Chapter 5 Counting

5.5 Generalized Permutations and
Combinations



1. Introduction

a Introduction
= Read Page 370
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2. Permutations with Repetition

o Example 1 (page 371)

= How many strings of length n can be formed
from the English alphabet?

x  Solution: 26"

o Theorem 1 (page 371)

= The number of r-permutations of a set of n
objects with repetition allowed is n".

= Proof: Z{AWEEN, Er-HE8HXtr- M7 & AR
BN IR G HICER, ROV IERE, Py
NNIARER AR . R, E ik, =4 S iF B AN
fFAENT Ar-HES
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3. Combinations with Repetition

o Example 2 (page 371)

= How many ways are there to select four pieces
of fruit from a bowl containing apples, oranges,
and pears if the order in which the pieces are
selected does not matter, only the type of fruit
and not the individual pieces matters, and there
are at least four pieces of each type of fruit Iin
the bowl.
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3. Combinations with Repetition

o Example 2 (page 371)

= Solution: 15 ways
4 apples 4 oranges 4 pears
3 apples, 1 oranges 3 pears, 1 pear 3 oranges, 1 apple
3 oranges, 1 pear 3 pears, 1 apple 3 pears, 1 orange
2 apples, 2 oranges 2 apples, 2 pears 2 oranges, 2 pears
2 apples, 1 orange, 1 pear
2 oranges, 1 apple, 1 pear
2 pears, 1 apple, 1 orange

= This solution is the number of 4-combinations with

repetition allowed from a three-element set {apple,
orange, pear
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3. Combinations with Repetition

o Example 3 (page 372)

= How many ways are there to select five bills
from a cashbox containing $1 bills, $2 bills, $5
bills, $10 bills, $20 bills, $50 bills, and $100 bills?
Assume that the order in which the bills are
chosen does not matter, that the bills of each
denomination are indistinguishable (7% f{E 4%
MEAINX 2 H), and that there are at least five
bills of each type

Software Engineering Mathematics SEI of ECNU AU fi© 6



3. Combinations with Repetition

o Example 3 (page 372)
» Solution: Z i1~ (page 372~373)

$100 [$50 [$20 |$10 |$5 $2

H6 | 5 *Rithk,  fildn.

Lol LR L] LR * <2 $10s,3 $1s
o K| *F|**] | *| | #Fr1$100,2 $20s,1 $5
s *| LI **1 | *1* %5 1%$100,2 $10s,1 $2,1$1

s AR N ELINME RSN S A E R IEZE)
C(11, 5) = 111/(5!'X6!)
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3. Combinations with Repetition

o Theorem 2

= There are C(n+r-1, r) r-combinations from a set
with n elements when repetition of elements are
allowed.

. Proof MAFEENN DN CRESHENr-H A0 LU
V4R PR MR R m . Xn-14% 46 2 H khnicn
Afﬂmﬁmo BUESTH BN iRmHIEAEGF, i
A%ﬁﬁ@ﬁ*%goww,4%%%%%*4&%%%
3R eI R KN, IXH
* % | x| |kkk

RETHRTRZ2MNE—IcE . 1 1HE JtHE. 0 hE=
T A 3N Mm%
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3. Combinations with Repetition

o Theorem 2

s FWRANICKLER], HE5n-15 2 i 2 K5 — M
F RN N T neRmEESH T EEN — I r-HE. XFp
RN EREC(N-14+r1, 1), KRR T M-S rin

AN-14 B0 n-1+r/ M0 E P U M E
— PP e L
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3. Combinations with Repetition
o Example 4 (page 373)

Suppose that a cookie shop has four different
kinds of cookies. How many different ways can
six cookies be chosen? Assume that only the
type of cookie, and not the individual cookies or
the order in which they are chosen, matters.

Solution:
four------—-—-- the number of elements
SIX------—- 6-combination

C(4+6-1, 6) (M ULHEEHAI)
Remark: Please use this theorem to consider example
2 (page 336): C(3+4-1, 6)
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3. Combinations with Repetition

o Example 5 (page 373)
= How many solutions does the equation
X1 +X,+X3=11
have, where x;, X,, and X; are nonnegative
Integers”?
= Solution

---- Selecting 11 items from a set with three
elements.

X1 items of type one
X2 items of type two
X3 items of type three
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3. Combinations with Repetition

o Example 5 (page 373)
= Solution (Cont.)

---- 11-combinations with repetition allowed
from a set of three elements

---- answer: C(3+11-1, 11)
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3. Combinations with Repetition

o Example 5 (page 373)
= Remark: Variables can have constraints.
For example, x1=1, x2=2, and x3=3.
o Solution:

1. Firstly, choose one item from type one, two
of type two, and three of type three.

>.  Then, select five additional items
o answer: C(3+5-1, 5)

a0 Example 6 (page 374)
= Solution: Please read it by yourself.

Software Engineering Mathematics SEI of ECNU AU fi©

13



4. Permutations with Indistinguishable Objects

o HAAA AR S S RS
o Example 7 (page 375)

= How many different strings can be made
by reordering the letters of the word

SUCCESS

s Solution:
o Success------- 3Ss,2Cs,1U,1E
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4. Permutations with Indistinguishable Objects

o Example 7 (page 375)

s Solution:

o 3 Ss can be placed among 7 positions in
C(7, 3) ways.

o 2 Cs can be placed in C(4,2) ways.
o U can be placed in C(2,1) ways.
o E can be placed in C(1,1) way.
o Answer
———————— C(7,3)XC(4,2) XC(2,1)XC(1,1)
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4. Permutations with Indistinguishable Objects

o Theorem 3 (page 375)

= the number of different permutations of n
objects, where they are

n, indistinguishable objects of type 1,
n, indistinguishable objects of type 2,

...... , and
n, indistinguishable objects of type k, is
n'/ (nIXn,l...... nt)

s  Proof: similar to example 2.

Software Engineering Mathematics SEI of ECNU AU fi© 16



5. Distributed Objects into Boxes

o RN E T
o Example 8 (page 378)

= How many ways are there to distribute
hands of 5 cards of four player from the
standard of deck of 52 cards.

s Solution:
C(52,5)XC(47,5) XC(42,5) XC(37,5)
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5. Distributed Objects into Boxes

a Theorem 4 (page 377)

= The number of ways to distribute n
distinguishable objects into k

distinguishable boxes so that n; objetcs are
placed into box I, 1=1,2, ..., k, equals
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5. Distributed Objects into Boxes

o Indistinguishable Objects and
Distinguishable Boxes

=  Question and Method

o Counting the number of ways of placing n
Indistinguishable objects into k
distinguishable boxes turns out to be the
same as counting the number of n-
combinations for a set with k elements
when repetition is allowed

—————— C(k+n-1, n)
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5. Distributed Objects into Boxes

o Example 9 (page 377)

= How many ways are there to place 10
Indistinguishable balls into eight
distinguishable bins?

= Solution:

----- C(8+10-1,10) = C(17,10)
= 171/(10! 7D
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5. Distributed Objects into Boxes

o Distinguishable Objects and
Indistinguishable Boxes

=  Question and Method

o Counting the ways to place n
distinguishable objects into k
Indistinguishable boxes is more difficult
than counting the ways to place objects,
distinguishable or indistinguishable objects,
Into distinguishable boxes.

————— No simple closed formula for this
counting problem
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5. Distributed Objects into Boxes

o Example 10 (Page 377—378)

= How many ways are there to put four different
employees into three indistinguishable offices,
when each office can contain any number of
employees?

= Solution:
4 different employees----A, B, C, D Ways:
o {{A,B,C,D}}

o {{A,B,C} {D}}
o {{A,B, D}, {C}}
o {1{A,C, D}, {B}}
o {1B,C, D}, {A} }
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5. Distributed Objects into Boxes

o Example 10 (Page 377—378)

= How many ways are there to put four different
employees into three indistinguishable offices,
when each office can contain any number of

employees?
= Solution:
4 different employees----A, B, C, D Ways:
1. {{A,B,C,D}}
2. {{A, B, C} {D}}
{{A. B, D}, {C} }
{{A,C, D}, {B} }
{4{B, C, D}, {A} }
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5. Distributed Objects into Boxes

o Example 10 (Page 377—378)
= Solution:
4 different employees----A, B, C, D Ways:

. {{A, B}, {C, D} }
1A, C}, {B, D} }
1A, D}, {B, C} }

+. {{A, B}, {C}, {D} }
11A, C}, {B}. 1D} }
1 1A, D}, {B}, {C} }
11B, C}, {A}, 1D} }
11B. D}, {A}. {C} }
11C, D}, {A}, {B} }
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Homework

Q0 Page 3/9—382

= 14, 16, 30, 32, 38
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