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Abstract

Integrated powers of densities of one- or two-multidimensional random variables
appear in a variety of problems in mathematical statistics, information theory,
and computer science. We study U-statistic estimators for a class of such in-
tegral functionals based on the e-close vector observations in the correspond-
ing independent and identically distributed samples. We show some asymptotic
properties of these estimators (e.g., consistency and asymptotic normality). The
results can be used in a variety of problems in mathematical statistics and com-
puter science (e.g., distribution identification problems, approximate matching
for random databases, two-sample problems).
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1. Introduction

Let the distributions Px and Py of the d-dimensional random variables X
and Y have densities px () and py (z), 2 € R?, respectively. Various character-
istics in mathematical statistics, information theory, and computer science, say
entropy-type integral functionals, are expressed in terms of integrated powers of
px (z) and py (z). For example, a widely accepted measure of closeness between
Px and Py is the (quadratic) density power divergence (Basu et al., 1998)

Dy = DaPx.Py) = [ (ox(e) =y (o)

Other examples include the Rényi entropy for quantifying uncertainty in Px
(Rényi, 1970)
1 S
log px(x)dx ), s#1,
1—s R4
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hs = hs(Px) =
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and the differential variability for some database problems (Seleznjev and Thal-
heim, 2010)

v =v(Px,Py) := —log (/Rd Px(w)pY(x)dgc) :

Henceforth we use log z to denote the natural logarithm of x. For non-negative
integers k1,ke > 0,k := (k1,k2), we consider the Rényi entropy functionals
(Kallberg et al., 2012)

x = Qg ks = / px (@) py (x)*2de, kg + ko > 2.
Rd

Moreover, given a set of constants a := {ag, a1,a2}, we introduce the related
quadratic functionals

¢2 = q2(a) := apq2,0 + a1q1,1 + a2qo 2.

Note that the quadratic divergence Do = g2,0 — 2¢1,1 + ¢o,2, the Rényi entropy
hi, = log(qr,0)/(1 — k), k = 2,3,..., and the variability v = —log(¢1,1). Some
applications of Rényi entropy and divergence measures can be found, e.g., in
information theoretic learning (Principe, 2010). More applications of entropy
and divergence in statistics (e.g., classification, distribution identification prob-
lems, and statistical inference), computer science (e.g., average case analysis for
random databases, pattern recognition, and image matching), and econometrics
are discussed, e.g., in Kapur (1989), Kapur and Kesavan (1992), Pardo (2006),
Leonenko et al. (2008), Escolano et al. (2009), Seleznjev and Thalheim (2003,
2010), Thalheim (2000), Leonenko and Seleznjev (2010), Neemuchwala et al.
(2005), and Ullah (1996). The divergence Dy belongs to a subclass of the Breg-
man divergences that find various applications in statistics (see, e.g., Basseville,
2010, and references therein).

In this paper, to demonstrate the general approach, we study non-parametric
estimation of some entropy-type integral functionals, e.g., gx and g2(a), using in-
dependent samples from Px and Py . Some new asymptotic results are presented
for a class of U-statistic estimators for these functionals. These estimators are
based on the e-close observations in the corresponding samples. We general-
ize some results and techniques proposed in Leonenko and Seleznjev (2010) and
Kéllberg et al. (2012). In particular, we obtain consistency of the corresponding
estimators for a more wide class of distributions and prove asymptotic normality
of the estimators for the quadratic functionals ¢z(a).

Leonenko et al. (2008) study asymptotic properties of nearest-neighbor esti-
mators for gy, and obtain consistency when the densities are bounded. Giné and
Nickl (2008) show asymptotical normality for a kernel estimator of ¢ in the
one-dimensional case. Ahmad and Cerrito (1993) and Li (1996, 1999) use kernel
estimates of the quadratic divergence D5 as test statistics for the two-sample
problem, and obtain asymptotically normal null distribution. For a certain ker-
nel estimator, we prove asymptotic normality under different conditions. The



number of small interpoint distances in a random sample is among the most
studied examples of U-statistics with kernels varying with the sample size (see,
e.g., Weber, 1983, Jammalamadaka and Janson, 1986, Penrose, 1995). A signifi-
cant feature of such characteristics is that one can obtain normal limit laws even
in some degenerate cases. We generalize this approach for two-sample statis-
tics. This extension enables some statistical applications where the degeneracy
condition might be crucial, e.g., estimation of divergence.

First we introduce some notation. Throughout the paper, we assume that
the random vectors X and Y are independent. Let d(x,y) := |z — y| denote the
Euclidean distance in R? and define B.(x) := {y : d(z,y) < €} to be an open
e-ball in R? with center at = and radius e. Denote by b.(d) := ¢?b;(d),b;(d) =
274/2 /(dT'(d/2)), the volume of the e-ball. Define the e-ball probability as

px.c(z) := P{X € B(z)}.

We say that the vectors z and y are e-close, if d(z,y) < €, for some € > 0. Let
Xi,...,Xn, and Y7,...,Y,, be mutually independent samples of independent
and identically distributed (i.i.d.) observations from Px and Py, respectively.
Define n := (n1,n2), n := ny + ng, and say that n — oo if ny,ne — oo. Let
e=¢€(n) — 0 asn— oco.

In what follows, we consider estimation problems for both one and two sam-
ples. However, in statements of results and the proofs it is assumed, for sake
of space and clarity, that two samples are available, i.e., ny,no > 0. This can
be done without loss of generality, because in the one-sample case, e.g., estima-
tion of gx, 0, k1 > 2, from X;,...,X,,, an auxiliary sample Y7,...,Y,, can be
considered.

Denote by B oand & convergence in distribution and probability, respec-
tively. For a sequence of random variables U,,n > 1, we write U, = Op(1)
as n — oo if for any § > 0 and large enough n > 1, there exists C' > 0 such
that P(|U,| > C) < §. Moreover, for a numerical sequence wy,n > 1, let
U, = Op(wy) as n — oo if Uy /w, = Op(1) as n — occ.

The remaining part of the paper is organized as follows. In Section 2 we
consider estimation of the Rényi entropy functional gx. The asymptotic results
for estimation of the quadratic functional g2(a) are given in Section Bl In Sec-
tion @l we discuss applications of the obtained results to estimation of density
power divergence, the two-sample problem, and statistical inference for some
entropy-type characteristics. Several numerical examples illustrate the rate of
convergence of the asymptotic results. Section [ contains the proofs of the
statements from the previous sections.

2. Estimation of the Rényi entropy functional gy

We introduce the U-statistic estimators of gx proposed by Kéllberg et al.
(2012). If r is a non-negative integer, define S, , to be the set of all r-subsets
of {1,...,m}. Let S € Sy, k, and T € Sy, k,- When k1 > 1, we define

U (S T) = I(d(X;, X)) < €, d(X, Vi) < e,¥j € SVIET), i€s,



i.e., the indicator of the event that the observations {X,,j € S} and {Y;,l € T’}
are e-close to X;. By conditioning, we have

G = B, (S 7)) = Epx,«(X)" 'py.c (X)),
In a similar way, when k; = 0 and ko > 1, we define

GO (T) = 1(d(Y;,Y;) < e,Vj€T), ieT,

k,n,e

and .
e = E@W(T)) = E(pyo(Y) 7).
Now, a U-statistic for gk . (see, e.g., Ch. 2, Lee, 1990) is given by

-1 -1
Qun = Qune = (ZI) (Zj) Yo D> k(ST

SESnl,kl TGSnQ,kQ

with the kernel ¢y n(S;T) defined by the symmetrization

1 i .
Ty Zwl((,)n,e(S;T), if by > 1,

Vien(S;T) = Yrne(S;T) := ) ies
k_2 Z wl((l,)n,e(T)v lf kl = O, kQ Z 1.
i€T

By definition, Qk n is an unbiased estimator of qx . Let k := ki + ko, k& > 2,
and define the estimator of gk as

Qin = Qun/bc(d)FL.

Killberg et al. (2012) obtain consistency of Q. n when the densities are bounded
and continuous. The following theorem yields weaker density conditions for
consistency.

Theorem 1. Ifpx,py € Lop_1(R%), ne® =Yk — o0, andny/n — p,0 < p <1,
then ~
Qx.n E> gk as n — 0.

3. Estimation of the quadratic functional g2(a)

The following linear combination is a sensible estimator for the quadratic
functional g

Q20 = Q2n(a) :=aoQ20n+a1Q1,1,n +a2Q0,2,n-

For 0 < p < 1, introduce the characteristics

k= ky(a) = %Vaf (GOPX(X)"'EPY(X)) +

5 Var (azpy(Y) + —lpx(Y)),

I—p
_ 2 a? a3 a?
n=r1p(a):= b1 (d) (p2 42,0 + TEE qo,2 + 2p(1 = p)QI,l .




Let ~
G2, := E(Q2,n) = 0G2,0,c + a1G1,1,c + a2do,2,e,

where Gk . := E(Qk,n) = be(d)"'qx.e. We get the following theorem for the
asymptotic normality of Q2 n.

Theorem 2. Let px,py € L3(R?), andni/n=p,0<p< 1.

(i) If ne? — B,0 < B < oo, then
Vi(Qan — G2.c) = N(0, 5 +1/B) as n — oo.
(ii) If ne? — 0 and n%e¢? — oo, then
e’ (Qan — Ga.c) = N(0,7) as n — oo,

From a practical point of view, the unknown asymptotic variances in Theorem[2]
have to be estimated, i.e., we need consistent estimators for x and 7. By ex-
panding the terms in k, we see that it is a function of p and the functionals
{gij :2<i+j <3}, ie,k=r(p{¢,;:2<i+j<3}). Since Theorem [I]
yields that {Q; jn : 2 <i4j < 3} are consistent estimators of these functionals,
we set up the plug-in estimator

Rn = "‘5(pn7 {Qi,j,n 2<i+j5< 3})

for k, where p,, := n1/n. Similarly, denote by 7, the corresponding estimator
for n and define vy, := kn + n/Bn, Bn = ne, to be an estimator of k +n/B. It
follows from the Slutsky theorem that 7, and vy, are consistent estimators of n
and k + 1/, respectively.

To ensure a sufficient rate of decay for the bias term g2 ¢ — g2, wWe propose

smoothness conditions for the densities. Denote by H2a) (K),0<a<1,K >0,
a linear space of functions in Ls(R?) that satisfy a a-Holder condition in Lo-
norm with constant K, i.e., if p € HQ(O‘)(K) and h € B;i(d), then

[p(-+ 1) = p()ll2 < KI|h|*. (1)
Note that () holds if, e.g., for some function g € La(R?),
lp(z + h) —p(x)| < g(x)|h]"

The density smoothness can be introduced in different ways, e.g., by the point-
wise Holder conditions (Kéllberg et al., 2012) or the Fourier characterization
(Giné and Nickl, 2008).

A bound for the bias and the rate of convergence in probability are presented
in the following theorem. Additionally, we obtain asymptotically pivotal quan-
tities which can be used, e.g., to construct asymptotic confidence intervals for
the functional go. Let L(n),n > 1, be a slowly varying function as n — co.



Theorem 3. Let px,py € HQ(O‘)(K) and ni/n=p,0<p<1.
(i) Then for the bias, we have
|Ga.c — qa] < C*™,C > 0.
(i) If 0 < o < d/4 and € ~ en= Y/ (2o+d/2) ¢ > 0, then
Qom — g2 = Op(n™20/(22+d/2)y g 5 o0,
(iii) If a > d/4 and ne? — B,0 < B < oo, then

NG

Vi(Qom — a2) = N(0,k+1/8) and (Qan — g2) = N(0,1)

vVn
as n — oo.
(i) If € ~ L(n)n=2/¢ and L(n) — oo, i.e., n¢% — oo, then

/2

(Q2m — ¢2) = N(0,1)

ne

ne”?(Qan — q2) B N(0,m) and

n

as n — oQ.

Remark 1. It is worth noting that in this paper, we do not require x > 0 (cf.
Kéllberg et al, 2012). The condition £ > 0 corresponds to the non-degeneracy
condition commonly used for proving asymptotic normality of U-statistics by
the conventional techniques, e.g., using the H-decomposition (see, e.g., Lee,
1990, Koroljuk and Borovskich, 1994). For example, when considering, e.g., the
divergence Ds, the condition k > 0 implies that px(z) # py(x) on a set of
positive measure. This assumption may be too restrictive in some statistical
applications whenever the distributions of X and Y are too close.

Remark 2. In Theorem Bl(iv), we get asymptotic normality for an arbitrary
dimension. This is an improvement of some results in Leonenko and Seleznjev
(2010) and Kallberg et al. (2012). Note, however, that the rate of convergence
ne?/? ~ L(n)#? can be slower than y/n in this case.

Remark 3. The condition ni/n = p,0 < p < 1, in Theorems [2 and B is
technical and we claim that it can be replaced with the slightly weaker condition
ni/n— p,0<p<l.

Remark 4. In the one-sample case, the results in Theorems 2] and Bl are es-
sentially independent of p. In fact, consider, e.g., the estimator Qg)om of g2,0,
ie, a = {1,0,0}, k = 4Var(px(X))/p, and n = 2b1(d)"Lq2.0/p*>. We have
n =n1/p, so if nje? — \,0 < X\ < oo, then ne? — \/p =: B. Hence, it follows
from Theorem Bl(i:) that

~ 2
vV11(Q2,0n — G2,0) 2N (O, 4Var(px (X)) + 171—@%’0/)\) as ny — oo.

Therefore, we obtain a result with ,/ni-scaling that does not depend on p as
desired. A similar modification can be done for the ne?/2-scaling.



4. Applications

4.1. Estimation of density power divergence

The introduced quadratic divergence Dy belongs to the wide class of density
power divergences (Basu et al., 1998), defined by

D, = D.(Px,Py) ::/
Rd
1

—S_1QS,O_

(s27ex@) = ppx(apy @ 4 (o)) o

s
q1,5-1+qo,s, s> 1.

s—1

When s = r is a non-negative integer and px,py € Lgr_l(Rd), then Theorem [J

implies that

1 - roox .
Dr,n = —Qr,O,n - —Ql,r—l,n + QO,r,n
r—1 r—1

is a consistent estimator of D,.. Moreover, Theorem[3gives conditions for asymp-
totic normality of the quadratic estimator 1527“.

The quadratic divergence Dy can be used as a dissimilarity measure to in-
vestigate pairwise differences among M populations or objects. Let the features
of population [ be represented by the random feature vector V; with density
py(x),r € R4l = 1,...,M. Using independent samples from populations
Vi,l=1,...,M, we apply, e.g., the Bonferroni method and calculate the (1‘2/[)
approximate simultaneous confidence intervals {I;,,} for the quadratic diver-
gences {D21m}, D2,im := D2(Pv;, Py, ), for a given confidence level. Now, the
intervals {I},,} can be used to determine which populations are different with
respect to their feature densities.

Example 1. We consider estimation of the quadratic density power divergence
Ds(Px,Py) between two three-dimensional distributions. The distribution of
the components of X and Y are ¢(3)-i.i.d. and N(1,1)-i.i.d., respectively. In
this case it holds that Dy =~ 0.018. We simulate Ng;,, = 500 independent
and normalized residuals R,(ai) = \/ﬁ(Dgﬁn — D3)/\/Tn, i = 1,..., Ngjm, with
ny = ng = 500, and € = 1/4. Figure [ illustrates the performance of the
normal approximation of Rff ) indicated by Theorem [Bl The histogram, normal
quantile plot, and p-value (0.41) for the Kolmogorov-Smirnov test also support
the assumption of standard normality for the residuals.

4.2. The two-sample problem

A general null hypothesis of closeness between Px and Py is given by
Hy : px(z) = py(x) ae.

We consider the problem of testing Hy against the alternative Hy that px(x)
and py (x) differ on a set of positive measure (often referred to as the two-sample
problem). Note that the alternative can be written as Hy : Dy > 0. Hence, we
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Figure 1: Three-dimensional distributions with ¢(3)-i.i.d. and N(1,1)-i.i.d. components, re-
spectively; sample sizes n1 = na = 500 and € = 1/4. Standard normal approximation for the
normalized residuals; Ng;m,, = 500.

define a test statistic based on the estimator ﬁg,n for Do (see, e.g., Li, 1996),

according to
/2
nev’? .
Th:= D2 .
n \/n_n n
The asymptotics for the distribution of T}, are presented in the following propo-
sition. Let {un} be a numerical sequence such that u, = o(ne?/?) as n — ooc.

Proposition 4. Assume that px,py € L3(R?), n?¢? — oo, and ny/n = p.

(i) Under Hy, we have
ne?’2Dy 4 B N(0,n) and Ty B N(0,1) as n — cc.

(i) Under Hy, we have

P(Th > un) = 1 as n — o0.

Thus, we reject Hy if Ty, > Ao, where A\, is the a—quantile of the standard
normal distribution. It follows that this test has asymptotic significance level a
and is consistent against all alternatives that satisfy px,py € L3(R9).

Remark 5. Since ¢20 = ¢1,1 = qo,2 under Hj, the asymptotic variance in
Proposition [(i) is reduced to

n £ Mo = 2o
- bi(d)pP(1—p)*



Therefore, the test might be more accurate if Ty, is redefined by means of re-
placing 7, with an estimate of 7y based on the pooled sample {Z1,...,Z,} =
{X1,..., X0, Y1,..., Y, } (cf. Li, 1999).

4.3. Estimation of Rényi entropy and differential variability

Consider the class of functionals

hy = hk(Px,Py) = log(qk), k> 2.

1
1-k
When Px = Py, we get the Rényi entropy hy o, a family of functions for measur-
ing uncertainty or randomness of a system (Rényi, 1970). Another important
example is the differential variability v = hq,1, a characteristic for modeling
some random databases (Seleznjev and Thalheim, 2010). When the densities
are bounded and continuous, the results in Kallberg et al. (2012) imply consis-
tency of the truncated plug-in estimator

Hyn:

ni= g i z log(max(Qk,m 1/n))

for hx. It follows from Theorem [[land the Slutsky theorem that Hy y, is consis-
tent under the weaker condition px,py € Lop_1(R%).

In the quadratic cases k = 2, i.e., k = (2,0), (1, 1), the asymptotic normality
properties of Hy y are studied by Leonenko and Seleznjev (2010) and Kéllberg
et al. (2012). The following proposition generalizes some of these results (see
also Remarks 1-4).

Proposition 5. Assume that k = 2. Let px,py € HQ(O‘) (K) and ni/n = p,
0<p<l.

(i) If 0 < o < d/4 and € ~ en=/2atd/2) ¢ > 0, then

Hyn—hx = Op(n72°‘/(2°‘+d/2)) as n — 0o.
(ii) If o > d/4 and ne? — 3,0 < B < oo, then

Qk,n

n

Vii(Hen — i) 2 N0,k +n/B8) and n (Hien — hie) 2 N(0,1)

asn — oo.
(iii) If € ~ L(n)n=%/% and L(n) — oo, i.e., n?e? — oo, then

ne’?(Hyn — i) 5 N(0,m) and nedm%(h{k,u — hk) 2 N(0,1)

as n — oo.



The estimator Hy n of hi can be used, e.g., for distribution identification prob-
lems and approximate matching in stochastic databases (for a description, see
Kallberg et al., 2012).

Example 2. Let X and Y be one-dimensional uniform random variables,
ie, X ~ U(0,1) and Y ~ U(0,4/2), and consider estimation of the differ-
ential variability v = hy11 = log(2)/2. We simulate independent and nor-
malized residuals RY = nQ11m(Hiin — h11)/ayi = 1,..., Neim, with
ny = ng = 300,e = 1/100, and N, = 600. Figure 2l illustrates the normal ap-
proximation for these residuals indicated by Proposition Bl(4). The histogram,
quantile plot, and p-value (0.36) for the Kolmogorov-Smirnov test allow to ac-
cept the hypothesis of standard normality.
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Figure 2: Uniform distributions, U(0,1) and U(0,+/2); sample sizes n1 = na = 300 and
€ = 1/100. Standard normal approximation for the normalized residuals; Ngim = 600.

5. Proofs
The following lemma is used in the subsequent proofs.

Lemma 1. For a,b > 0, assume that px,py € Laipr1(R?). Then
be(d) "I E(px.o(X) Py (X)?) = qag1p as € — 0.

Proof. Let px () = be(d) 'px.c(z), Py.c(x) := be(d) 'py,(x). Consider the

10



decomposition

bl VB (X) (X)) = [ Balo) (o) (0)da

:/ px(w)“+1py(x)bdx+/ (Pr.e(2)” — py ()" )px (2)*dz (2)
Rd R4

+/ (Px,e(2)" — px (2))Py,e(2)’px (2)dx
Rd

Hence, the assertion follows if the last two terms in () tend to 0 as e — 0. By
the extension of Hélder’s inequality (see, e.g., Ch. 2, Bogachev, 2007),

| [ (@) = px (@)@ px (o) @
R
< Ipx,e () = px () (@ svt1)/al By, ()’ (ats 1)l [Px (lasbs1

The Lebesgue differentiation theorem implies

(;C)a-i-b-i-l

DX,e — px(2)T* as e = 0 ae. (4)

If vV =(>,...,Vy) is an auxiliary random vector uniformly distributed in the
unit ball By(d), then px (z) = E(px(z — €V)), and by Jensen’s inequality,

(Px,e(x)®)@HHD/@ < g (2) := E(px (x — V)" T0T) (5)

1 / a+b+1
=—= px (y dy.
be(d) J . (x) )

Since px € La+b+1(Rd), it follows from the Lebesgue differentiation theorem
that

ge(x) = g(x) := px(2)*T as e = 0 ace. (6)

Furthermore, Fubini’s theorem yields

/R gela)de = /R gla)dr. (7)

We get from ()-(7) and a generalization of the dominated convergence theorem
(see, e.g., Ch. 2, Bogachev, 2007) that

[15x,¢()*[l(atb+1)/a = 12X ()| (atb+1)/a @S € = 0. (8)

Similarly,
1Byl (ab+1)76 = 1Py ()%l (atbr1) /6 88 € = 0. 9)

Now we use the following result (see, e.g., Ch. 1, Kallenberg, 1997): For a
sequence of functions f,, € L,(R%),p > 1,n = 1,..., with f,(z) — f(z) a.e.,
f € Ly(R%), it holds that

fnllp = 11 1lp HE |[fn = fllp = 0 as n — oo. (10)

11



Note that @), [®), and (I0) imply
1Ppx.c ()" = Px ()M(a+b41)/a = 0 as € = 0. (11)
Finally, it follows from (@), @), and ([II) that

/Rd (Px.c(2)* = px (2))py.c(@)’px (z)dr — 0 as € — 0.

In a similar way, we obtain

/d(ﬁy,e(ﬂi)b —py(x)b)px(:zr)‘“lea: —0ase—0.
R

This completes the proof. O

Proof of Theorem[dl. Forl=0,..., ki, and m =0,..., ks, let

Ui lymon (1, T YL - Ym)
=EWkn(1, -2 Xit1s o Xk 5 Uty o Ymy Y1y - - -5 Yies )
and
Ulzc,l,m,n = Var(¢k7l,m7n(X1, N ,Xl; Yl, e ,Ym)),

where we define 012(70)07,0 = 0. From the conventional theory of U-statistics (see,
e.g., Ch. 2, Lee, 1990), we have

ki ko (k1) (k2) (n1—k1) (na—k2
Var(Qun) = b(d) 2D Y7 ¢ )(’")(Ef)l (752))(’“2"") Oetmn (12)
1=0 m=0 k1) \ka

First, assume that k; > 1. Following the argument in Kéllberg et al. (2012), it
is straightforward to show that

Tt < E(0x3d(X)?M 1 py (X)),

so Lemma [Tl implies

aﬁylﬁmyn = O(bé(d)%*l*mfl) as n — oo. (13)
Forl1=0,...,ky and m =0,..., ks, we obtain
ey (DG () (220)
be(d> 2061 2! (nlk)l(ig))(kz Ulzc,l,m,n (14)
k1 ko

—(2k—l-m—1) 52
C be(d) ( )Uk,z,m,n
tm nltmed(m—1) '

for some constant Cj ,, > 0. Since | +m < k, we have

nl+m€d(l+m71) _ (ned(lfl/(l+m)))l+m > (ned(lfl/k))lqtm. (15)

12



Now, if ne?@=1/%) — ¢ 0 < ¢ < o0, it follows from (I2)-(IH) that

~ 1
Va.lf'(Qk)n) =0 (W) as n — oo. (16)

In the same way, it can be shown that (I8 holds when k; = 0. In particular, if
nel1=1/F) 5 0o, we get

Var(Qi.n) — 0 as n — oco. (17)

Moreover, it follows from Lemma [I] that E(ka) = bé(d)f(kfl)Qk,e — Qk, SO We
obtain from (I7) that Qi n R qx as n — oo. This completes the proof. a

Proof of Theorem[d. Note that (i) and (i7) can be expressed together as follows:
If ne? — 3,0 < B < oo, and n?e? — oo, then

ne"*(Qom — Go.c) = N(0,1+ Brk).

So we prove the theorem using the scaling ne®/? for both (i) and (ii). If n3 =
n3(n) is defined to be the greatest common divisor of n; and ng, then ny = nsl
and ng = nym, where [ and m are positive integers that satisfy I/(I + m) = p.
Consider the following pooled random vectors in R4 +™)

Zi = (Xii—1)415 - - > Xti, Yim(i—1) 415 - -» Ymi),  1=1,...,n3.

The method of proof relies on the decomposition

-1
ne?(Qon — Go.c) = ne?’? <T;‘°’> be(d) " (Un — E(Uy)) + Ru, (18)

where Uy, to be defined later, essentially is a one-sample U-statistic with respect
to the i.i.d. sample {Z1,...,Z,,}. The idea is to prove that the remainder Ry,
tends to 0 in probability and use the corresponding result from Jammalamadaka
and Janson (1986) to show asymptotic normality for the first term in (I8]).

For z; := (:El(i,l)ﬂ, e Tl Ym(i—1)41s - - - Ymi)s § = 1,...,n3, introduce the
kernels

MN
MN

oW (2, 25) = I (d (@(i—1)1s> Tig—1)4¢) <€),

w
I
-
o
Il
=

6D (21, 25) :

M-
NE

I (d (ym(ifl)Jrsu ym(j71)+t) < 6) )

»
Il
-
~
Il
-

6 (21, 27) 1=

MN
NE

I(d (Zui—1)+s> Ym(j—1)+¢) <€)
1

+ Z I (d (xl(j71)+57 ym(ifl)th) < 6) .

s=1t=1

1

@
Il

~ o
Il
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Furthermore, define

fa(zi,25) = aol_2¢g)(zi, zj) + azm_ngg) (2, 25) + a1(2lm)_1¢513) (zi, 2§),
tn = E(fa(Z1,22)) = be(d)ga,e,
gn(zi) = E(fu(zi,Z;)) — pn (19)
1 m
= % leX,e(Il(i—l)-l-s) + a—nj leY,e(ym(i—l)-i-s)

l m
ar (1 1
+ ?1 (7 ZPY,e(fcl(iq)Jrs) T ZpX,e(ym(il)Jrs)) — Hn.
s=1 s=1

Let

My =Y I(d(X;, X;) <€), Vai=>» I(d(Y;,Y;) <e),

i<j i<j

Wa =Y I(d(X;,Y;) <e),

and note that

1 —1
be(d)Qan = ao (n;> My + as <n22) Va + a1(ning) ' Wy, (20)

Now consider the decompositions

My=MY +MP, Vo=V +v® w,=w+w®,

where

MO =Y o2, 2), VD =3 020 Z5), WY =3 6 (Z:, 2)),
i<j i<j 1<j

and define

L ao 1 a9 1 aq 1)
i<j

With this definition of Uy, it follows from (20) that the decomposition (IS])
holds with remainder

Ry, = RY+RP +RY +RY +RY + RY,

14



where

—1 -1
RY = ag (7;1) —1—2("23> )ned/2b€(d)_1Mr(ll),

(
o
(

—1
R®) = o (nlng)_l—(Zlm)_l(T;S) >ned/2bé(d)—lw,§1>,
-1
RW .= a0<n;) ne®/?b (d) "' M,
-1
R® = a2<7;2) ne® b (d) V),
RO = aj(ning) tne 2 (d) W2,

By the conventional U-statistic theory for one-sample U-statistics (see, e.g., Ch.

1, Lee, 1990), we have

Var(M) = (T;?’) (2(n3 — 2)é1,n + E2n)

where

E1n = Cov(oW (21, Z2), $\0(21, Z3)),  Eom := Var(¢D(Z1, Z2)).

It follows that

bom S E(0Q)(Z1, 22)) < PE(BY (21, Z2)) = 1*P(d(X1, X2) <€),

and hence & n,&2n = O(be(d)). Therefore, we get from (21)) that
Var(M{Y) = O(n3b.(d)) as n — co.

Since

—1 —1 —1 -1
ny _ofm3 ny _ofmn1/l C

—1 = —1 ~ — — 0
<2> <2> (2) <2> g T

it follows from ([22)) that
Var(R(Y) = O(n™!) = 0 as n — oc.

Similarly, for i = 2, 3, ‘
Var(RW) — 0 as n — oo.

Moreover, if a kernel is defined as

On(zi) == Z I (d (Il(i_1)+j,17l(i_1)+k) < e) , i=1,...

1<j<k<l

15
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then
n3
Ml’(l2) = Z en(Zi)
i=1

and by Lemma [T

Var(M?) = nzVar(6,(Z1)) ~ ns (;

)be(d)qgﬁ = O(n3ze?) as n — oo.

This yields
Var(R®) = O(n™!) — 0 as n — oc. (25)

In a similar way, for i=5, 6,
Var(R{W) = 0 as n — oc. (26)
Since E(R,) = 0, it follows from (23)-(28) that
Rn 5 0asn— oo. (27)

Next we prove asymptotic normality for U,. Let

n2
o2 = 73Var(fn(zl, Z)) + n3Var(gn(Z1)). (28)

Using Lemma /[ it is straightforward to show that, as n — oo,

n2b.(d) [ a? a2 a?
oL~ ST() l—gfh,o + m_22q0,2 + ﬁ(h,l (29)

+n3be(d)? <%Vaf (GOPX(X)+%17Y(X)) +%Vaf (G2PY(Y)+%PX(Y))> .

Since n%e? — oo implies n3b.(d) — oo, we get from (29) that
Op — 00 as N — 00,
and hence

sup |fn(z1,22)| < lag| + |az| + |a1| = o(on) as n — oco. (30)

21,22
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By Holder’s inequality,

1/2
px.e(2) =/|y_w|<6px(y)dy < (/y_m«dy) (/Iy_ﬂ«px(y)%y)
1/2
= b.(d)/? 2, 7
(@ ( [ mw y>

where the last integral tends to 0 uniformly in x as € — 0. The corresponding
results can be shown for the other terms in (3I]). Hence, we obtain

1/2

sglpE<|fn<zl, Z5)|) = o(be(d)"/?) = o(om/n3). (32)

Now, it follows from ([B0) and [B2]) that the conditions of Theorem 2.1. in Jam-
malamadaka and Janson (1986) hold. Consequently,

Un — E(Un) _ Ui an(Zi,Zj) — (7;3)Mn B N(0,1) asn — co. (33)

(o2
n i<j

Moreover, since ne? — 3,0 < 8 < oo, it follows from ([29) and Lemma [ that

-2
n2e? (7;3) be(d)"%02 — n+ Br as n — oo. (34)

Finally, (I8), @), 33), (34), and the Slutsky theorem yield
ne??(Qan — Go.c) B N(0,n+ Bk) as n — .

This completes the proof. O

Proof of Theorem[3 (i) Let V := (V4,...,Vy)" be an auxiliary random vec-
tor uniformly distributed in the unit ball By (0). By definition, we have ¢; 1, =
be(d) ' E(px.c(Y)) = E(px (Y — ¢V)), and hence

qil,e— Q1,1 = /Rd E(px(y — eV)py (y)dy — /Rd px (y)py (y)dy
=F (/Rd (px(y — V) —px(y))py (y)dy)
=E (/Rd (px(y —€V) —px () (py (y) —py (y — EV))dy)
+E </Rd(pX(y - EV) _pX(y))py(y _ GV)dy) '
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For the last term, by the change of variables z = y — eV and symmetry V' D -V,
we obtain

B ([ = eV) = pxvty - V)i )
& ([ (o3  px(e+ Vi
5 ([ 0x() = px(c = VIpr()dz) = (e - )

We get

211, — 1) =E (/Rd (px(y —€V) —px(v) Py (y) — py (y — eV))dy) ,

and, by Holder’s inequality and the density smoothness condition,

|G1,1,e —qi1] < ;E< </Rd(px(y —€V) —px(y))z’dy>1/2

( ~prly - ev>>2dy)l/2>
S

a 1 o
B([V[)e < S K2

[\]

Similar inequalities can be obtained for ¢s 0. and o 2,c. Now it follows directly
that, for some C' > 0,
|G2,e — g2| < Ce*®

This proves the assertion.

(ii) Note that the conditions € ~ cn=1/(22+4/2) and 0 < o < d/4 imply

d d _d/2-2a
ne® =c¢*n"2F2 — 5,0 < 4 <0, as n — oo. (35)

From Jammalamadaka and Janson (1986), we get

Var(@zoyn) ~ 4n1_1(q310 — qio) + 2n1_2b€(d)*1q270 as n — oo, (36)
and the corresponding result for Var(Qoygﬁn). Furthermore, (I2) yields
be(d)~*

nin2

Var(Ql,l,n): ((”1 - 1)031,0,1,11 + (n2 — 1)031,1,0,11 + U%,l,l,l,n) , (37)

where, by Lemma [T]

b€(d)720%,1,0,1,n = b(d)*Var(px,(Y1)) = g2,1 — Q%,la (38)
be(d)_2ai1,1,0,n = be(d)_2Var(py)€(X1)) — 41,2 — Q%,lv
be(d)*laim)l’n = b(d)"'Var(I(d(X1,Y1) < €)) = q1.1 as n — oc.
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It follows from (B3)-(B8) that
Var(Qon) <3 (a%Var(Qg,om) + a2Var(Qoan) + a%Var(QLl)n))
=0 (#) :O(nfﬁcé/?) as n — oo. (39)
We get from (i) that (Ga.e — g2)? < Cniﬁoé/?,C’ > 0, so ([B9) implies
Var(Qan) + (G2.c — 2)° = O (n_#cé/?> as m — oo.

Hence, for some Cy > 0, any A > 0, and large enough ni,ns, we obtain

Var(Qzn) + (G2, — 42)° <&
A? - A%

P (1Qan — 2| > An™ 74973 ) < pratirs
and the assertion follows.
(111) We have
Vi(Qan — @2) = Vi(Qan — G2.c) + V(G2.c — q2)- (40)
Now, when ne? — 3,0 < 8 < 0o and a > d/4, then (i) imply
VG2, — 2)| < Cn'2* = C(ne?) /22742 — 0 as n — oo,

so the assertion follows from Theorem [2](i) and the Slutsky theorem.

(iv) From (i) and the assumption € ~ L(n)n~%/?, we get
1n€?2(Ga.c — q2)| < CL(n)Y*2n=4/d 5 0 as n — oo.

Therefore, similarly as above, the assertion follows by using the decomposition
corresponding to ([#0), Theorem [2I(ii), and the Slutsky theorem. This completes
the proof. O

Proof of Proposition [{ (i) When 7}26(1 — oo and ne? — 5,0 < B < o0, Theo-
rem [2 can be applied with Q2.n = D2 . Under Hy, we have go, = E(D2n) =0
and k = 0, so Theorem [ yields

ne?’2Dy 4 B N(0,n) asn — o0 (41)

in this case. Hence, we need to show that, for Dgﬁn under Hy, the proof of
Theorem [ can be modified so that the assumption ne? — 3,0 < 8 < oo
is unnecessary. In fact, this assumption is only needed for the convergence
property (B4) of 02. Under Hy, we get from the definition ([J) that gn(z) =0
and hence Var(gn(Z1)) = 0. Therefore, the definition ([28) of 02 implies

2 2 2 2
nsb.(d) [ a, a a
o2~ 2 25( ) <l—§q270 + m—é%,z + ﬁqu> as n — oo,
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and hence ([B4) can be written

-2
n2ed <n23) be(d) 202 — nasn — oo,

which does not require convergence of ne?. Thus, the assertion follows from (@Il
and the Slutsky theorem.

(ii) Under H;, we get from Theorem[Jand the Slutsky theorem that Dgﬁn/ M LY
D3 /\/n. Hence,

P(Ta > un) = 1= P(Dy/\/f—tun/ne?? < Dy/\/—Dan/\/Tm) — 1 as n — cc.

This completes the proof. O

Proof of Proposition [l The assertion follows straightforwardly from Theorem
Bl and in a similar way as in Leonenko and Seleznjev (2010). O

Acknowledgment

The second author is partly supported by the Swedish Research Council
grant 2009-4489. We would like to thank professor N. Leonenko for valuable
comments and discussions.

References

Ahmad, I.A., Cerrito, P.B., 1993, Goodness of fit tests based on the Lz-norm of
multivariate probability density functions, J. Nonparametr. Stat. 2, 169-181.

Basseville, M., 2010, Divergence measures for statistical data processing, Technical
Report 1961, IRISA.

Basu, A., Harris, I.R., Hjort, N.L, Jones, M.C., 1998, Robust and efficient estimation
by minimising a density power divergence, Biometrika 85, 549-559.

Bogachev, V.I., 2007, Measure Theory, vol. I, Springer-Verlag, Berlin.

Escolano, F., Suau, P., Bonev, B., 2009, Information Theory in Computer Vision and
Pattern Recognition, Springer, New York.

Giné, E., Nickl, R., 2008, A simple adaptive estimator for the integrated square of a
density, Bernoulli 14, 47-61.

Jammalamadaka, S.R., Janson, S., 1986, Limit theorems for a triangular scheme of
U-statistics with applications to inter-point distances, Ann. Probab. 14, 1347-1358.

Kallenberg, O., 1997, Foundations of Modern Probability, Springer-Verlag, New York.

Kapur, J.N., 1989, Maximum-entropy Models in Science and Engineering, Wiley, New
York.

20



Kapur, J.N., Kesavan, H.K., 1992, Entropy Optimization Principles with Applications,
Academic Press, New York.

Koroljuk, V.S., Borovskich, Y.V., 1994, Theory of U-statistics, Kluwer, Dordrecht.

Kallberg, D., Leonenko, N., Seleznjev, O., 2012, Statistical inference for Rényi entropy
functionals, Lecture Notes in Comput. Sci. 7260, 36-51.

Lee, A.J., 1990, U-Statistics: Theory and Practice, Marcel Dekker, New York.

Leonenko, N., Pronzato, L., Savani, V., 2008, A class of Rényi information estimators
for multidimensional densities. Ann. Statist. 36, 2153-2182. Corrections, 2010,
Ann. Statist. 38, 3837-3838.

Leonenko, N., Seleznjev, O., 2010, Statistical inference for the e-entropy and the
quadratic Rényi entropy. J. Multivariate Anal. 101, 1981-1994.

Li, Q., 1996, Nonparametric testing of closeness between two unknown distribution
functions, Econometric Rev. 15, 261-274.

Li, Q., 1999, Nonparametric testing the similarity of two unknown density functions:
local power and bootstrap analysis, J. Nonparametr. Stat. 11, 189-213.

Neemuchwala, H., Hero, A., Carson, P., 2005, Image matching using alpha-entropy
measures and entropic graphs, Signal Processing 85, 277-296.

Pardo, L., 2006, Statistical Inference Based on Divergence Measures, Chapman & Hall,
Boca Raton.

Penrose, M., 1995, Generalized two-sample U-statistics and a two-species reaction-
diffusion model, Stochastic Process. Appl. 55, 57-64.

Principe, J.C., 2010, Information Theoretic Learning, Springer, New York.
Rényi, A., 1970, Probability Theory, North-Holland, Amsterdam.

Seleznjev, O., Thalheim, B., 2003, Average case analysis in database problems, Methodol.
Comput. Appl. Prob. 5, 395-418.

Seleznjev, O., Thalheim, B., 2010, Random databases with approximate record match-
ing, Methodol. Comput. Appl. Prob. 12, 63-89.

Thalheim, B., 2000, Entity-Relationship Modeling. Foundations of Database Technol-
ogy, Springer-Verlag, Berlin.

Ullah, A., 1996, Entropy, divergence and distance measures with econometric applica-
tions. J. Statist. Plann. Inference 49, 137-162.

Weber, N.C., 1983, Central limit theorems for a class of symmetric statistics, Math.
Proc. Cambridge Philos. Soc. 94, 307-313.

21



	1 Introduction
	2 Estimation of the Rényi entropy functional qk
	3 Estimation of the quadratic functional q2(a)
	4 Applications
	4.1 Estimation of density power divergence
	4.2 The two-sample problem
	4.3 Estimation of Rényi entropy and differential variability

	5 Proofs

