Signin

AMERICAN METEOROLOGICAL SOCIETY
AMS Journals Online

> oy
] e
o I ¥ g b 4

B -, ]
S T

|
= AM[EICAN < Ty
T TSR OCHRL S
o o2kl &

AMS Home  Journals Home  Journal Archive  Subscribe  For Authors  Help

Advanced Search SR G

Full Text View

Volume 29, Issue 5 (May 1999)

Journal of Physical Oceanography
Article: pp. 948-968 | Abstract | PDF (341K)

Frontal Instabilities in a Two-Layer, Primitive Equation Ocean Model

Xiao Bing Shi and Lars Petter Rged
Norwegian Meteorological Institute, Oslo, Norway

(Manuscript received July 31, 1997, in final form June 12, 1998)
DOI: 10.1175/1520-0485(1999)029<0948:FI|ATL>2.0.CO;2

ABSTRACT
Table of Contents:

A linear stability analysis combined with an energy analysisis performed to
discriminate between the various instabilities that may develop at upwelling
fronts. In the present study, a two-active-layer model of finite depth is
considered. Thus, the model includes a variable across-front bottom
topography, a soping interface, a surface elevation, and variable densities in the
two layers. In addition, the energy analysis departs from earlier studies in that it
makes use of the available gravitationa energy to replace the conventional
potential energy. The concept of available gravitationa energy is akin to available
potential energy, but avoids the constraint of considering a closed basin.
Interestingly, the earlier findings of two preferred bands of unstable waves are
retained in the present model. The first band (wavelengths of 10-30 km) is
associated with the so-called frontal instability (frontal mode), and the second
band (wavelengths of 60—70 km) is associated with a mixed barotropic—
baroclinic instability (mixed mode). The growth rate of the frontal mode is
typically in the range of one to two days, while the mixed mode is typically
three to five days. Although the frontal mode dominates in most cases, an
exception occurs when the horizontal shear (in terms of the jet speed divided by
the frontal width) becomes large. Indeed, the frontal mode ceases to exist when
the frontal width becomes small enough, depending on the horizontal viscosity.
Another exception occurs when the frontal jet is caused by the sloping interface
only (no upper-layer density front). In this case the frontal mode is cut off,
lending further support to the theory that the smaller-scale waves found in the
coastal transition zones of the world oceans indeed owe their presence to the
existence of the upwelling front. When the vertical shear is increased, the
present analysis reveals that the growth rates of all the unstable waves, in
particular the waves associated with the frontal mode, are increased. Moreover,
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the mixed mode ceases to exist as a preferred band of unstable waves. A final case shows that the frontal mode is
unaffected by a sloping bottom topography. Thisis in support of the suggestion that the frontal mode is trapped to
the upper layer. Experiments with a numerical multilayer, primitive-equation ocean model support the findings of the
linear stability analysis, both qualitatively and quantitatively. They also reveal a complicated nonlinear wave-wave
interaction causing a transition from the well-organized linear instability wave pattern toward a new organized pattern
of much longer scale, filament-type, structures.

1. Introduction




In the following, the linearly unstable waves that may grow at an upwelling front are investigated using a linear stability
analysis combined with an energy analysis. This subject has recently been treated by Barth (1989a,b;1994), McCreary et .
(1991), Fukamachi et al. (1995), and Y oung and Chen (1995). The present work extends these studies in that an arbitrarily
varying mixed layer depth and surface elevation are included and the density is allowed to vary laterally in both layers.

The study is motivated by investigations revealing the mesoscale structure in the upwelling area off the western Iberian
Peninsula (Haynes et al. 1993; Sousa 1995). In the traditional view, upwelling-favorable winds force an offshore (Ekman)
transport in the upper ocean, leading to a persistent upwelling of cold and nutrient rich water from below. This causes an
upwelling front to be formed offshore that separates the cold saline coastal water from the warmer and fresher ambient
water offshore. Such fronts are characterized by sharp lateral gradients in velocity, density, and biological fields and are
most commonly observed in eastern ocean boundary regions (Northern Hemisphere) such as the coastal transition zone
(CTZ) off the western Iberian Peninsula, the northwestern coast of Africa, and the Oregon and California coasts. An
example is provided in Fig. 1 @=, which shows a satellite image of the sea surface temperature off the Iberian Peninsula.
This image reveals that the upwelling affects the open ocean due to the formation of large-scale upwelling filaments and
squirts, which may reach as far as 200300 km offshore (Sousa 1995).

Also visible in Fig. 1 @= are smaller-scale ingtabilities with wavelengths of approximately 15-30 km. The smaller-scale
waves are postulated to be the result of instability mechanisms and are the focus of this study. It is of interest to note that
these mesoscale structures are reproducible by numerical models, provided a sufficiently high resolution is used (Stevens et
al. 1997).

Of particular relevance to the present study are those of McCreary et al. (1991) and Rged (1996). As for instance revealed
by Reed (1996), filaments strikingly similar to those observed off the Atlantic coast of the Iberian Peninsula may be
reproduced using a simple 1%%-layer model featuring a realistic coastline geometry. Moreover, Feliks and Ghil (1993) studied
the evolution of frontal waves using a QG rigid-lid model with several modes in the vertical. They divided the formation of
frontal waves into three stages. At first, the evolution is mainly due to linear instability, the second stage is characterized by
eddy formation, and finally, eddies grow into filaments that shoot out from the coast.

a. Earlier work

There have been many mathematical and experimental investigations of the dynamics behind upwelling filaments, squirts,
and eddies. Whereas the earlier studies used quasigeostrophic (QG) theory, the more recent studies have been based on
primitive equation (PE) models. The latter is important since the QG approximation severely restricts the number of possible
instability mechanisms. A review of some of the earlier work pertinent to the present study is given by Fukamachi et al.
(1995), and only a few comments and remarks are therefore provided here.

In his pioneering study of baroclinic instabilities in a two-layer, constant density, QG model, Phillips (1954) found that the
fastest growing, baroclinically unstable waves had the wavelength 4 = 27zR(Hd/H)1/4, whereH and H qae the thickness of
the upper and bottom layers respectively, R = { gApHH /[f%p,(H + H )} 2
is the gravitational acceleration, Ap is the density difference between the two layers, and Po is areference density value.

is the internal Rossby radius of deformation, g

Using values typical for the region off the Iberian PeninsulaZ, = 60 km, which is much longer than the 15-30 km

wavelength observed in Fig. 1 ©=. It is also substantially shorter than the 100-150 km distance separating the filaments
(Haynes et al. 1993; Sousa 1995). Neither of these waves are therefore caused by the mechanism proposed by Phillips
(1954). Thisisto be expected since his theory assumes that the basic state consists of a constant velocity balanced by a
linear thickness deviation. When the horizontal density structure of the upper ocean is considered, a new type of unstable
wave-frontal instability wave becomes possible, as shown for instance in the more recent studies of Barth (1994),
McCreary et al. (1991), and Fukamachi et al. (1995).

As noted by McCreary et al. (1991) and later by Fukamachi et al. (1995), prominent new instability mechanisms can be
simulated in PE models that owe their existence to strong lateral density gradients, that is, the existence of a front. This
instability is, therefore, called the frontal instability. To avoid confusion regarding terminology, the frontal instability is here
defined as being that part of the baroclinic instability that extracts its energy from the basic lateral density gradient and/or
density fluctuations.

The work of Young and Chen (1995) is of particular interest. They extended the analysis of Fukamachi et al. (1995) to
include a (linearly) varying upper-layer thickness in addition to a variable density in the basic state. They concluded that,
when alinear slope in the basic state upper-layer thickness is included, a low wavenumber cutoff exists below which the
waves are stablejthat is, longer waves are stabilized. In upwelling areas, however, the base of mixed layer is not a linear
slope, but exhibits a frontal-like structure. It is therefore of interest to study the case when both the basic upper-layer
thickness and density exhibit afrontal structure.

Using a continuously stratified model Barth (1994) investigated the stability of a coastal frontal jet and front and explained
the growth of two modes of instability. Oneisin the longer wavelength band with wavelengths of O(100 km) and extends to
the deep ocean. He postulated that this was a modified version of the conventional baroclinic instability. The other mode was
in the shorter wavelength band with unstable waves of O(20 km), with a much faster growth rate (e-folding time of 1.5
days). Moreover, another form of instability, inertial instability (Hoskins 1974), can aso form if the horizontal velocity shear
is larger than the Coriolis parameter f, but in this case the disturbance will not appear as a wavelike instability.




Barth also used results generated with the spectral, nonlinear model of Haidvogel et al. (1991) to study the instability
associated with fronts and to compare it with his results obtained using linear instability theory. By imposing the same basic
state in the nonlinear numerical model he was able to verify qualitatively the existence of the frontal instability mode by the
similarity of the model and the linear instability results.

Fukamachi et al. (1995) analyzed the linearly unstable waves with a 1¥2-layer model. They obtained two types of
instabilities in this model also, confirming the results obtained by Barth (1994). The most unstable waves were in the shorter
wavelength band (- 20 km) and were caused by the frontal instability mechanism. The other instability was in the long
wavelength band with wavelengths of about 60 km. These waves were caused by a mixture of barotropic and baroclinic
instability and appeared to dominate below a certain threshold of frontal width.

It should be noted that the present model has horizontal density gradients in the layers without having an accompanying
vertical shear since it is assumed implicitly that Reynolds stresses balance exactly the z-dependent part of the pressure
gradient in the layer model. Criticisms of such models were raised by Y oung (1994), who argued that momentum is not
ensured to be uniformly mixed even though the density can be homogenized by strong vertical mixing processes in the
mixed layer. He, nevertheless, developed a partial justification for a model in which the top layer was well mixed in both
density and momentum. Later, Y oung and Chen (1995) found that it was indeed more readlistic to include a vertical velocity
shear in the mixed layer since the long-wave behavior of the Eady mode can be reproduced nicely this way, and that models
with vertical shear make qualitatively different predictions from models without vertical shear under certain circumstances.
Therefore, the results from inhomogeneous layer models should be interpreted with care. Nevertheless, such models have
not yet failed in any fundamental way to simulate oceanic phenomena, for example, McCreary et a. (1991) and Reed

(1996).

b. Present research

The analysis scheme of Fukamachi et al. (1995) is extended below in order to include the effect of bottom topography,
that is, a barotropic mode. To this end, a two-active-layer, finite depth model is considered. In the basic state, the interface,
the surface, and the density in the upper and lower layers are al alowed to vary in the cross-channel direction and,
specifically, to have a (nonlinear) frontal structure. The new scheme also supports lateral density and thickness perturbations
in both layers. Thus, the model contains barotropic and frontal instabilities, instability due to vertical velocity shear, inertial
instability, as well as a conventional baroclinic instability. An energy analysis along the lines of McCreary et al. (1991) and
Fukamachi et al. (1995) is undertaken to investigate the relative importance of the various instability mechanisms present, in
which the concept of available gravitation energy of Pinardi and Robinson (1986) and Rged (1997) is used to replace the
conventional potential energy.

Six cases are considered. Thefirst is areference run featuring a flat bottom and a basic-state jet in the upper layer only.
Thisis achieved by letting the basic-state density in the upper layer (baroclinic mode) and the basic-state surface deviation
(barotropic mode) vary in such a manner that the lower-layer velocity becomes zero. The basic state has a flat interface and
auniform lower-layer density. Although the reference run is constructed to be similar to the basic state considered by
Fukamachi et al. (1995), it differs from theirs in that the basic state necessarily features a barotropic velocity component
(due to the finite depth) to make the lower-layer velocity zero. The remaining five cases are sensitivity cases in which the
various constraints of the reference run are relaxed. While the first considers the effect of a density front combined with an
interface deviation, the second considers the effect of a varying horizontal eddy viscosity; the third the effect of varying the
basic-state horizontal shear (essentially the width of the front); the fourth considers the effect of varying the vertical shear,
in which case the basic-state lower-layer density is alowed to have a weak front as well; and the fifth and last is constructed
to show the effect of introducing a sloping bottom. It should be pointed out that similar sensitivity cases have been carried
out by McCreary et al. (1991), Barth (1994), and Fukamachi et al. (1995), however, using different model configurations.
Finaly, the details and nature of the instabilities are further investigated by comparing the results of the linear instability
analysis with the response of alayered, nonlinear, primitive equation numerical model.

The governing equations, including the basic-state balance, the perturbation equations, and the solution method, are
presented in section 2. The energy analysis scheme used is presented in section 3. Section 4 gives an account of the results
of the linear stability analysis and aso includes the results emanating from the energetics applied to the six cases mentioned
above. Results from the experiments with the numerical model are discussed in section 5. Finally, section 6 offers a
summary and some concluding remarks.

2. The governing egquations

The model ocean is atwo-active layer, finite depth, primitive equation model with lateral inhomogeneity in the layer
densities. As such the model is similar to the reduced-gravity-type models employed by McCreary et al. (1991) and
Fukamachi et al. (1995) but, yet, different in that it includes the barotropic mode. For details on the derivation of the model
equations the reader is referred to Reed (1995). Let h, denote the layer thickness, u; the depth-averaged layer velocity with

components u;, V; in the horizontal directions, and p; the depth average layer density. Neglecting the effect of wind forcing,

diapycna mixing, and fluxes across interfaces (including the surface flux) the governing equations become




)
h, + V-(hu,) = 0, (2)
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where J; is the pressure force given by (neglecting surface pressure)
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The water mass is confined within a meridional channel with x pointing eastward (across channel direction) and y pointing
northward (along channel), respectively. The layer index i (i = 1, 2) is counted from top down (see Fig. 2 ©=). Subscript t
indicates differentiation with respect to time, and the V operator denotes a differentiation in the horizontal direction only. The
Coriolis parameter isf, v, is the eddy viscosity coefficient, p, is a constant reference density, g is the gravitational

acceleration, k is a unit vector along the upward z axis, and D is the ocean depth. Note that the above equations are valid for
an arbitrary number of layers, but for the purpose of this study only two layers are considered.

a. The basic state

The basic state is assumed to be in geostrophic balance and to consist of afrontal jet varying in the cross-channel
direction (x axis) only. The frontal area over which the basic-state variables vary is sufficiently remote from the walls to be
considered afree jet (e.g., Lee and Csanady 1994), that is, not to be impeded by the presence of the walls. Thus, the frontal
areais located at least one Rossby radius away from the walls. Given this constraint, the diffusion of the basic state is small
everywhere, even close to the walls, and may consequently be neglected everywhere. Thus, in accordance with (1) the
basic state is governed by

g 1
Vi=—|Rmn, + sHR, (5)

feo 2

and
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where 7 is the surface deviation, C isthe interface depth (Fig. 2 ©=), and Vi(x), H,(¥), and R(X) denote the velocity,

thickness, and density of the basic state respectively. Note that the surface, interface deviations, and the layer thickness of
the basic state are interrelated such that

7 =-D+H, +H7)
and
€ =-D +H,(@8)
respectively. Thus, only two of the five can be chosen independently.
b. Perturbation equations

To study the possible instabilities that may grow, the basic state is perturbed as follows:




P — lx) + oplx ¥ 1), (11)

where u'i, h'i, and p'i, are the perturbation waves superimposed on the basic state and j is a unit vector along the positivey

axis. Assuming that the horizontal diffusion coefficient is constant and equal in the two layers and that the perturbations are
small to O(&), where & is an arbitrarily small parameter, (1)—(3) can be linearized to give

u, + Vau +uV,j+ fkxu +J =oVu (12)
pu v Vipy, t wiR, = vVpl,  (13)

hi, + V.hl + HV -u! + u!H, = 0. (14)

J.J p

The O(£) pressure gradient fields are given by

1
podi = g|R(Vh; + VhS) + ;Hlvpi

+ %h{‘ﬂ?l + plVn|, (15)
and
poJs = g|V(plH,) + V(R A + —IzzvR
+ %Hgvpi + RVE, + plVZ|, (16)
respectively.

Solutions to the two-dimensional perturbation equations (12)—14) are sought in the form of norma modes;that is,

W, h, ) = (@, by Pyt (a7)

where Q, ﬁ f:' are smal amplitude functions of O(£) relative to the basic state, and vary in the cross-channel (x axis)
direction only, | is an alongfront wavenumber in the channel direction (y axis), and ¢ is a complex frequency with real and
imaginary parts, o, and o;. Thus, unstable (stable) waves are associated with positive (negative) values of o;.

¢. Solution method

Substitution of (17) into (12)—14) gives a coupled set of equations for the amplitude functions (not shown), which are
solved numerically. To this end a finite difference grid is constructed with v, h', p' points located at the center of cells of

size Ax and with U’ points located at the edges of the cells. At the two channel walls x = O, L the conditions u'i =0, U,ix =0,

and p,ix = 0 are applied to ensure that neither the momentum nor the heat is transported through the boundaries. The finite

difference equations are then reduced to a set of algebraic equations that can be written in matrix form Ex = ox. The matrix
E contains the information about the basic state, while the vector x contains the unknownsu’, ', p' at the grid points. The
matrix equation is solved using the standard routine EIG of the MATLAB (MATrix LABoratory) software to obtain al (o, I)
pairs.

To find E knowledge of the basic state is required. To this end, the function ®(X) is defined by
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(Click the equation graphic to enlarge/reduce size)

and is used to represent both the basic-state upper-layer density and the layer thickness. Furthermore, a = 2z(x — x J/f, ., 6,
and 6, are the density and/or layer thickness values west and east of the front respectively, f  is the width of the front, and
X, denotes the distance from the eastern wall to the middle of the front (see Fig. 3 ©=). For the jet to be free, it is required
that [x | islarger than the Rossby radius. In the application below, the Rossby radius is of O(10) km, while the frontal area
is located in the middle of a channel 100 km wide; that is, X, =50 km. Note that the basic state consists of eight variables,
that is, the upper and lower layer alongchannel velocity components V,; and V,, the upper and lower layer densities R; and

R,, the upper and lower layer thicknessesH; and H,, and the surface and interface deviations 7 and {. Since the variables

are governed by (5) and (6) together with the relations (7) and (8), only five of them can be chosen independently. This
point will be returned to in section 4.

3. Energetics

As suggested by McCreary et al. (1991), Fukamachi et al. (1995), and others (Holland 1978; Pinardi and Robinson 1986;
Reed 1997) the nature and relative importance of the various instability processes are best understood by investigating the
terms responsible for exchange, or conversion, of energy between the “mean” and the wave motion. Following McCreary et
al. (1991) and Fukamachi et al. (1995), the mean motion is first defined as the average over one meridional wavelength 4 =
27ll; that is,

yt+aA

1
@=5] ad (19)

where q is any of the model variables.

Next, kinetic and potential energy must be defined. Following the suggestion by Rged (1997), available gravitational
energy (AGE) replaces the conventional potential energy. As indicated by its name, the source of the AGE is gravity and,
equally important, it contains only that portion of the potential energy that is available for conversion into kinetic energy.
AGE bears a strong resemblance to the available potential energy. However, in contrast to the available potential energy, it
allows one to undertake a pointwise (in the horizontal) energy diagnosis. Let K denote the kinetic energy and I the AGE.
Then, the total energy is defined by

E=K+ @
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Here the function ILI:'i = p]J Zi h, and its reference value fﬁi = pv Ziﬂi, where the () is used to denote a (constant) reference

value of the variable in question, are introduced for convenience. Since both density and layer thicknesses may vary laterally
in the basic state, the respective (constant) reference values are chosen to be equal their respective cross-channel average
values; that is,

0

1
h, = . H,(x) dx (21)

—L

and

] D
H = — H .(X)R. : 22
P; i L (R (x) dx (22)

Asis obvious, the first term on the right-hand side of (20) is the kinetic energy while the remaining terms constitute the
AGE.

The average energy may be derived by substitution of (9)—11) into (20) and then applying the operator (19). The result is




<E> = E +<E",(23)

where E is that part of energy that only involves <g» variables (henceforth the mean energy) and <E"> is the energy
associated with the perturbation waves. As noted by several authors (e.g., McCreary et al. 1991) there is no unique way to
decompose <E> into and <E">, and hence the division is ambiguous. Here the mean energy is chosen to consist of the basic-
state variables only; that is,

E =

V=

-
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v gH, > RH, — gRHD|, (24)

j=1

where ILI3’i = RllziHi. Thisis different from McCreary et al. (1991) who aso included third-order correlations, that is, O(

83) terms, in the definition of the mean. Here the focus is on the exchange of energy between the mean and the unstable
waves, and the contributions of the 0(83) terms are downplayed. The energy associated with the unstable waves becomes
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and consists of second-order correlations only.
a. Energy budget equation

To investigate the relative importance of the various individual instabilities, an energy budget for the energy associated
with the perturbations is required. To this end, (25) isfirst differentiated with respect to time. Next, all time derivatives of
the perturbations are replaced making use of (12)—(14). In addition, (5) and (6) describing the basic state are used. The
result is

<E" +P, =C+5(26)

where P is aflux given by

M~

P = > gHRu) + H {p/u.)) + gH Hpu.) + gR H{(hius) + gR H (hiu}) (27)
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and Sis an energy dissipation term. The latter is found by collecting all the?z( ) terms; that is,

S = vp, >, [Hiu! - V2ul) + V(h[V20)] + wg[n(hiVip)) + KhiV3pl) + H(h5V2p))]

=1
z 1
+%§—mme>+ﬁ&WWFm. (28)
(Click the equation graphic to enlarge/reduce size)

The remaining terms are lumped together in C as given by (29) below, which defines the energy conversion between the
mean and eddy motions. It should be noted that from (25) and (17) it follows that <E™>, = 20,<E™.

As aluded to above, the chosen mathematical formulation of C is ambiguous. In particular, the choice made for C




depends on the formulation chosen for the flux term P. The choice made here is based on the argument that both C and P
should be recognizable in terms of known physical processes (Lorenz 1955; Harrison and Robinson 1978).

It isfirst noted that the chosen form (27) of P is recognizable as the pressure excess flux associated with the unstable
waves (see Rged 1997). Second, to facilitate an interpretation of C, it is divided into three parts

C=C; +C, +C5(29

where
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b. Discussion of the energy conversion




Inspection of (30) reveals that C, is proportional to the horizontal velocity shear. It is, therefore, associated with the

kinetic energy exchange between the mean state and the unstable waves. As is common, it is recognized as the barotropic or
the horizontal shear instability mechanism (Gill 1982). As displayed by (31), C, requires the presence of a vertical velocity

shear combined with a thickness gradient in the basic state. It is, therefore, recognized as being a mixture of vertical shear
instability and the conventional baroclinic instability mechanism. Hence, it will be referred to as a mixed vertical velocity
shear and conventional baroclinic instability. Finaly, the instability C; requires the presence of a horizontal density gradient

and/or density fluctuations, and is thus recognized as the frontal instability as defined in the introduction. Among the termsin
the frontal instahility, Cgy gets its energy from the mean across-channel density gradient and the alongchannel gradient in the

density fluctuations. Here C,, is proportional to the layer thickness gradient of the basic state, while the term C5 is
proportional to the gradient of horizontal velocity shear of the perturbation field. It is also noted that C,,, contains terms
proportional to bottom topography variations. Note that, if the model is reduced to a constant density layer model, then Cy
vanishes.

The above division of the conversion terms is different from that made by McCreary et a. (1991). They divided the
energy conversion into four categories: barotropic, Kelvin-Helmholtz, frontal, and conventional baroclinic instability. In view
of the ambiguity inherent in the choice of C, aternative ways of dividing the energy budget is likely to be a topic of further
discussion.

Another item to consider is that the wave energy (25) includes expressions that can lead to negative energy. Therefore, a
positive mean to perturbation energy conversion does not necessarily imply growth of an instability. Only if the conversion
or pressure excess term flux is positively correlated with <E"> will the wave amplitudes increase. Many former studies have

aready discussed this non-positive-definite perturbation energy (see Cairns 1979; Ripa 1983; Hayashi and Y oung 1987;Barth
1989ab; Fukamachi et al. 1995; Yu et al. 1995) and it is therefore not discussed further here.

4. Results of the linear stability analysis

Six cases are considered below (see Table 1 @=); the first case is the reference run. Although it is constructed to yield a
basic state similar to that used in the earlier studies, specifically those of Fukamachi et al. (1995), it is nevertheless
significantly different due to the inclusion of the barotropic mode necessary to nullify the lower-layer velocity. It is therefore
of interest in itself to investigate whether this has an effect upon the results of the earlier studies.

The remaining five cases are constructed to elucidate the effect on the instability of a combination of upper-layer
thickness and density gradients (run 1), of variations in the horizontal mixing (run 2), of variations in the horizontal shear
(width of the jet, run 3), of variations in the vertical velocity shear (run 4), and the presence of a sloping bottom (run 5).
Note that, similar cases have been performed by McCreary et al. (1991) in a 2%-layer model (run 1), Fukamachi et al.
(1995) in a 1%>-layer model (runs 2 and 3), and Barth (1994) in a continuously stratified model (runs 4 and 5).

a. Thereferencerun

In this case, the lower-layer velocity is set to zero and the lower-layer basic density is constant and equal to the reference
density p,. Then, (6) gives an expression for the sea surface elevation, and the upper-layer velocity is found by means of

(5). Findly, it follows that

g 1
Vi = — (pp — R, + ;HlRL\; (36)
pof <
and
Ry po — Ry (po — R))
= —7, + |——— - — 37

where the subscript | denotes the value of the variable in question at the western wall. Note that information of any slope
in the equilibrium depth is hidden in EX. If the bottom is flat, as assumed here, the actual constant value of the depth
becomes redundant information. In this case, the initial conditions simulate essentially a reduced-gravity model. As shown by

(36) and (37), only the depth of the interface may be chosen independently besides the upper- and lower-layer densities.
Further, the interface is chosen to be flat, and a density front of widthf, = 40 kmis located in the middle of a channel 100

km wide (Fig. 4 @=). The associated frontal jet is southward (along the negative y axis) and has a maximum speed of 0.1 m

st (Vp=-01m s_l). The central latitude of the channel is 41°N and hence the Coriolis parameter isf = 1.1 x 10 4s L.

The horizontal mixing coefficient isv = 10 m?s 1, and R, =pg=1027.3 kg m 3. In the upper layer, which contains the




front (Fig. 4 ©=), the lighter water of density 1026.3 kg m 2 is located west of the front, while the denser water (1026.8 kg
m73) is located east of front. This gives a Rossby radius of approximately 8 km.

1) EIGENMODES

To resolve the frontal structure a grid mesh of size 1 km is chosen when solving the coupled eigenvalue equations as
described in section 2c. The result is plotted in Fig. 5 '@= and reveals that the unstable waves propagate in the direction of
the basic-state current (negative phase speeds), but with a speed aways less than the maximum jet speed. The fastest
growing, or preferred, wave has a wavelength of approximately 15 km and an e-folding time (the reciprocal of ;) of 1.7

days (see the |eft panel of Fig. 5 ©=). It propagates with a phase speed of about ¢, =-0.09m s Lthat is, in the direction of
the upper-layer jet and with 90% of its speed.

Inspection of Fig. 5 €= (left panel) also reveals that a bend of o, curve with wavelengths of about 6070 km and e-folding

times of about 5 days. These unstable waves propagate much slower and with a phase speed of —0.03 m s 1 that is, in the
direction of the jet with a speed of about one-third that of the short waves.

Details on the structure of the most unstable waves can be studied by inspection of Fig. 6 ©=. This figure has been
constructed by plotting the variable

M
W= X Re[ W (xpeitoam], (38)

where if"j(x), I P and 9] represent the complex amplitude function, wavenumber, and complex frequency of the jth most
unstable wave respectively, t, is an arbitrary nonzero time, and M is the total number of discrete alongfront wavenumbers
chosen (here M = 21). Because the amplitudes of the wave fields must be of O(£) to satisfy the assumptions of a linearized
model, they are scaled by choosing the maximum amplitude of the upper-layer density p'l to be 0.125 kg m™3, The left

panels of Fig. 6 @= show the total fields, that is, ' = Ui(x) + 1", where Yi(x) is the specified basic sate.

As reveded by Fig. 6 ©=, the meander associated with the growing instability is evident in density, surface elevation, as
well as the horizontal velocity fields. The alongchannel asymmetry is due to the different growth rates and phase speeds of
the various unstable waves. Also the preference of the fastest growing short-wave instability is evident (right-hand panels of
Fig. 6 ©=). The meandering current generated by the unstable waves advects cold saline coastal water offshore (to the
west), which is compensated by advection of warm and fresh offshore water toward the coast (to the east). Moreover, Fig.
6 ©= reveals that the mean density gradient across the front is weakened and that the surface deviation is much smaller than
the interface deviation. The latter indicates that the unstable waves are dominantly baroclinic.

2) ENERGETICS

Regarding the shortest waves, the energy budget equation (26), as illustrated in Fig. 7 ©=, shows that the dominant
balance is between <E">, and C. Moreover, the energy transfer to unstable waves is confined to the area where the density

gradient is close to its maximum value and thus seems to be uncorrelated with horizontal velocity shear. The energy
dissipation term is negatively correlated to the perturbation energy, and hence the horizontal mixing opposes the formation of
the unstable waves as expected. The energy flux gradient term is generally small and does not contribute significantly to the
energy balance. As revealed by Fig. 7h ©=, Cg is by far the largest of the energy conversion terms. The barotropic term C;

and the mixed conventional and vertical shear term C,, are both very small. Hence, this unstable wave is driven by the

available potential energy stored in the mean density gradient and the density and velocity fluctuations in the upper layer. To
distinguish it from the conventional geostrophic baroclinic instability, Barth (1989a,b; 1994) referred to this kind of instability
as ageostrophic instability. Here, these short unstable waves will simply be referred to as the “frontal waves’ or the “frontal
mode.”

A similar energy analysis for the long-wave instability reveals that the balance between <E", and C still dominates (see Fig.

8 ©F). The energy conversion now encompasses the whole region over which the basic state varies. Furthermore, it has a
two-peak structure with the peaks located exactly where the horizontal velocity shear is maximum. This indicates that the
longer unstable waves are related to the horizontal velocity shear. Indeed, although the frontal instability C, still dominates,

energy conversion due to the barotropic instability process represented by C; cannot be ignored. Again both the diffusion
and pressure excess flux terms are small, with diffusion opposing the energy conversion.

Although the long-wave instability is primarily frontal too for the reference run, it can be shown later that barotropic
instability becomes more important when the lateral density gradient is decreased or the horizontal velocity shear is
increased. These long unstable waves will therefore be referred to as “mixed waves’ or the* mixed mode.”




b. The effect of an upper-layer density gradient combined with an interface deviation (run 1)

As reveded by (36), the basic-state jet of the reference run may equally well be produced by a setup in which the upper-
layer density gradient is reduced, and the interface deviation is given a compensating gradient (R, 0 and EX # 0). Indeed,

the upper-layer jet may be reproduced even with R;, = 0.

1) EIGENMODES

A typical casein which bothR;, = 0 and "’;X # 0 is shown in Fig. 9 ©=. The growth rate and phase speed for this case is

plotted in Fig. 10 ©= (dashed line). For comparison the corresponding curves for the reference run are plotted in the same
figure (solid line).

Inspection of Fig. 10a'@= shows that the growth rate is decreased for all wavelengths compared to the reference run.
While the phase speeds for the long unstable waves decrease, the phase speeds for the short unstable waves (see Fig. 10b
©=) increase.

To verify that the small-scale instability waves are indeed due to the frontal instability, the above procedure was repeated
with R;, =0, in which case the model is reduced to a conventional, constant density layer model, in that no density

perturbations are allowed (p'1 = 0). Thus, the basic-state jet is balanced by the gradient of the upper-layer thickness only as

given by (36). In this case, the growth rate associated with the fastest growing unstable wave is about 8.5 days and is hence
greatly decreased compared to the previous model (see the dash—dot curve in Fig. 10a @=). Moreover, all the waves shorter
than 40 km are no longer unstable. In fact, the fastest growing wave has a wavelength of about 70 km associated with a

phase speed of about 0.02 m st (see dash—dot curve in Fig. 10b @=); that is, the wavelength is unchanged, while the phase
speed has been reduced compared to the mixed wave of the reference run. The diminishing importance of the frontal
instability wave, when the lateral density gradient is decreased, supports the previous finding that the frontal wave is indeed
caused by the lateral density gradient, that is, by the presence of the front.

2) ENERGETICS

The energy budget for the frontal wave is very similar to the reference run and is therefore not shown. The frontal
instability term Cg is the only conversion term that is positively correlated to <E™,, with the mixed conventional and vertical

shear instability C,, being negatively correlated to <E">, and thus tending to weaken the instability.

Regarding the mixed mode (long wavelength) instability, the energy flux gradient term —P, is now significant and is
positively correlated with <E">, outside of the central frontal area (Fig. 11 ©=). In the central area, the energy flux term
combined with the energy conversion term C balance <E™,. The energy flux advects energy into the central part of the

frontal area and helps to increase the energy of the unstable waves, while it advects energy from the two sides of the central
area and hence decreases the energy of the unstable waves there. As displayed by Fig. 11b @=, al the conversion terms are
important to the long unstable waves. As expected, the importance of the barotropic instability conversion C, is limited to

the areas where the velocity shear is maximum and is insignificant in the central area where the frontal instability conversion
term C, dominates. Curiously, the mixed conventional—vertical shear conversion C, is important only on the inshore

(eastern) side of the front where the velocity shear is maximum, approaching the magnitude of the barotropic instability
conversion term C,. In conclusion, the preferred long unstable wave mode is caused by a mixture of barotropic and

baroclinic instability.
c. Effects due to horizontal mixing (run 2)

In this case, the horizontal mixing coefficient v was varied from 0 to 50 m?s Lin steps of 5 m?s 1 (seerun 2, Table 1
=), and the eigenvalue problem solved for each of the 11 values. The result is shown in Fig. 12 @=. The effect on the
frontal wave isto increase its wavelength from 15 to 30 km (look at Fig. 12a ©=). However, the wavelength of the preferred
long-wave instability appears to be unaffected and is nearly constant and equal to 70 km. Furthermore, it is found that the
phase speed of the unstable waves are amost independent of the horizontal mixing coefficient (not shown). Thisisin line
with Fukamachi et al. (1995) and serves to show that the effect of the barotropic mode is insignificant.

Figure 12b ©= shows that the maximum growth rate of the frontal mode monotonically decreases asv increases and that

it has dropped by a factor of 2 when the horizontal mixing coefficient is increased from 10 to 50 m?s L. Asy —= 0, the
wavelength of the preferred frontal mode goes to zero. Thus, the introduction of viscosity helps to give a preferred finite
wavelength for the frontal mode. In this connection it is interesting to note that Y oung and Chen (1995) found that the
introduction of aweak vertical density stratification within the mixed layer has a similar effect.

Finally, as reveaed by Fig. 12b @=, the maximum growth rate of the long-wave ingtability or the mixed mode (look at the
dotted line) decreases only dightly as the horizontal mixing coefficient v increases. Additionaly, it is observed that the mixed




mode always has a growth rate smaller than the frontal mode. The energy analysis corroborates the findings above and is,
therefore, not shown.

Thus, independently of the value chosen for the horizontal mixing the preferred short wave is always associated with the
frontal instability and the preferred long wave with the mixed mode instability.

d. Effects due to a varying horizontal shear (run 3)

Because the structure of a front varies from season to season and from one geographical areato the next, the influence of
avarying width of the front is aso of some interest. Thisisillustrated in Fig. 13 @=, where the width of the front is varied
from 10 to 60 km in steps of 5 km (see Table 1 ©=, run 3). It should be noted that when the maximum speed is kept

constant at 0.1 m s %, an increase (decrease) in the width of the front corresponds to a decrease (increase) in the horizontal
shear.
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As reveded by Fig. 13a ©@=, the wavelength corresponding to the frontal wave increases dightly from 13 to 16 km asthe
front width increases from 20 to 60 km. The wavelength of the fastest growing mixed mode also increases with increasing
wavelength. The slope of the dotted line relative to the dashed implies that the wavelength of the fastest growing mixed
mode undergoes larger variations than the fastest growing frontal mode.

It should be noted that the importance of the mixed mode in terms of the growth rate increases as the width of the front
decreases. Thisisillustrated in Fig. 13b ©=, which shows that the growth rate of the frontal wave increases nearly
logarithmic with increasing front width, that is, the wider the front the faster the growth rate, while the mixed wave
experiences a near linear decrease. In fact, the two lines intersect at the point f,, = f_ = 20.6 km. At this point, the frontal

and mixed wave have the same growth rate (e-folding time about 3.8 days). Whenf <f ¢ the mixed wave dominates,
whereas the frontal wave dominates whenf, > f ., indicating that the relative importance of the mixed wave increases with
increasing shear.

Another feature of the frontal wave is that it develops only when the front is wider than 15 km. The mixed mode, on the
other hand, forms a preferred band only when the front width is less than 40 km, an indication that when the horizontal
shear decreases (increasing frontal width) the mixed mode ceases to exist as a predominant unstable wave.

These results are valid for an eddy viscosity of v = 10 m? s L. It is therefore of interest to investigate if thisis the case
for other values of eddy viscosity. To this end, a series of calculations for different eddy viscosities and frontal widths are
performed. The result is plotted in Fig. 14 ©@=. The shaded region corresponds to the region where the frontal instability
wave ceases to exist. Thus, the relative importance of the frontal instability wave diminishes when the front becomes
narrower for all values of the viscosity coefficient v. Figure 14 ©= also reveals that the frontal instability wave grows faster
when the front is wide and the eddy viscosity is low. Moreover, the growth rate is more sensitive to variations in the
horizontal viscosity when the front is wider.

Finally, it is noted that the phase speed decreases for al waves when the horizontal shear increases, and this effect is
more pronounced in the long wavelength band than in the short wavelength band (not shown).

2) ENERGETICS

While the energy analysis for the frontal mode reveals no major change over the reference run when the front width is
varied, this is not the case for the mixed mode. When the frontal width is narrowed to 20 km, the energy flux gradient term
—P, issignificant and positively correlated to the perturbation energy outside of the central front area (e.g., x| > 60 km and

[X] < 40 km), al other contributions to (26) being negligibly small there (Fig. 15b @=). This indicates that the energy change
outside the central areais purely caused by an energy flux away from the frontal area. In contrast, the energy flux is

negatively correlated with the energy change within the central area and thus acts to oppose the conversion of energy there.
As expected, the barotropic instability C; dominates in the area of large horizontal velocity shear and is positively correlated

with <E">, there. In the area of maximum velocity (and hence little shear), C; drops to zero and the frontal instability C4
dominates. Thus, as the front narrows the long-wave instability becomes a truly mixed barotropic—frontal instability.

e. Effects due to vertical velocity shear (run 4)

In many upwelling situations, the upper-layer jet is accompanied by an opposite jet in the lower layer. This Situation is
simulated here by specifying a basic state in which a doping interface and a lower-layer density variation are introduced in
combination with surface elevation and upper-layer density gradients. The resulting basic state is shown in Fig. 16 ©=, in

which the lower-layer jet is opposite to the upper-layer jet, and with only a slightly lower speed (V,, = 0.08 m sfl). Thus,




the vertical shear has been increased by 80% compared to the reference run (see Table 1 ©=, run 4). Note that this caseis
somewhat similar to run 1 in that both a lateral density gradient and an interface gradient are included (see Figs. 16 ©= and 9
©=). Note also that, when the constraint of a motionless lower layer is relaxed, (36) is no longer vaid and the surface

elevation 7 must be specified independently of R; and g, Findly, note that a dight lateral density gradient in the lower layer
has been imposed as well.

1) EIGENMODES

As revealed by Fig. 17 @=, the introduction of the lower-layer jet gives an increased growth rate for all wavelengths. This
is particularly true for the fastest growing short wave, which experiences an increase of - 30% (from 1.7 days to about 1.3
days) at adightly shorter wavelength. It is also observed that the mixed mode no longer forms a preferred band. The
magnitude of the phase speed is dightly reduced for all wavelengths. This conclusion is hardly surprising. It supports the
earlier findings of |keda and Apel (1981), who used a quasigeostrophic model to show that the addition of ajet in the lower
layer in the same direction as the upper-layer jet, that is, a reduced vertical velocity shear weakens the baroclinic instability.
A similar conclusion was also reached by Barth (1994), who used a continuously stratified model. Thus, an increased
vertical shear acts to enhance the baroclinic instability.

2) ENERGETICS

As shown in Fig. 18 ©=, the conversion term C still balances the <E"> term for the short wavelength instability. The
frontal instability term C, is the only conversion term that is positively correlated to <E">,, and hence the only contributor to
instability amplification. The mixed conventional and vertical shear instability term C, is negatively correlated to <E", and
thus tends to weaken the instability.

Since there is no clear preferred band of long unstable waves (Fig. 17 @=), the energy budget analysis for the long waves
is not shown here.

f. The effect of bottom topography (run 5)

Finally, the effect of alinear bottom topography is investigated. The setup chosen is as close to run 4 as possible with a

linear bottom slope of —2 x 108 (see Table 1 @=, run 5). The results may, therefore, be compared with the results of run 4.
The linear stability analysis reveals that a sloping bottom only slightly reduces the growth rate of the frontal mode and that its
phase speed is not influenced. The phase speed of the mixed mode is slightly reduced (not shown).

Thus, it is concluded that the frontal instabilities are trapped in the upper layer and that, in a coastal upwelling region over
a (moderately) sloping shelf, the unstable modes appear not to be significantly affected by a variable bottom topography.

5. Comparison with results derived from a numerical model experiment

Experiments with numerical models have shown that waves similar to those revealed by the analysis above may be
produced in upwelling areas both with an idealized straight coast (McCreary et al. 1991; Stevens et al. 1997) and with
realistic coastline geometry and bathymetry (Rged 1996). The above experiments investigated wind-driven upwelling fronts
close to the coast, that is, with a continuous frontogenesis associated with the favorable upwelling wind conditions. The
associated frontal jet is, therefore, too close to the coast for the jet to be considered free. It is therefore of some interest to
perform an idealized numerical experiment with a free jet and to compare it with the analysis above. To this end, the 1%
layer model of Reed (1996) is used to perform a corresponding numerical experiment because, as shown, the effect of the
barotropic mode is insignificant. The model solves the primitive equations in spherical coordinate (for details, see Rged 1995,
1996). Because of the spherical coordinates, the channel has been rotated 90° to fit the cyclic boundary conditions employed
at the open ends of the channel. A channel 419 km long and 280 km wide is used, which with a grid size of 1.39 km gives
301 x 201 grid points. Initialy, a front 40 km wide is located in the middle of the domain with a maximum velocity of —0.1

m s L. Thus, both the front and the Rossby radius are well resolved. Since the walls are far removed from the front, the
effect of the side walls can be neglected. The initial condition mimics the basic state of the reference run (shown in Fig. 4
©=). To trigger the instahility, this geostropically balanced jet is perturbed with ten geostropically balanced waves of random
phases at the initial time. The summed amplitudes of the perturbations are maximum 10% of the initial background field. The
model is then allowed to progress in time without further interference. In this run no entrainment/detrainment is allowed and
no forcing is applied; that is, the governing equations are essentially those given by (1)—3).

Figure 19 ©= shows the results in terms of the Fourier transform constructed from the density structure along the middle
of the front after 8 and 10 days, respectively. The dominant wave lengths are centered on 14 km in both cases, while the

peak energy increases from 0.0566 x 103 to 0.2240 x 10° ng m >, an increase of about '3 within two days. This entails
that the e-folding time for the dominant wave is approximately 1.5 days. Thus, both the preferred wavelength band and the
growth rate are consistent with the frontal wave predicted by the linear stability analysis of the reference run.

Figures 20a.b @= show the structure of the density and the density anomaly after 10 days and may be compared with
those shown in Figs. 6a.b ©=. The density anomaly field is obtained by subtracting the background structure from the basic-
state density field so that the wavelengths of the unstable modes become distinguishable. The results are qualitatively similar




to the numerical solution that evolved from afree jet in Fukamachi (1992) at the early stage of the development. They also
clearly support the earlier findings that, when linear effects dominate, small-scale instabilities with wavelengths of about 14
km form upon the front and that these instabilities are frontally trapped.

The correlation between the linear model and the early stage of the numerical model is striking. Even the U-shaped
structure of the unstable waves (compare Fig. 6b ©= with Fig. 20b ©@=) is captured by the numerical model. The
alongchannel asymmetry is also evident in the model resuilts.

At alater stage, small eddies form (Figs. 20c,d ©=). At this stage, a weakly nonlinear effect starts, and the dominant
wavelengths are now increased to about 30 km. Later, at t = 80 days, the nonlinear effect completely dominates the picture
in that large-scale eddies and filaments appear over most of the domain. The basic-state front structure no longer exists
because the amplitudes of the distortions are comparable to those of the basic state. Figure 20f @= shows that the scale of
the filaments is between 80 and 120 km and the local density gradient is intensified by the eddies and filaments.

Further inspection of the time evolution of the Fourier transforms at the middle of the front (Fig. 21 @=) shows that the
dominant wave (about 14 km) appears first (t = 10 days) in accordance with the linear stability theory. At t = 24 days, the
dominant central wavelength increases to about 30 km. As time progresses, the majority of the wave energy moves to even
longer waves; for example, at t = 55 days the energy spectrum shows a single peak at 45 km. Later the energy accumulates
a 80 km and with less energy distributed in the shorter wavelength band. Att = 100 days, there is significant energy on a
broad band between 90 and 150 km where the filaments appear. It is of interest to note that the scale increase of
disturbances in the present experiment is qualitatively similar to that of the forced solution of McCreary et al. (1991) in a
2Y-layer model. The progression of wave energy from shorter to longer waves is an indication that the instabilities
exemplify a process which is “upgradient.” It cannot therefore be parameterized by a simple “downgradient” diffusion
parameterization, and hence underscores the point made by Visbeck et al. (1997).

6. Summary and conclusions

A linear stability study of a two-layer, finite-depth, primitive equation model is presented. It extends the analyses of Barth
(1994), Fukamachi et al. (1995), and Y oung and Chen (1995) in several ways. First, the effects of a variable across-front
bottom topography, frontal (nonlinear) variations in the interface and surface elevations, and two opposing jets in the two
layers (increased vertical shear) are investigated. The present model aso allows density gradients and density fluctuations in
the lower layer as well asin the upper layer.

The energy analysis departs from the earlier studies in that the available gravitational energy replaces the conventional
potential energy. Additionally, a different choice is made in separating the terms that define conversion of energy from the
basic state to the unstable wave state. The combination of these changes leads to a different interpretation of the instability
mechanisms, yet leaves their relative importance intact.

Six cases are considered, of which the first is a reference run. The other five are sensitivity analyses. Through these six
cases, a portion of the parameter space not previously mapped out is presented, which serves to reinforce the earlier
conclusions.

A reference run isfirst performed in which the basic state consists of an upper-layer jet only and thus mimics the set up
considered by Fukamachi et al. (1995). The results of this case are very much in line with the results of Fukamachi et al.
(1995), who used a reduced-gravity version of the model. The results of the reference run show that the effect of the
barotropic mode on the preferred instability waves is not significant. Thus, two prominent bands of unstable waves are
found, with the frontal mode having growth rates (e-folding times) typically of order 1-2 days. The mixed mode, on the
other hand, typically gives maximum growth rates of about 3-5 days, that is, a much slower growth.

The results of the reference run are verified against results derived using a numerical model. The model employed is a 1%
layer model similar to that utilized by McCreary et al. (1991) and Rged (1996). In the initial stage, the model features a
geostrophically balanced jet in the middle of a zonal channel. Thisinitial balanced state is then perturbed. No other energy
dissipative mechanism is involved. The regular unstable waves that develop at the front in the numerical model are indeed
quite similar to the unstable waves predicted by the linear stability theory both qualitatively and quantitatively. Thisis
gratifying and supports the hypothesis that the small-scale waves observed in frontal areas are indeed caused by the
presence of the front.

In al cases considered and in line with the earlier studies, it is found that the unstable waves propagate in the direction of
the basic-state jet with phase speeds invariably less than the basic jet speed. In addition, the phase speeds of different frontal
modes is only dlightly less than the jet speed, while the mixed mode moves with a speed about one-third of that of the frontal
mode. The existence of two preferred bands of unstable waves of different growth rates and phase speeds leads to an
apparent asymmetry along the direction of the jet in the regular wave train, with areas of stronger wave activity in regions
where the two modes interact positively. This conspicuous asymmetry is also reproduced by the numerical model.

Except for two special cases, it is found that the frontal mode dominates the mixed mode based on the observed relative
difference in the growth rates. One of the exceptional cases is discovered when the relative importance of the surface
elevation and the lateral density gradients are varied in constructing a given upper-layer jet. By systematically lessening the
intensity of the front, it is found that the importance of the frontal mode is progressively diminished. Indeed, when the front
vanishes (no upper-layer lateral density gradient), the frontal mode ceases to exist. Interestingly, during this process the




mixed mode is unchanged in wavelength, growth rate, and phase speed.

The second case in which the importance of the frontal mode is diminished is discovered by increasing the horizontal
velocity shear in the jet. The shear is increased simply by decreasing the width of the front while keeping the maximum jet
speed constant. In fact, as the width of the front is decreased to a certain critical value, the two modes become equally
important (see Fig. 13 @=). When the width is decreased beyond this point, the frontal mode becomes less important.
Interestingly, thisis the case for all values of the eddy viscosity (except for zero viscosity in which case the frontal mode
wavelength goes to zero). Thisis not the case for the mixed mode which continues to increase in growth rate as the front
narrows.

It is found that the inclusion of horizontal viscosity is essential to form a preferred frontal mode band of unstable waves
that have a finite wavelength. In this regard, it is interesting to note that Y oung and Chen (1995) found that the inclusion of a
slight vertical density gradient has the same effect.

Perhaps the single most important conclusion of the present study is that, except in the single extreme case mentioned
above, one expects a separate band of small-scale unstable waves of wavelengths on the order of 10-30 km to form at any
front. These waves, which exist regardless of the model used (whether finite depth or reduced gravity), are trapped in the
upper layer and owe their existence to the presence of alateral density gradient.
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Tables

Table 1. The parameters used in the different cases: V, and Vy, are the maximum jet speeds in the upper and lower layers,

respectively, fW isthefront width, v isthe horizontal viscosity, ": istheinterface elevation, and Rl isthe upper-layer density, and
D, = (Def DW)/L isthe bottom slope, where De and D, are the water depth near the eastern and western walls, respectively.
The notation 10(5)60 means that the variable in question is varied from 10 to 60 unitsin steps of five units.
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Fig. 1. NOAA-14 satellite image showing sea surface temperature off the | berian Peninsula 26 September 1995, that is, toward
the end of the upwelling season. Note the cold upwelled water alonqg the coast and the superimposed small-scal e instability




waves of wavelengths 15-30 km. Note also the longer-scal e filaments positioned at 41° and 42°N bringing cold water offshore.
(Courtesy of A. G. F. Filiza, University of Lisbon.)
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Fig. 2. Sketch of the layering structure for a two-active layer, finite-depth model conveniently showing the notation used in the
text.
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Fig. 3. Sketch of the basic state variables for the reference run. The fine dashed line gives the density distribution, while the
solid line gives the upper-layer velocity as calculated from (5). Dash—dot lines are used to indicate the free jet area according to
(18). Note that the figureis not drawn to scale.
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Fig. 4. Solid (dashed) lines show upper (lower) layer basic-state variables of the reference run as functions of the cross-

channel distance: (a) the surface elevation (in cm) (b) the interface depth in meters (flat), (c) the density (in kg m73, and (d) the
velocity. Cross-channel distance in kilometersis shown along the horizontal axis.
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Fig. 5. Salid curve show the growth rates (left panel) and phase speeds (right panel) as functions of wavelength for the
reference run (see Table 1 ©=). The wavelength scale shown along the horizontal axisis |ogarithmic and decreasesto the right,

along the vertical axis of the left-hand panel is shown the growth ratein dayfl, whilethe vertical axis of theright panel showsthe
phase speed (inm sfl).
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Fig. 6. Along- and cross-channel structure of the instabilities for the most unstable waves as constructed from (38). Only the
upper-layer variables are shown. Solid and dashed linesin panels (b) and (d) represent positive and negative amplitudes,

respectively: (a) the density (contour interval 0.1 kg m73), (b) the density anomaly (contour interval 0.025 kg m73). (c) the surface
deviation (in cm: contour interval 0.5 cm), (d) the interface deviation (anomaly) (in m: contour interval 1 m), (€) the velocity field,
including the basic-state jet for the upper layer, and (f) the perturbation velocity. Note that the scale along the y axisin panels (€)
and (f) is half shown in the remaining panels. The numbers appearing in panel (b) and (d) are maximum values.
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Fig. 7. Cross-channel variation of the various terms entering the energy budget equation (26) for the short, fast growing wave
of the reference run: (a) the four terms concerned (26). Note that the energy exchange term (dash—dot curve) nearly balances the
time rate of change of the perturbation energy (solid line) everywhere, and that the energy flux term (dotted curve) and the
diffusion term (dashed curve) are both small. (b) The three terms (30)—(32) contributing to the energy conversion of (a). Of the
three, the frontal instability is by far the largest.
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Fig. 8. Asin Fig. 7 ©= but for the longer and slower growing unstable wave (mixed mode) of the reference run.
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Fig. 9. Asin Fig. 4 ©=but for run 1 (see Table 1 ©=). Note the decreased lateral density gradient in the upper layer.
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Fig. 10. Asin Fig. 5 @= but showing the growth rates and phase speeds of the reference run (solid ling) and run 1 (dashed and
dash—dot curves), respectively. Note that the growth rate increases for all wavelengths compared to the reference run and that
the phase speeds are diminished for long unstable waves and increased for short unstable waves. The dash—dot lines show the

growth rate and phase speed of a constant density layer model (R;, =0, p'1 =0), while the dashed curveisfor the basic state
shownin Fig. 9'C=.
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Fig. 11. Asin Fig. 8 @= except for run 1 for which the basic stateisillustrated in Fig. 9 &= (see Table 1 @=).
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Fig. 12. (a) Contours (solid curves) of growth rates as function of horizontal viscosity and wavelength for the most unstable
waves for run 2 (see Table 1 @=). The dashed and dotted lines represent the wavel ength associated with maximum growth rate
and are replotted in (b) as afunction of the horizontal viscosity. Values corresponding to the reference run are shown by the
dash—dot line for comparison.
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Fig. 13. Asin Fig. 12 @=but for run 3 (see Table 1 @=). (a: left) Contours (solid curves) of growth rates as function of front
width and wavelength for the most unstable waves. Note that the two curves of (b: right) intersect for afront width fc about 20

km. In this case, the long-wave and short-wave instability are of equal importance (equally preferred).
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Fig. 14. The contour lines show the growth rate (day_l) of the most unstable frontal wave as afunction of front width Xy and

viscosity coefficient v. Thereisno frontal instability wave in the shaded area. The frontal wave develops only when thefront is
wider than 15 kmat v = 10.
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Fig. 15. Asin Fig. 8 ©=but for run 3 (see Table 1 ©=) when the frontal width is 20 km. Note that C1 peaks exactly where the
basic-state jet has its maximum shear and is positively correlated with Et there.
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Fig. 16. Asin Fig. 4 ©=but for run 4 (see Table 1 ©=). Note that the introduction of a basic-state jet in the lower layer opposite
to the upper-layer jet.
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Fig. 17. Asin Fig. 10 ©= but for run 4. The dashed curves correspond to run 4, while the solid curves show the reference run.
Note that the growth rate increases with increasing vertical shear for all wavelengths. The phase speeds are all diminished, in
particular for the longer unstable waves.
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Fig. 18. Asin Fig. 7' @= except for the case with increased vertical shear (see Table 1 &=, run 4, and Fig. 16 ©).
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Fig. 19. The Fourier transform along the middle of front. The sold and dashed lines represent t = 10 days and t = 8 days,
respectively.
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Fig. 20. The three |eft-hand panels show the density of model simulation, while the three right-hand panels show the density
anomaliesin the upper layer as function of along- and cross-channel coordinates. Panels (a) and (b) are at t = 10 days, (c) and (d)
areat t = 24 days, and (e) and (f) areat t = 80 days. Positive and negative amplitudes are presented by solid and dashed lines,
respectively. In (a)—(d) only asmall representative areais shown, whilethe full channel areais shownin (e) and (f).
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Fig. 21. Time evolution of the wavenumber spectrum derived from the density field. The result are derived by taking a Fourier
transform along the middle of the front. Contour intervalsare 5 kg2 m >
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