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A method is developed to construct the correct O(R_l) term, starting from any
steady solution of the f-plane equations, as the O(RO) term. The expansion is

exemplified starting with a homogeneous fluid, solid body rotating at an Search CrossRef for:
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belong to different families of nonconcentric circles. A water column moves
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keep its potential vorticity, the water column experiences changes of relative
vorticity equal to —(2 — v)/(3 — 3v) times the variations of the ambient vorticity
(Coriolis parameter). The physics of this solution is compared with that of a
circular and rigid disk, studied in Part I.
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1. Introduction



Ball (1963) studied the shallow-water equations in the framework of the f-plane approximation (constant Coriolis
parameter f and Cartesian geometry), showing that “the motion of the centre of gravity of a finite volume of liquid with free
boundaries. . . isindependent of the mation relative to the centre of gravity, and vice versa.” More precisely, in the

absence of topography this center of mass movement is but an inertial oscillation in a circular orbit! and the motion relative
to it satisfies the full, nonlinear, shallow-water equations. Cushman-Roisin and Nof (1985), Y oung (1986), and Cushman-
Roisin (1987) reinterpreted the results of Ball (1963) in a“reduced gravity” setting in which the active volume of fluid is
assumed to be floating on top of a motionless heavier liquid. Aslong as the ambient layer is assumed to be at rest, there is no
mathematical difference between Ball’s setting, a volume of fluid over the surface of the planet (which will be adopted here),
or the reduced gravity ones. Maas and Zahariev (1996) further generalized these results to a three-dimensiona elliptical
vortex moving inside a motionless stratified fluid: in addition to the horizontal inertia oscillations, the center of mass
performs vertical buoyancy oscillations.

Ball (1963) showed that conservation of the energy £, measured in the terrestrial frame, and the vertical component of
the angular momentum 4 play an important role in the motion of the fluid relative to the center of mass, and also proved that
there are exact solutions of the f-plane shallow-water equations, in which the pressure (velocity) is a second (first) order
polynomial of the coordinates; the time-dependent polynomial coefficients satisfy nonlinear ODE. Particular examples of
these “polynomial solutions” were discussed by Cushman-Roisin and Nof (1985), Young (1986), and Cushman-Roisin
(1987), and the general solution of the system of ODE was found by Holm (1991). It is worth recalling that, even though
these are exact solutions the f-plane shallow water equations, they might be unstable, particularly the more elongated ones,
to perturbations in the form of a higher degree polynomia (Cushman-Roisin 1986; Ripa 1987; Ripa and Jiménez 1988; Pavia

and L 6pez 1994).

Allowing for effects of the planet’ s curvature changes completely Ball’ s scenario: the inertial oscillations are not circular
but experience a secular drift, they are coupled with the internal motions, 44 is no longer an integral of motion, and
polynomial exact solutions are not possible. A solid-body rotating vortex in the f-plane (the “lens’), can be shown to be
stable using conservation of ‘£, A, and potential vorticity (Ripa 1987, 1992); even if there were axialsymmetric solutions on
the sphere (with the center off the poles), their stability could not be proved by the same method because 4 is not an
integral of motion.

Through the analysis of a disk dynamics, in Ripa (2000 henceforth referred to as Part 1) it was shown that at low ‘E there
are two distinct parts of the drift velocity c: that due to the inertial oscillations ¢ and that caused by the intrinsic rotation c,,

which were respectively denoted “orbital drift” and “internal drift” for simplicity (both refer to the tranglation of the whole
solution, though, the name distinguishes the origin of the drift; see Table 1 in Part I). The present paper is devoted to the
second effect on isolated vortices; the most difficult problem of a vortex experiencing both inertial oscillations of its center
of mass and internal motions will be left for Part |11 of these works.

Nof (1981) and Killworth (1983) calculated the internal drift ¢, of an isolated vortex in the framework of the classical -
plane approximation of the shallow-water equations, that is, using

x=(L-igRcosy,  y=(0-OR(L)

—where (4, 90) are reference (longitude, latitude)—as Cartesian coordinates, but allowing for a linear variation of f with
latitude. This approximation is incorrect (except in the equatorial waveguide) because the curvature corrections to a flat

geometry are of the same order as the variation of the Coriolis parameter, namely, O(Rfl). However, Graef (1998) proved
that the formula derived by Nof (1981) and Killworth (1983) for ¢, is correct. This does not mean that the classical 4 plane

gives the right description of all other details of the motion, as explained in Ripa (1997, hereafter referred to as R97), Part |,

= 2 gy )2
and this paper. More precisaly, the exact arc element in the coordinates (1.1) is given by ldrl = \/7‘" dx* + d_""
with y = sect, cosd. Therefore, asy — 0 the Coriolis parameter and metric coefficient satisfy

f~ fot By Yy~ 1 = 7y,

where all through these papers the symbol ~ denotes “equal modulo o(R_l),” that is, results with an O(R_Z) error, and
f, = 20} sin#,, B = 20R" cosb,,

T, = R~ tanf,,.

Note that # and = are of the same order, namely R except ford =0.



The inadequacy of the classical -plane approximation is not always clearly recognized. Compare, for instance, the
formulas for the ageostrophic velocity and divergence, in the quasigeostrophic scaling, given by two classical texts
[Pedlosky 1979, Egs. (13a), (13b), and (14) of section 6.3] versus [Gill 1982, Egs. (17), (18), and (28) in section 12.2]: the
former include terms proportional to 7, missing in the latter. In the derivation of the quasigeostrophic model, these “non-

Cartesian” terms cancel out in the corresponding potential vorticity equation, which is then fortuitously described correctly
by the classical 4-plane approximation (Pedlosky 1979;see also R97). However, it is not unlikely that 7, should appear in the

prognostic equation of other balance models, in a correct O(R_l) approximation.

In the spherical coordinates (1.1), the parameters 4 and 7, appear on equal footing because both are O(R_l). Phillips
(1973) and Verkley (1990) choose other coordinates (xp, yp) such that the Xy = 0is the meridian 1 = 4, whereas Yo = Ois
another great circle, tangent to the zonal displacement (4, + di, 6, instead of the parallel 6 = 6. [Phillips makes a

stereographic projection from the antipode (4, + =, —6;) whereas Verkley uses spherical coordinates such that Yo = Ois
their equator.] With these choices of variables the classical S-plane equations are correct up to O(R_l) in a neighborhood of
0 =6, and 1 = 4 thisis appropriate for problemsin a small domain fixed to the earth (such as a sea) but not for the
solutions with a secular zonal drift, such as those studied in this and companion papers, since the requirement 4 == g is
eventually violated. Approximations are not uniformly valid in time because the drift is along the great ci rcleyp =0, instead

of the paralld of latitudey = 0. (See R97 for a quantitative comparison of the predictions for a single particle made by
Verkley's system, the classical £ plane, and the full equations.)

In order to derive approximations that are uniformly valid in time, in Part | were defined moving coordinates (X, y') by
means of a stereographic projection from (/10 + 7 + 0Qt, —90), where 9Q = cR 1 sect. In the new frame a particle has a

velocity U’ =u — yci and is subject to the action of the Coriolis force —f'Z x u’ and the imbalance between the poleward
gravitational force and the equatorward centrifugal force —Vd' (called “geoforce” in Part 1), where

50}
l'= 1+ :
f o)
| o1\ 61
F= = + — | —R2(Ff2 — F2).
@ 41 2Q) Qﬂf fo)

In terms of these coordinates, the arc element and the terrestrial Coriolis parameter are exactly given by

ldrl = § Vdx"? + dy'?, i 7= 1+ a0+ VR, pgr = @F - i+ V.

~ Thetransformation (X', y') — (X, y) isgiven by in appendix A of Part I; if the interest is near
132 2 = p =
\/*1 + Y - 0, making an expansion in r/R, it is also shown in Part I:

x —ct~x + 1,x'y, y~y - Eﬂ,x'z. (1.2)
This yields a transformation of the horizontal velocity components, u ~ (1 — Oy)i: andv =Y , of the form
U—C~ U + X, V-~ 0 XUy (1.3)

where U’ ~ X and v’ ~ Y. Furthermore, since 0Q/Q = O(R_Z) [i.e,c= O(R_l); see Part 1],

fr— fy+py. P~ fooy, Y- 1

From these expressions it follows that the correct O(Rfl) equationsin (X', y') coincide with the incorrect f-plane



equations (i.e., without the 7, terms) in the coordinates (x — ct, y). Consequently, aslong asc is chosen so that the
solution’ s domain remains bounded in these coordinates, the classical -plane equations give the right solution in the wrong
frame. Note that the circle (X, y) = a(cos¢', sin¢') isnot seenasacirclein (x — ct, y) but as(x — ct)2 + y2 ~ a2(1 + 175

cos‘ib2 sin¢'): the apparent eccentricity is O(R_l), namely, the same order as the difference with the f-plane solutions. This

problem is not avoided using coordinates (X, y) defined with a Mercator projection, that is, ldrl =YV dx* + d}‘ %
since it can be shown (x — ct)2 + y2 - a2(1 + 158 sin¢') in this frame (see R97). Here on, (X, y) will denote the spherical
coordinates (1.1); variablesa and 7, used in R97 correspond to R and 7R in this paper, whereas "-F‘2 from R97 should here
be set equd to zero.

Asdonein (Ball 1963), only compact vortices are considered here, that is, bounded by a zero depth line, in the two-
dimensional case, or a surface of vanishing pressure perturbation, in the three dimensional case. For nonisolated vortices, the
externa field plays an important role (Nof 1983; Cushman-Roisin et al. 1990; Benilov 1996; Llewellyn Smith 1997; Stern and
Radko 1998); study of earth’s curvature effects for these problems is beyond the scope of the present paper. The purpose
of this paper istwofold: First, bulk formulas (the drift ¢ and the average of the particles zonal velocity <u>, whose difference
is a consequence of the planet’ s curvature) are derived for the genera problem in section 2, without making particular
assumptions on the structure of the lowest order fields (e.g., it need not be a monopolar vortex); these results are shown to
be aso valid for a stratified case. Second, the structure and dynamics of a uniformly translating solution of the shallow

water equations are discussed in section 3. An expansion method to find a genera O(Rfl) solution is derived. The particular

case when the starting, O(RO), field is a solid-body rotating vortex is described and its dynamics is compared with that of
the disk, studied in Part I. Conclusions are finally given in section 4, and mathematical details are left for appendixes.

2. General equations

First consider an homogeneous fluid, henceforth referred to as “the vortex,” in a compact volume bounded by the earth’s
radii R and R + h(x, t), where the horizontal position x is expressed in any coordinates on the sphere. Each water column
moves with a horizontal velocity u(x, t). It isimportant to write down the evolution equations in a coordinate-free form,
namely

ah + V-(m) =0 b
X € ,
ou+ (f+&iXu+Vbhb=10
hix, ) =0 X € dD(1),

where
]
§=2-VXu  b=ghtow

are the vertical relative vorticity and Bernoulli head, respectively. The total volume is conserved

d hd§ = 0.

dr | J,

Ball (1963) derived, in the case of Cartesian geometry, the theorem

dw _ [Du

2.1
di Di (2.1)

for any u(x, 1), where g = (JJ | hu d9/(JS ) hd9 and DDt =4, +u - V. Itis easy to show that it is dlso valid on

the sphere (in any coordinates and frame).2 [If the domain is not limited by h = 0 and the far-field asymptotic condition is of
the form h — h_, then the angle brackets are not an average, but rather denote > := (.,r .,r o hu dS)/(.r J' p (h=h ) d9]



Secondly, the equations of motion for a stratified isolated volume of fluid are
ow+V-u=20
du+ (f+ &z Xu+Vh=0 (x, z) € D,(1),
D3/Dt = 0, d.p = U

px,z, =10 (x, z) € aD4(1),

where D/Dt =4, +u - V+ wa., W(x, z t)isthebuoyancy field,b=p + veu?, and p(x, z t) isthe kinematic pressure

deviation from the atmospheric pressure, in Ball’s volume of fluid setting, or from the reference pressure profile of the
surrounding fluid, in a“reduced gravity” setting like that of Maas and Zahariev (1996). It is easy to see that Ball’ s theorem
(2.1) isaso valid in three dimensions, where< - - - > represents a volume average in the domain D(t).

Different orthogonal coordinates (x;, X,) can be used on the sphere. If the arc element takes the form

ldrl = Vy2dx? + yidx,
then the area element and the differential operators are

dS = vy, dx, dx,,
vh = {FJ"{I Ia_rib)i] + (’}’3 ]a.l.'zb]il"
v ‘u = ?]—I.},j—i{alrl(jfjul) + all.:('}"l“g}],

2:-VXu=y'y Y0, (i) — 9, (yyuy)).

For instance, for the rescaled spherical coordinates (1.1) it is Dx/Dt = u/y and Dy/Dt =13, and the shallow water equations
take the form

Dh | haw _haw)
Dt yox y dy

D ot

== _ (f + 1'{1')*.~_f+£’—'I =0,

Dt Y 0x

oh
dy

Dv ,
— + (f + T7uw)u + g

0
Dt '

with 7 := —y_l dy/dy = R L tano. (Note that z —~ 7, asy/R—= 0.) On the other hand, in the moving stereographic
coordinates derived in Part | and described in the introduction, the shallow-water equations are, exactly,

ah+ V' (') =0,
Ju + (f'+ & xXu + Vb =0 (22

where '?"t is the operator for the time derivative at fixed X' = (X, y') and

1
=%V xXu, b =gh -i-iu'E + @',



Notice that the potential vorticity is the same in both systemsq = (f + g)/h = (f'+ g')/h. Sincey; =y, = ¥, the system
(2.2) for (h, u, W)X, Yy, t) can be explicitly written as

3h + 52V (Jhu') = 0,
@ + 70 Vo' + X + 5 Vgh+ @) = 0,

where ?’0 is the nabla operator, asif (X', y') were Cartesian coordinates.

a. Bulk properties for uniform trandation

Assume a steadily propagating solution. In spherical coordinates, all dynamical fields are functions of (x — ct, y) or (x —
ct, y, 2) for some constant ¢ (which is an internal drift G since inertial oscillations are not included in this calculation).

— 1 '
Consequently, dx>/dt = ¢ and daw/dt = 0. Moreover, from dS =y dx dy and dy/dy = —yz, it follows {Spfﬂ_‘h—} -2 {P T:'*

= — =1 — 2 L
and finaly <v» = 0 implies <”} o fﬂ ({f -fﬂ]“ toutT 2P ‘:} andc = <y*1u>, exactly. (The center of
mass zona velocity U is equal to ¢ due to the lack, here, of center of mass oscillations.) In an expansion in inverse powers
of R, to lowest order it is

) 1
() ~ —fo'\ Byuy + uim, + 2PoTo |

¢~ () + 7{yu,).

These resullts are quite general. They apply to both homogeneous and stratified isolated volumes of fluid. They might even

be valid for a nonisolated, uniformly translating solution, as long as the O(R_Z) terms and the remainder in the integration by
parts of «dp/dy> can be neglected. Notice that to calculate the lowest order contribution to the bulk quantities, namely O

(Rfl), it is not necessary to study the motion of the center of mass [as done, for instance, by Killworth (1983) in the
classical S plang], and it is enough to know the O(RO) solution, which need not be axisymmetric.

It is much simpler to calculate bulk formulas for homogeneous or stratified uniformly propagating vortices in
stereographic coordinates, for which the solution is steady, and therefore <u’> is constant (in fact, ¢ must be chosen so that
<u’> = 0). Using Ball’ s theorem (2.1) with dcu’>/dt = 0 yields, exactly,

(fru’) =2 X (V'(p + D).

Now <V'p> is proportional to IT (1/2"\?"h2)']-:’2 dx’ dy’ in the homogeneous case or to I ("'Tr"'p)'ir"2 dx’ dy’ dzin the
stratified case; integrating by parts it is found <V'p> = O(R*Z) in both cases because ¥ = 1 + O(sz) andp=0inthe
boundary. Using &’ focy', it is then found <y'u’> ~ —foci’; that is, f<y'> = O(sz) and

C— —ﬁf_10<y'u’>.(2.4a)

Even though «u’> = 0, from (1.3) it follows

W~ Cc+ r0<x"l_1’>(2.4b)

and zyXu’> = O(R_z). These results can be cast in a form more similar to those obtained for the disk, in Part I, as

follows. Writing the horizontal velocity field in terms of the rotation velocity (X, Yy, 2) and radia velocity u/r(x’, Y, 2)



r I

from d«x'y'>/dt = O it follows <'J-:’*1(y’u’ + x1¥)> = 0, and therefore <y'u’ + x> — 0. Consequently, since
oty Aoty — 1 .3 B Y e By L | L
Gu')y = &) = (wr?), is finally found »'u') (x'v") 2(wr?), which implies

| |
C E;Bfu ]{w'rJ}! (u) ~ E{ﬁfu '+ T{J)<wr2)= (2.5)

which are exactly the formulas obtained for the uniformly propagating disk (see Table 1 in Part | and recall that

Bfo' + 7o = Bfo’ 5ec20y). o on made is the ex - i
J 0 ( J 0 0.7 Notice that the only assumption made is the existence of a uniformly propagating
solution (an approximate example of which is given in section 3): it is not necessary to make any hypothesis on the shape of
this solution (e.g., the lowest order field need not be axisymmetric).

3. Structure of the purely translating solutions

For ssimplicity, a homogeneous vortex will be considered here. In order to find the structure of a vortex in pure
precession, ’?"t = 0is made in the exact evolution equations (2.2). The first one is satisfied defining a transport function, hu’

= x "'F"|‘, which can then be used to write the potential vorticity as
'+ V'(h 'V
I .

The second equation in (2.2) then impliesb’ = B(q) and i = ¥ (q), where the functions B(qg) and ¥ (q) could be
multivalued and are related by

q

dB d¥

— = qg—.
dg ‘;a’q

These represent coupled and highly nonlinear differential equations for ¥ and h, to be solved in the domain inside the h =
0 curve (which is part of the solution), and such that c is an eigenvalue (hidden in the definitions of both b’ and q) to be
determined by the requirement of steady and well-behaved fields. Thisis hardly a problem to be solved “on the back of an
envelope.”

Solutions are thus found making an expansion in R 1 and worki ng with (2.3), which uses (X', y’) as planar coordinates.
To lowest order it is

v:m : (hn“::} = 0,
wp- Vowy + o X uy + gVihy = 0, (3.1)

and to first order inR ™1, it is

7 hl - v:: ) (hn“: + h]“:l)
u, ug- Vou; +up-Voug + f,Z X ug + gVih,
o (3.2)
F/ )

wherein



are grouped the leading term of —Vd and —(f' — fo)i x U'. These are the equations to solve in order to find the lowest
order correction to the vortex structure. The a priori formula for the drift velocity (2.4a) follows from the condition <F> = 0.
Clearly, (3.1) is no more than the equations for a steady solution on the f plane: A reasonable choice for (h,, u/o) isany

stable equilibrium and appendix A shows how to useits (f plane) normal modes in order to calculate (h, ull).

The simplest form of the lowest order solution is probably a circular vortex in (anticyclonic) solid-body rotation, w = —vf
= const, which implies

o N P .
Uy = I‘ffn}' L) v, = ]'ffuf‘- L)

v(l — v)fia* — r?), (3.3)

D | —

ghy =
where obviously 0<v <1and 0 S 1< aThe apriori formula (2.4a) gives
I
c = ——vBa’. (3.4)
6
In appendix B it is shown that the O(Rfl) solution can be written in compact form as
l ' ! 2 a
gh = E.f:.[fw( I=w)fo+ (1 +3v)By'la®—r?)| (3.5a)

. efoh?
21 = wlfe + BYIG = 3P

1 (3.5b)

+ O(R ). Notice that, if h and u’ (=h L& x "'?""|‘) are written as polynomials in the coordinates (X, y"), neglecting o(R™ 1)
terms, these polynomials are one order larger than that of the exact f-plane solutions discussed in the introduction. Two
nondimensional parameters characterize the vortex (3.5), v and

_ Ba(l + 3v)
TR (1 — v’

in addition to the environmental parametersf,, £, and z,; asin the analysis of the disk presented in Part I, z, only entersin
the transformation back to spherical coordinates (X, y') == (x, ).

To second order, the total vertical vorticity is given by

f+&é&E=0 -2 f, + L + O(R?). (3.6)
3 - 3v

The gradient of relatively vorticity —#(2 — v)/(3 — 3v) is opposite to the planetary vorticity gradient 8, and is very
important: its smallest value, corresponding to v —* 0, equals —(2/3)p; for solutions with anticyclonic absolute vorticity (v >
1/2) changes in the relative vorticity are larger, in magnitude, than those of the ambient vorticity.

The height field can be written ash = (1 + 3gy'/a)h(r); solutions will be restricted to |g| < 1/3 (although formally itis&
<% 1), so that the boundary is the circle h0 = 0. This condition can be seen as limiting the alowed radii a as a function of v,
namely, Sallf 5 < 6v(1 - v)/(1 + 3v); the right hand side reaches a maximum of 2/3 at v = 1/3. The total vorticity can be
written as



4 S T

and thus it has the same sign al over the domain of the vortex, because

bev 1
— { —-.
1 + 3v 2

Notably, to the order resolved the relationship between Bernoulli head, transport function, and potential vorticity is the
same as that of the O(RO) solution (valid on the f plane), namely

B(g) = Alg + b,

| . 3.7
V(g = Er‘*fff G-

= p2f242
where A = gf,(1 - 2v)2/(1 —v)and bﬁ =¥ _f”u /2. Notice that d¥/dq = —A/q3 is negative (positive) if v < 1/2 (v

> 1/2), that is, if the total vorticity is cyclonic (anticyclonic). These vortices are circular but not axisymmetric. The
applicable formal sufficient stability conditions (derived from the conservation of pseudoenergy) take the form d'¥/dq > 0

and u”? < gh (Ripa 1991), and are violated somewhere for all & # 0. Consequently, it is not possible to say anything a priori
on the stability of these solutions, unlike the f-plane lens, which is proved stable using conservation of pseudoenergy and
vertical angular pseudomomentum.

The vortex boundary is a circle with radius a. Some points of interest are

! !

X v
Deepest (Vi = 0): 0 £a
No motion (Vi = 0): 0 eal(l + 3v)
Center of mass: 0 0
Center: 0 —ea/?2

+ O(Eza). To lowest order in &, the depth contours h = const and particle orbits W = congt bel ong to different families of
nonconcentric circles; see Fig. 1 ©=. Since isobaths and orbits are different circles, a water column changes its height along

its trgjectory, in order to compensate for the changes of total vorticity (3.6), so that the potential vorticity g = (f + g)/h
remains constant.

Consider a general water column whose orbit has aradius o (ﬂ a); it can be shown that the center is at

2a° — 3rg(1 + v)
2(1 + 3v)a

_‘Fl 1 =

T2 - A2 g
Evaluating u'z+ v 0 along 0 Yo)® |tfoIIowsthat the angular velocity is

anticyclonic and varies linearly with y, as it does E, in (3.6). More precisdly, the Lagrangian tragjectory and relative vorticity
of ageneric fluid element are given by

(x', v") ~ (0, y,) + ry(cosk, sink)

Water column = kK~ —vfy — gﬁ.‘r

2 —

& ~ —2ufy - B‘»‘

1
31



Thisis qualitatively similar to the results obtained in Part | for a disk, namely the coordinates (X', Y') of its center of mass
and the internal rotation  round this point are given by

(X', Y") ~ p(cosk, sink)
l [}
Disk = ko~ —fo= 5BY

1
~ @ — —BY’,
w ~ ® EB

where p is the radius inertial oscillation and @ is the temporal mean of w.

In the case of the symmetric disk, changes of the intrinsic rotation are related to meridional motions through the law of
vertical angular momentum conservation f + @ = const. On the other hand, changes in the relative vorticity of a water
column are more complicated because they are produced by both the meridional displacements and the divergence field

Viou ~ ——px.

The acceleration and driving forces for water particles in any orbit are presented in Table 1 ©=, where f‘o is the radia unit
vector with respect to the center of that particular orbit, and exemplified in Fig. 2 ©=.

In the case of the disk, the acceleration,
i 3 . L.,
=\ fo T E:GY pf,F + EBF’”J‘HF ,

BIOY', 4

tdl—=

is produced by the Coriolis forces due to the orbital motion —[fO + (3/2),8Y’]pf0f‘ and the internal motion
well as the geoforce

~ 1 s — A
—focy = EB(ph.fn — Tw)y'.

The acceleration and driving forces for the water columns near the boundary, r -~ a, are similar to those of the disk’s

center of mass (see Table 2 in Part 1), with the ageostrophic imbalance instead of the Coriolis force and without the internal
Coriolis force. For water columns near the point of no motion, Mo <£_ g, on the other hand, there is a balance between the

pressure and geoforce, sea level slopes down toward the equator, maintaining the uniform translation c.

In order to compute a Lagrangian time average of the balances of Table 1 ©=, recall that f‘o rotates at a nonuniform rate.
In particular, it can be shown that

= _ _ 1 P,

Ly D) V.fu}r

and  Oy'Fy = Sro¥;

|
2
these equations imply that the time averaged acceleration vanishes, as it should.

a. Theclassical g plane

This approximation is formally equivalent to making y = 1 (and thus 7, = 0) in spherical coordinates. Its prediction for

Y s _ -1 .
¢ Bf 0 Q" U il} (Nof 1981; Killworth 1983) coincides with ((2.4a)), but the value of <u> predicted by this
approximation, <u> = ¢ instead of (2.4b), is wrong by a factor of coszeo. Allowing for oscillations of the center of mass, as




donein Part 111, the prediction for the time-averaged center of mass zonal velocity U is aso incorrect (see also Part 1). With
respect to the vorticity, the classical -plane approximation predicts

L - » 1 2 v
d.rv - dv“ - = 2’ I/:F({] - ; I. B.v?
’ - 8

~ (1 + 7oy, v — du) + Tyu

whereas the correct value is obtained using § in (3.6), which gives an

extra term, vf 7y, of the same order as py.

In the classical g-plane moddl, the transformation to the frame moving with the vortex isx" =x—ctandy' =y. The
equations of motion also take the form (2.2), except that the transformed variables areu” = u — c¥, f* =f, f, = f, and " =
cfoy + l/zcﬁ’y2 (Nof 1981; Killworth 1983). These differ from the exact ones at O(R_Z) [for instance, the effective potential

i o 1 i 1 2 3
should be Q" = cf ) y'(1 — 370)") + 3¢By"? + OR) Consequently, the lowest order nontrivial
solutions of (3.1) and (3.2) are formally the same, except that they are posed in different coordinate systems, which differ in
O(Rfl). A similar situation is encountered in the simpler problems of the particle and the disk. In the three cases, the
classical S-plane approximation gives the correct value of ¢ because it uses the same set of equations even though in the
incorrect frame, (x*, y") instead of (X', y'). Consequently, the vortex structure calculated by Killworth (1983) can be
rendered valid reinterpreting (u”, ", h")(X", y") —= (U, 7, h)(X, ¥') (see last paragraph in appendix B). Benilov (1996)
calculated the structure of (u, v, h)(x", y") for anonisolated vortex (h == h_ asr == oo). If the decay is fast enough so

that the geometric terms proportional to ¥r can be neglected, then this solution could aso be rendered valid reinterpreting (u
- C h)(X"’ y") - (U,, w, h,)(X’7 y’)

4. Conclusions

An isolated vortex in arotating planet experiences a secular westward drift, along a latitude circle, and consequently the
natural coordinates to describe the problem are spherical ones. The curvature of the planet has two effects of similar
importance: the change of Coriolis parameter with latitude (the “ 5 effect”) and a geometric one (the convergence of the
meridians towards the poles). For a small vortex both effects are O(a/R), where a and R are the radius of the vortex and
that of the planet; the classical 5-plane approximation represents only the first effect, therefore making errors of the same
order of magnitude as the difference between the f plane and exact solutions. The § effect is best described in stereographic

coordinates that move with the secular drift of the vortex, for which nonplanar geometric corrections are then O(R*Z), but
their drift speed ¢ must be determined a posteriori.

A very simple purely trandating solution of the shallow-water equations is found in these coordinates, which has the form
of the well-known solid body rotating in thef plane, with O(a/R) corrections. The vortex is circular but not axisymmetric.
The isobaths are nonconcentric circles with their centers slightly shifted toward the nearest pole with depth. The orbits
belong to a different set of nonconcentric circles. A water column makes an anticyclonic rotation, decreasing its speed and
the magnitude of its vorticity (which could be either cyclonic or anticyclonic), while shrinking its height, when approaching
the equator. The changes of relative vorticity are opposite to those of the ambient vorticity and large enough to keep a
constant potential vorticity. Two forces produce the acceleration of a water column:the ageostrophic imbalance (sum of the
pressure and Coriolis forces) in the radia direction of the orbit and the meridional “geoforce,” which is the imbalance
between the poleward gravitationa force (due to the deviation of the geoid from a perfect sphere and to inhomogeneities in
the mass distribution within the planet) and the centrifugal force due to the planet’ s rotation.

The model used here is far too idealized to be compared with observations. Real vortices in the ocean or planetary
atmospheres are not isolated; they usually ride on a external field, whose shear may be important, and exchange properties
with the environment. Nevertheless, the results of this paper may be used as a scaling guide of what to expect from

observations. Consider, for instance, 00 = 7/4, and thusfo =1.0x10%4 s_l, L=16x 101 m1 s_l, and 0= 1.6x10°7

m L. Choosi ng as zeroth-order solution a uniform potential vorticity lens, v = 0.5, with aradiusa = 100 km, Eq. (3.4) gives
c=-13cms L The O(R_l) solution studied in section 3 is a very good approximation of the whole solution. For instance,
a physically meaningful O(R*Z) parameter is the relative change of the frame angular velocity when using coordinates

following the secular drift; in this case 0Q/Q = —3 x 109, suggesting that corrections beyond O(Rfl) are not necessary.
Nondimensional numbers measuring the importance of the earth’ s curvature on the geometry (convergence of the meridians

towards the pole) and the dynamics (drift speed over maximum particle velocity) are g, = ;a2 = 1.6 x 102 and

4 15 {'J"r{_lf'ﬂff”] = ilﬂf“"f" =26 %X 103

g

* respectively. Since £,>E&, it is clear that geometric effects



in spherical-like coordinates cannot be ignored, that is, the classical S-plane approximation is quantitatively incorrect.
Consequently, any attempt to describe the physics beyond the f-plane scenario is best done in the stereographic coordinate

frame, following the secular drift. Notice that this conclusion is independent of the size of the vortex, since Eg, £y % a

(their ratio is, in general, Eg/Ed =6 tan2¢90), and thus is expected to hold for solutions large enough for their difference with
the f-plane structure to be more significant. [A similar conclusion is reached using £, defined in the text, instead of & ;

indeed & e = 18 tan?0yv(1 - v)/(1 + 3v).]

Ball (1963) showed that in the context of the f-plane approximation (constant Coriolis parameter and flat geometry), the
internal and center of mass motions are decoupled (the latter being a pure inertial oscillation). Including planet curvature
effects, both motions are coupled and more complicated. The solutions for the vortex in pure translation (done here) and the
general solution for the disk (presented in Part 1) are a first step toward the understanding of this problem. Part I11 will be
devoted to the more difficult task of addressing Ball’ s problem in the sphere, that is, including the inertial oscillations of the
center of mass and their interaction with the internal motion.
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APPENDIX A
5. Derivation of the O(R_l) Uniformly Translating Vortex Fields

As explained in the main text, the solution (h,, u'o) of (3.1) is any stable equilibrium of the f-plane equations. Its

perturbation normal modes (fla, 4,) are calculated, in the f plane, as the eigensolutions of

: h 0
(D —iad)."|=1{,) (A.1)
i, 0
where the operator 02 is defined in (3.2). These eigenmodes satisfy an orthogonality condition of the form
h=_a*) . B, 0)=0ifa*b(r2)

where the centered dot denotes a linear operator. A very simple example will be given, and used, shortly: (oh, Jéu) - (dh,
du) is the pseudoenergy of the perturbation (sh, du) superimposed to the basic flow (h,, u’o). Since these modes span a
complete basis, the solution of (3.2) is easily found to be of the form

h i E:{t’ %) - Us F h
oy LWL )G B () ) 3
u] i w{.l [hjf! uf::) ’ [JT{H ua} “‘f)

There are two important points to make about this expansion.

I A
. The solution of (3.2) is defined modulo modes for which {ﬁa ? ua) {U, F) vanishes trivialy.

(h*, 0%) - (0, F) = 0;

. For al modes such that d:a =0, it must be required ~ " * * thisis the condition that gives the

eigenvaue c. These modes are also part of the null space of the solution to (3.2). Since the origin of f-plane solutions
can be changed at will, two of these &, = 0 modes are (h,, a;) = a,(hy, ug) and (h,, a,) = a,(hy, up.

In the particular case of the basic flow (3.3), the eigenmodes of (A.1) are derived in (Ripa 1992):§ the pressure field gﬁa

and the polar components of the velocity field G, take the form of a polynomial inr times eimcb, where mis an integer, and
the dispersion relations are given by the roots of



m#= 0, n=0:

l‘:'Z-I:Ei"-‘ - fl.::f ”I.f:k

vl — »f; Wy

= 2n(n + Iml + 1) + Iml,

m=0,n=0:

wy = 0
+f,V1+ 2p(1 — v)(n — Dn + 2),

Wy,
m#= 0, n=0:

|
Wy = _Efm sgn(m)

+ %f,,\/l + 4p(1 — v)(Iml — 1),

where n is another integer, ws = -:“ua +mvf,, and fs =f(1 -~ 2v). The pseudoenergy integral for this basic state is simply

(h#, %) - (hy, 04,) = (hoii¥ - &, + gh*h,) dS.

hg=0

Given the inner product and the form of (A.3), it is clear that:

« All @ a=0 modes with m = 0 are orthogonal to the forcing {u: : F;} = ﬂ; these axisymmetric steady modes

span the trivial part of the null solution of (3.2), which can be absorbed in a change in the angular velocity w(r).
These modes will not be included, keeping a solid body rotating as the structure of the lowest order solution: o =
—vf..

0

T =
Orthogonality of the forcing [H ho=0 Ua F 0) in (3.2) to the nonsymmetric 4 = 0 modes (fla, ay) © 4,
(hy Up and (ﬁa, a,) o r:“iy,(ho, ugy) give the eigenvalue (3.4) and «x'y’> = 0.

. The O(R_l) solution is then obtained making the expansion (A.3) in the norma modes, or by the method explained in
appendix B, which gives (B.4).

The expansion in normal modes is useful for two things. First, imposing orthogonality of the forcing with mode d.,(hy,,
ug) gives the drift velocity (3.4). Second, the solution is defined modulo the addition of this mode that taken as a wave
sustained by the lensin the f plane, is related to the freedom of changing the origin of coordinates. Addition of moded.,(hy,
uo) in the present context is not atrivia result, though, because the set (3.1)—3.2) ishot invariant under a change of the
origin of coordinates (the f-plane dynamics was used only to derive the lowest order solution and the normal modes basis).

APPENDIX B
6. Structure of an Almost Solid-Body Rotating Vortex

The solution of (3.2) in the particular case of the zeroth-order flow in the form of the “lens’ (3.3) could be obtained by



the general method of making the expansion (A.3) derived in appendix A. However, a more direct method is presented next
for this particular case. Equation (3.2) is of the type

'.’DE“O (B.1)
u F/ '

where the forcing F and the response (F;, 11) are assumed to be proportional to eimd). A peculiarity of the lens basic state
is that these perturbation equations are like the linearized shallow-water equations in paraboloid topography, with a Doppler
shifted frequency and modified Coriolis parameter, namely

—iwyh + V- (h,i) = 0,
—iw, + fo2 X 0 + gvh =F,

1 — 2{q2 — p2 = .
where gh" 2 y{l v)f"{a ), Wy m pf“ and f= =f,(1— 2v). The second equation gives

(@2, — 2 )0 = (iws +f23x)(F - gVh);(B.2)

substituting in the first one it is obtained
1 - -
V. E(aﬂ — I)Vh| + wh = F, (B.3)

where

Wl - fl- n mf s

M= -
v(l — ) f; Wy
]
gF =V |=(@—-r)1 - :‘f—*ix F|.
2 Wy

The normal modes, solution of the F = 0 equation, correspond to the eigenvaluesu = 2n(n + [m| + 1) + |m|.
— l:rog 2 — 2.2,
Form=1litisu=1 andF = siBf(1 + 3v)(2a 3r2)r. The solution of (B.2)/(B.3) is

gh, = é.f‘iﬁ(l + 3v)(a® — r* + ka?)y', (B.4a)

1 1 B

P T T

X [(@®> — r*)1 — v) + ka*(1 + 3v)], (B.4b)

1
v, = ——Bx'y, (B.4c¢)
6
in Cartesian coordinates, where the terms proportional to the arbitrary parameter x represent the freedom mentioned
above, namely adding to (/, 1) a term proportional to r:“iy,(ho, uo), which is an homogeneous solution of (B.1). [The polar
+ iv|)e "

r
coordinates of u';; that is, the real and imaginary parts of (5"1 have only terms proportional to cosh and



sin¢', as it should. The solution in spherical coordinates, fixed to the Earth, is more complicated, namely, u = ¢ + vf [y -
Yorp(X — ct)2] + u'1 for the zonal component and v = —vf,(x —ct) + U'l for the meridional one, where (X', y') — (X, y) in the

expression of u'1 and 1_1'1, since they are O(R_l) terms.]

The second-order solution isthen h = hO +h; + O(R_z) (and similarly for the velocity fields U’ and 1Y), and is obviously

valid in the domain determined by h = 0. Notice that if « = O the boundary of the vortex isthe circler =a. A simpler
representation of the solution is obtained as follows. First, the absolute vorticity is given by (3.6), independent of x. Second,
an appropriate transport function is given by

12(1 - v)fF=gh?) - ghfBl(L + V(% — 80 — xal(L + )]y,

the rotated gradient of this function gives (h, + hl)u'o + hou'l not (h, + hl)(u'0 + u'l) but, since the difference between
both vector fields is O(R 2), ¥ can be redefined to be equal to the expression in (3.5b) so that Z x V!l = (hy +h)(uy+u

1)- Finally, forg = 0(1) and & <& 1, the parameter x gives only atrivia displacement (0, (3/2)x&a) of the whole solution;

for example, (3/2)x&a can be subtracted from y' in the formula (3.6) for the total vorticity, within the same order of
accuracy. The second-order solution is then given by equations (3.5), where it has been chosen x = O, for simplicity.
Killworth (1983) obtained the equivaent of solution (B.4) for x = -1 and v = (0, %, 1), but in the incorrect frame used by
the classical f-plane approximation: (x", y") instead of (X', y'). [There are discrepancies between the solutions published by
Killworth (1983) and those of this paper, though.]

Tables

Table 1. Uniformly translating vortex, as seen in a stereographic projection following the secular drift. (The entries are the
factorsthat multiply the vectors defined on top of each column.) For aparticlein an orbit of radius "o (Q a), theradial and

meridional components of the accel eration are produced by the ageostrophic imbal ance (sum of the Coriolis and pressure forces)
and the “geoforce” (sum of the equatorward centrifugal force and the poleward gravitational one); see Fig. 2

4 1
Acceleration —p? ——p wa’
Coriolis —p

1
Pressure v— ¥ v *Ev(uz - )

1
Geoforce 0 0 gml
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Fig. 1. Structure of acircular and almost solid-body rotating vortex, Eq. (3.5), in a stereographic projection following the secul ar
drift. The effects of the earth’s curvature are exaggerated. The orbits (solid lines) are contours of potential vorticity, transport
function, or Bernoulli head; the three fields are functionally related in Eq. (3.7). Dashed contours are isobaths. Notice that in each
orbit the depth increases with the distance to the equator; the absol ute vorticity changes likewise, in order to conserve potential
vorticity
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Fig. 2. Excess acceleration and forces, from the f-plane balance, for the boundary, one internal orbit, and the point of no motion

[see O(Rfl) contributionsin Table 1 @=]. Thisdiagram is similar to that corresponding to the inertial oscillation of a particle or
disk, except that the Coriolisforceis here replaced by the ageostrophic imbalance, that is, the sum of the Coriolis and pressure
forces. The (larger) smaller the orbit the more meridional (central) the pressure forces are; in the limit of the point of no motion,
thereis an exact balance between the “ geoforce” and the pressure force

1 Ball (1963) studied amore general case with a paraboloid topography. However, if thisis concave and of revolution, then in the f plane thereisa
transformation to a rotating system which “ eliminates’ the topography while changing the value of the Coriolis parameter (Ripa 1987).

2 Since (d/dt) ffD wh ds:ffD 8, (uh) dS+[fy917,1])3, xhu - R dl :f..rD [, uh) +V - (uhu)] ds:ffD h Du/Dt dS.

3 There are two typos on p. 404 of (Ripa 1992): aright parenthesisis missing in the equation for P, it should finish“. . . ng-U)P =0, anda+

signismissing in the line after dispersion relation, it should read “where ¥2:= 2n(n+ |m|+ 1) +|m|(see. .
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