=n - V() isthedirectional derivative in the direction of n, and defining A = ..r Vh, - nfd

1), andD=-J xgoblong, di(1), we obtain, from (11), Garrett et al. (1995)'s main Eq. (1.3), A = —|‘~:-'B|‘1Shs — aD/ab, as
a particular case of (11) and with no approximations regarding the control volume.
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Fig. 1. Schematic showing the 2D orthogonal curvilinear coordinate system (ﬁ, 7).
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Fig. 2. Schematic showing (a) the P-surfaces limited by functions ﬁl =& @) and ﬁz =& (), and (b) the P-surfaceslimited
by E.y-coordi nate surfaces (C.S.).
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Fig. 3. Schematic showing the volume transport across alimited ¢'-surface and the flux of h¢, acrossthe cI:'-surface boundary.
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Fig. 4. Schematic showing a¢'-surface limited by two E, and x-coordinate curvesin the 3D space.
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