Chapter 5 Counting

5.2 The Pigeonhole Principle



1. Introduction

a Theorem 1

= The Pigeonhole Principle (page 347)

o |If k+1 or more objects are related into k boxes,
then there is at least one box containing two or
more of the objects.

o Proof: M JxiEi%:(See book)
= Example 1 (page 348)

o Among any group of 367 people, there must be at
least two with the same birthday, because there
are only 366 possible birthdays.

Software Engineering Mathematics SEI of ECNU AU fi© 2



1. Introduction

o Theorem 1
= Example 2 (page 349)

o In any group of 27 English words, there must
be at least two that begin with the same
letter, since there are 26 letters in the English
alphabet.

= Example 3 (page 349)

o How many students must be in a class to
guarantee that at least two students receive
the same score on the final exam, If the exam
IS graded on a scale from O to 100 points.

o Solution:102
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1. Introduction

o Theorem 1
= Example 4 (page 348)

o Show that for every integer n there is a
multiple of n that has only Os and 1s in its
decimal expansion.

o Solution:
it — N IEEEEL BN+ 1385
1, 11, ..., 111..1(@E — "N EBHAN+111)
T NN BR 5 KA n AT R R E B DL IR
N+ 1M ERE a2, e InER G R E—FE B 11X
PR IE B RO , A 5 O+ 18 i, HL R
PnFE s,
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2. The Generalized Pigeonhole Principle

a The Generalized Pigeonhole Principle

= If N objects are placed into k boxes, then there is at
least one box containing at least —~ N / k 54 objects.

» Proof: Hxili%(See book)

a The Minimal Number of Objects?

= SO that at least r of these objects must be in one of k
boxes when these objects are distributed among the
boxes.

m  Solution: - N/k 7 >=r
The smallest integer N with N/k>r-1,
namely,
N=k(r-1)+1
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2. The Generalized Pigeonhole Principle

o Example 5 (page 315)

= Among 100 people there are at least
r 100/12 4 =9 who were born in the same
month.

a Example 6

=  What is the minimum number of students
required in a discrete mathematics class to be
sure that at least six will receive the same grade,
If there are five grades, A, B, C, D, and F?

= Solution:
N=k(r-1)+1
=5*(6-1)+1
=26
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2. The Generalized Pigeonhole Principle

O Example 7

= (1) How many cards must be selected from a
standard deck (4(%) of 52 cards to guarantee
that at least three cards of the same suit are
chosen?

s Solution:
N=k(r-1)+1
=4*(3-1)+1
=9
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2. The Generalized Pigeonhole Principle

O Example 7

= (2) How many must be selected to guarantee
that at least three hearts are selected?

m Solution

o Note that in the worst case, we can select all the
clubs, diamonds, and spades, 39 cards in all, before
we select a single heart. The next three cards will be
all hearts, so we may need to select 42 cards to get

three hearts.

0 Example 8 and 9 (page 350—351)
s Please read them by yourself.
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3. Some Elegant Applications of the Pigeonhole Principle

o Example 10 (page 351)

= During a month with 30 days a baseball team
plays at least one game a day, but no more than
45 games. Show that there must be a period of
some number of consecutive days during which
the team must play exactly 14 games.
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3. Some Elegant Applications of the Pigeonhole
Principle

o Example 10 (page 351)

s Solution:

o RagefE XA AN JREGE IR Z AT 375, W
ay,8y,...,agoe MNAEAER I — g Fr b, b 1<a;<45.
Milla;+14, a,+14, ..., ago+140 AR K ERE LAk
WP s, JHrh15<a+14<59.
60/I\E—ff§§&al, a,, ..., dgg, A, +14, a,+14, ..., a30+14é
AN T EEET59 o AL, IS IR HEAT P IR AN AR
AHa; =1,2,..,30)# A, Jf Ha;+14 (j=1,2,...,30)
AME, —EAE AR La=a;+14 . XRHHE N
JHLRERUERIG AT T 143 3%,
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3. Some Elegant Applications of the Pigeonhole
Principle

o Example 11 (page 352)

Show that among any n+1 positive integers not
exceeding 2n there must be an integer that
divides one of the other integers.

Solution
n+1%%a,, a,, ..., a,FTHEFE—NHE K2 m5 —1
AR, B, 2a=2%q;, j=1,2,..,n+1, K
PR AR, g AL '*%&ql, Ooy -y Qpaq fABAE/D
?ZHEI’JE*%& 7’7 Z?EHA/J\?ZH/\Eééﬁ FH 11
IR, qq, Aoy ooy Qe T OAWNMHEE. T2, F1E
HEH ﬂljﬂ'fﬁq, Gje 205 qI A ME2g, Haa=2Kq,
2= 2qu AT, K<k, U“Ja,‘*%l?ﬁ ai; 1K=k, )F“Jai"%z
fra.
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3. Some Elegant Applications of the Pigeonhole
Principle

o Strictly Increasing (or Decreasing) Subsequence
of a Sequence

= Example 12 (page 317)

o The sequence 8,11,9,1,4,6,12,10,5,7 contains ten
terms. Note that 10=32+1. There are four increasing
subsequences of length four, namely, 1,4,6,12;
1,4,6,7; 1,4,6,10; and 1,4,5,7. There is also a
decreasing subsequence of length four, namely,
11,9,6,5.
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3. Some Elegant Applications of the Pigeonhole
Principle

0 Theorem 3 (page 317)

s Every sequence of n2+1 distinct real
numbers contains a subsequence of length
n+1 that is either strictly increasing or
strictly decreasing.

s Proof
o See next slide.
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3. Some Elegant Applications of the Pigeonhole
Principle
a Theorem 3 (page 317)
s Solution
La;, 8y ccrag pen T INANFESEE TS 5 S T i R—Te BERE —
ANERE, BEG, d), Hdi & Ma TR s K e o kg, Hd &
Mea, a6 I B K IR T PP 21 A
e A K n+ LI 2 2 sl i+ )7 91 . 84 fid, #f /N TB a1
PR, k=1, 2, -+, n?+1. Nk, FREHM, <TG, d)FALE DA REM
G WIS EIRE, n+INE XA S Ba) 1, frfEa,
Fa,, s<t, 151 =1 Md=d . FAPEUEITIXEATTHEN . HTFRHIIEA
IR, 7 oo <a, 5§ Boa v, o
WnRas<at, MadHTis=it, AaCashnB]MatIFaq i)as s 5751 5t
g — D MasTHR K A i s+ 1541 A=A JE . B,
Has>at, AJLPLIEHds—x&E KTFdt, M= 4E0 &

-
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3. Some Elegant Applications of the Pigeonhole
Principle

0 Ransey number R(m,n)

» Example 13 (page 352)

oAssume that in a group of six people, each
pair of individual consists of two friends or
two enemies. Show that there are either
three mutual (#H E.1#)) friends or three
mutual enemies In the group.

o Solution:
— See next slide.
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3. Some Elegant Applications of the Pigeonhole
Principle
0 Ransey number R(m,n)

s Solution

o FAZ6 N AT — A, AEPEAASN AT 2DHE3NNEA
PR, B /DAE3IN NGEARTT N o X n] LLAHET 65 28 i1
HAGH, B AS DM  AN A I, i — AR
HG2/0fH - 5/2 7 =31 I0E
TR AT s L, B EB, CHIDZARH A . tnfIx3 A
2N NWEMN A, IBAIZ24 NFTARY B o2& I A I3 A
Mo 5N, B,CHID BRI A RIBANAL
X e — AL UE R, HALFAE3ANBCE 2 NI, nl L
SRR 7 i A0 B
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Homework

a0 Page 353—354
m 2,4, 6, 16
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