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D2 = D = D∗, G ;<2��, H ;=2��) 	��	 Moore–Penrose �. 34�>?	��
5@Moore–Penrose�	�)* 6Moore–Penrose�	78A. # [7]&��� R��'�B
��	��	
�Moore–Penrose�. # [8]&��� R�/$ A = GDH ('0 G;<2��,
H ;=2��, D	Moore–Penrose�5@)	��	
�Moore–Penrose�. # [7]6 [8]9C

�# [6] 0	:�&�. ;#@�B �	<=�, >D&�����	
� Moore–Penrose
�. 34� R ���	
� Moore–Penrose �5@	?@E	�)* . FA, �B�� R �
�� A 	CG M 6 N 	
� Moore–Penrose �5@	�)* Æ A '�� A = GDH, '0
D2 = D, (MD)∗ = MD, (GD)∗MGD + M(I − D) 6 DHN−1(DH)∗ + (I − D)M−1 DE�.

;#HF, R 7I!'�"#+,$ ∗ 	'%-.	&"�. Rm×n 7I R �J' m × n

��K�	G". 3F M ∈ Rm×m, N ∈ Rn×n. I 7I%-��.
LI 1.1 �G A ∈ Rm×n, $�5@ X ∈ Rn×m, M�
(1) AXA = A; (2) XAX = X; (3) (MAX)∗ = MAX; (4) (NXA)∗ = NXA,

HI, X J; A 	CG M 6 N 	
� Moore–Penrose �. $� X KN�B* (1) B (4) 0
	 (i), . . . , (j) *, HI X J; A 	 {i, . . . , j}- �.

L M 6 N E�O, �G A ∈ Rm×n, $� A 	CG M 6 N 	
� Moore–Penrose �5
@, HI A∗MA 6 AN−1A∗ 9Æ ∗- �J	M A 	CG M 6 N 	
� Moore–Penrose �Æ
PQ	. R A+

MN 7I A 	CG M 6 N 	
� Moore–Penrose �.
S A ∈ Rm×n, �G�� X1 6 X2, $�L X1ANA∗ = X2ANA∗ O, N' X1A = X2A, H

IJ A ; ∗−N <ET	. $�L A∗MAX1 = A∗MAX2 O, N' AX1 = AX2, HIJ A ;
∗−M =ET	. �G B ∈ Rl×m, A ∈ Rm×n, $� BMA = 0, HIJ B Æ A 	 M - =OPU.
#QR, J A Æ B 	 M - <OPU.

VST4Q@UVWX	&�.
JY 1.2 S A ∈ Rm×n. A+

MN 5@	�)* Æ A∗MA 6 AN−1A∗ 9Æ ∗- �J	M
��WX xA∗MA = A 6 AN−1A∗y = A D'�. YO, '

A+
MN = N−1C∗AB∗M∗, (1)

'0 B 6 C �AÆ��WX xA∗MA = A 6 AN−1A∗y = A 	�.

2 ∗- Z[\KL]M^
ZF M 6 N 9ÆE���, [\)]Æ ∗- �J	. _^_R ∗- �J`R&�� R ��

� A 	CG M 6 N 	
� Moore–Penrose �5@`.
JY 2.1 S A ∈ Rm×n. A+

MN 5@	�)* Æ (A∗)+N−1M−1 5@. YO, '
(A∗)+N−1M−1 = (A+

MN )∗. (2)
Na b`cdE�.
JY 2.2 S D ∈ Rm×m. $� D Æ ∗- �J��, HIVT* Æab	.
(i) D 	CG M 6 M−1 	
� Moore–Penrose �5@.
(ii) DMD Æ ∗- �J	M5@ D 	 {1, 2}- � D(1,2) KN MDD(1,2) = D(1,2)DM∗.
(iii) DMD Æ ∗- �J	M5@ D 	 {1}- � D(1) KN MDD(1) = D(1)DM∗.
(iv) DMD Æ ∗- �J	M��WX xDMD = D '�.
@�BcdV, D+

MM−1 = MBDB∗M∗ Æ ∗-�J	,'0 B Æ��WX xDMD = D	�.
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Na (i)=⇒(ii) k%m 1.2XDMDÆ ∗-�J	.lk%m 2.1X (D+
MM−1)∗=(D∗)+MM−1 =

D+
MM−1 , Jm D+

MM−1 nÆ ∗- �J	. 
 D(1,2) = D+
MM−1 , GÆ

MDD(1,2) = (MDD+
MM−1)∗ = (D+

MM−1)∗D∗M∗ = D(1,2)DM∗.

oY, (ii) �n.
(ii)=⇒(iii) pq.
(iii)=⇒(iv) o; DMD Æ ∗- �J	, Jm

D = M−1MDD(1)D = M−1D(1)DM∗D = M−1D(1)DMD.

oY, M−1D(1) Æ��WX xDMD = D 	�.
(iv)=⇒(i) S B Æ��WX xDMD = D 	�. o;DMDÆ ∗- �J	, HI

D = D∗ = (BDMD)∗ = DM∗DB∗ = DMDB∗ = D(M−1)−1DB∗,

oB∗Æ��WXD(M−1)−1Dy = D	�. k%m 1.2 X D+
MM−1 5@M D+

MM−1=MBDB∗M∗

Æ ∗- �J	. dp.
JY 2.3 S A ∈ Rm×n. $� A 	CG M 6 N 	
� Moore–Penrose �5@, HI
(i) AN−1A∗ 	CG M 6 M−1 	
� Moore–Penrose �5@M

(AN−1A∗)+MM−1 = (A+
MN )∗NA+

MN , A+
MN = N−1A∗(AN−1A∗)+MM−1 .

(ii) A∗MA 	CG N−1 6 N 	
� Moore–Penrose �5@M

(A∗MA)+N−1N = A+
MNM−1(A+

MN )∗, A+
MN = (A∗MA)+N−1NA∗M∗.

Na (i) o; A+
MN 5@, Jm A∗MA 6 AN−1A∗ 9Æ ∗- �J	. kG

((A+
MN )∗NA+

MN )∗ = (A+
MN )∗N∗A+

MN = (N−1NA+
MNAA+

MN )∗N∗A+
MN

= (A+
MN )∗(NA+

MNA)∗(N−1)∗N∗A+
MN = (A+

MN )∗NA+
MNAA+

MN = (A+
MN )∗NA+

MN ,

o (A+
MN )∗NA+

MN Æ ∗- �J	. GÆ

(A+
MN )∗NA+

MNAN−1A∗MAN−1A∗ = (A+
MN )∗(NA+

MNA)∗(N−1)∗A∗MAN−1A∗

= (AN−1A∗MAN−1NA+
MNAA+

MN )∗ = (AN−1A∗MAA+
MN )∗

= (MAA+
MN )∗(AN−1A∗)∗ = MAA+

MNAN−1A∗ = MAN−1A∗,

qr M−1(A+
MN )∗NA+

MNAN−1A∗MAN−1A∗ = AN−1A∗. k%m 2.1 X, (AN−1A∗)+MM−1 5

@M

(AN−1A∗)+MM−1 = MM−1(A+
MN )∗NA+

MNAN−1A∗(M−1(A+
MN )∗NA+

MN )∗M∗

= (A+
MN )∗(NA+

MNA)∗(N−1)∗A∗(A+
MN )∗NA+

MN = (A+
MN )∗A∗(A+

MN )∗A∗(A+
MN )∗NA+

MN

= (A+
MNAA+

MNAA+
MN )∗NA+

MN = (A+
MN )∗NA+

MN .
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l'
N−1A∗(AN−1A∗)+MM−1 = N−1A∗(A+

MN )∗NA+
MN = N−1(NA+

MNA)∗A+
MN

= N−1NA+
MNAA+

MN = A+
MN .

(ii) ,mEd. dp.
LY 2.4 S A ∈ Rm×n, HIVT* Æab	.
(i) A+

MN 5@.
(ii) A∗MA 6 AN−1A∗ 9Æ ∗- �J	, M@ Rm×m 05@sa�� D, M� MD Æ ∗- �

J	, A = DA mt@ Rm×m 05@�� K 6 L, M� D = AN−1A∗K 6 D∗ = LAN−1A∗.
(iii) A∗MA 6 AN−1A∗ 9Æ ∗- �J	, M@ Rm×m 05@�� S, M� MS Æ ∗- �J

	, A = SA mt@ Rm×m 05@�� L, M� S∗ = LAN−1A∗.
(iv) A∗MA 6 AN−1A∗ 9Æ ∗- �J	, M@ Rm×m 05@�� T , M� MT Æ ∗- �J

	, A = TA mt@ Rm×m 05@�� K, M� T = AN−1A∗K.
(v) A∗MA 6 AN−1A∗ 9Æ ∗- �J	, M@ Rm×m 05@�� U , M� A = UA mt@

Rm×m 05@�� K 6 L, M� U = AN−1A∗K 6 MU = LAN−1A∗M∗.
@�BcdV

A+
MN = N−1A∗L∗ = N−1A∗K. (3)

Na (i)=⇒(ii) k%m 1.2 X, A∗MA 6 AN−1A∗ 9Æ ∗- �J	. 
 D = AA+
MN , HI,

D Æsa��, MD Æ ∗- �J	M A = DA. lk%m 2.3 (i) X
D = AA+

MN = AN−1A∗(AN−1A∗)+MM−1 ,

D∗M∗ = (MD)∗ = (MAA+
MN )∗ = (MAN−1A∗(AN−1A∗)+MM−1)∗

= (AN−1A∗)+MM−1AN−1A∗M∗,

Jm D∗ = (AN−1A∗)+MM−1AN−1A∗. 
 K = L = (AN−1A∗)+MM−1 , ' D = AN−1A∗K, D∗ =
LAN−1A∗.

(ii)=⇒(iii) pq.
(iii)=⇒(iv) 
 T = S, K = L∗ oE.
(iv)=⇒(v)o;@ Rm×m05@��K,M� T = AN−1A∗K. kGMT Æ ∗- �J	, oY

MT = (MT )∗ = T ∗M∗ = (AN−1A∗K)∗M∗ = K∗AN−1A∗M∗.


 U = T , L = K∗, ' A = UA, U = AN−1A∗K, MU = LAN−1A∗M∗.
(v)=⇒(i)k* EX, @ Rm×m 05@ U , K 6 L, M� A = UA, U = AN−1A∗K, MU =

LAN−1A∗M∗. GÆ
AN−1A∗KA = UA = A, M−1LAN−1A∗MA = M−1LAN−1A∗M∗A = M−1MUA = A.

k%m 1.2 X A+
MN 5@M

A+
MN = N−1(KA)∗A(M−1LAN−1)∗M∗ = N−1A∗K∗AN−1A∗L∗ = N−1A∗U∗L∗

= N−1A∗L∗.
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l (MU)∗ = (LAN−1A∗M∗)∗ = MAN−1A∗L∗ = MAA+
MN , Jm MU Æ ∗- �J	. oY

A+
MN = N−1A∗K∗M−1MAN−1A∗L∗ = N−1A∗K∗M−1(MU)∗

= N−1A∗K∗U = N−1A∗K∗AN−1A∗K = N−1A∗U∗K = N−1A∗K.

dp.
uv%m 2.3(ii), ,mE�VS	&�.
LY 2.5 S A ∈ Rm×n, HIVT* Æab	.
(i) A+

MN 5@.
(ii) A∗MA 6 AN−1A∗ 9Æ ∗- �J	, M@ Rn×n 05@sa�� D, M� D(N−1)∗ Æ

∗- �J	, A = AD mt@ Rn×n 05@�� K 6 L, M� D∗ = A∗MAK, D = LA∗MA.
(iii) A∗MA 6 AN−1A∗ 9Æ ∗- �J	, M@ Rn×n 05@�� S, M� D(N−1)∗ Æ ∗- �

J	, A = AS mt@ Rn×n 05@�� K, M� S∗ = A∗MAK.
(iv) A∗MA 6 AN−1A∗ 9Æ ∗- �J	, M@ Rn×n 05@�� T , M� D(N−1)∗ Æ ∗- �

J	, A = AT mt@ Rn×n 05@�� L, M� T = LA∗MA.
(v) A∗MA 6 AN−1A∗ 9Æ ∗- �J	, M@ Rn×n 05@�� U , M� A = AU mt@

Rn×n 05@�� K 6 L, M� U(N−1)∗ = N−1A∗MAK, U = LA∗MA.
@�BcdV

A+
MN = K∗A∗M∗ = LA∗M∗. (4)

@%m 2.3 (i) 0, $� A+
MN 5@, HI (AN−1A∗)+MM−1 5@. #r\q. wx�Qs* 

ryM A+
MN 5@. _^'$V	&�.

LY 2.6 S A ∈ Rm×n, HIVT* Æab	.
(i) A+

MN 5@.
(ii) A∗MA 6 AN−1A∗ 9Æ ∗- �J	, (AN−1A∗)+MM−1 5@M A Æ ∗−N−1 <ET	.
(iii) A∗MA 6 AN−1A∗ 9Æ ∗- �J	, (AN−1A∗)+MM−1 5@M

A = AN−1A∗(AN−1A∗)+MM−1A.@�BcdV
A+

MN = N−1A∗(AN−1A∗)+MM−1 . (5)

Na (i)=⇒(ii)k%m 2.3 (i)X (AN−1A∗)+MM−1 5@.l$� X1AN−1A∗=X2AN−1A∗,
HI

X1AN−1A∗(NA+
MN )∗ = X2AN−1A∗(NA+

MN )∗,

o X1AN−1(NA+
MNA)∗=X2AN−1(NA+

MNA)∗, Jm X1A = X2A. GÆ A Æ ∗−N−1<ET	.
(ii)=⇒(iii) o; AN−1A∗(AN−1A∗)+MM−1AN−1A∗ = AN−1A∗, kG A Æ ∗−N−1 <ET

	, Jm
A = AN−1A∗(AN−1A∗)+MM−1A.

(iii)=⇒(i) 
 T = AN−1A∗(AN−1A∗)+MM−1 , HI MT Æ ∗- �J	M A = TA. 
 K =
(AN−1A∗)+MM−1 , ' T = AN−1A∗K. uvFm 2.4, A+

MN 5@M
A+

MN = N−1A∗K = N−1A∗(AN−1A∗)+MM−1 .

dp.
,mE�VS	&�.
LY 2.7 S A ∈ Rm×n, HIVT* Æab	.
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(i) A+
MN 5@.

(ii) A∗MA 6 AN−1A∗ 9Æ ∗- �J	, (A∗MA)+N−1N 5@M A Æ ∗-M =ET	.
(iii) A∗MA 6 AN−1A∗ 9Æ ∗- �J	, (A∗MA)+N−1N 5@M

A = A(A∗MA)+N−1NA∗MA.
@�BcdV

A+
MN = (A∗MA)+N−1NA∗M∗. (6)

3 \KtuL]M^
;z3F P ∈ Rl×l, M ∈ Rm×m 6 N ∈ Rn×n. ZF P , M 6 N 9Æ ∗- �J	E���.

_R��	��R&�� R ��� A 	CG M 6 N 	
� Moore–Penrose �5@`.
JY 3.1 S B ∈ Rl×m, A ∈ Rm×n. v BMA = 0, w B+

PM−1 6 A+
MN 5@MKN

AA+
MN + (B+

PM−1B)∗ = I

	�)* Æ AN−1A∗ + B∗PB E�.
YO, '

A+
MN = N−1A∗(AN−1A∗ + B∗PB)−1, B+

PM−1 = (AN−1A∗ + B∗PB)−1B∗P

mt
(AN−1A∗ + B∗PB)−1 = (AN−1A∗)+MM−1 + (B∗PB)+MM−1 .

Na $� B+
PM−1 6 A+

MN 5@, MKN AA+
MN + (B+

PM−1B)∗ = I, k%m 2.3 X,
(AN−1A∗)+MM−1 6 (B∗PB)+MM−1 5@. o; BMA = 0, Jm A∗MB∗ = (BMA)∗ = 0.oY

(AN−1A∗ + B∗PB)((AN−1A∗)+MM−1 + (B∗PB)+MM−1)

= AN−1A∗(A+
MN )∗NA+

MN + AN−1A∗B+
PM−1P

−1(B+
PM−1)∗

+ B∗PB(A+
MN )∗NA+

MN + B∗PBB+
PM−1P

−1(B+
PM−1)∗

= AA+
MNAA+

MN + AN−1A∗MM−1B+
PM−1BB+

PM−1P
−1(B+

PM−1)∗

+ B∗PB(A+
MNM−1MAA+

MN )∗NA+
MN + B∗(PBB+

PM−1)∗P−1(B+
PM−1)∗

= AA+
MN + AN−1A∗MB∗(B+

PM−1)∗M−1B+
PM−1P

−1(B+
PM−1)∗

+ B∗PBMAA+
MN (A+

MNM−1)∗NA+
MN + (B+

PM−1BB+
PM−1B)∗

= AA+
MN + (B+

PM−1B)∗ = I.

{x|,E� ((AN−1A∗)+MM−1+(B∗PB)+MM−1)(AN−1A∗+B∗PB) = I.oY, AN−1A∗+B∗PB

E�M

(AN−1A∗ + B∗PB)−1 = (AN−1A∗)+
MM−1 + (B∗PB)+

MM−1 .

#r, $�AN−1A∗+B∗PBE�, o; (AN−1A∗+B∗PB)MAN−1A∗=AN−1A∗MAN−1A∗,
Jm

M−1(AN−1A∗+B∗PB)−1AN−1A∗MAN−1A∗ = AN−1A∗.
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HI, k%m 2.2 X, (AN−1A∗)+MM−1 5@M
(AN−1A∗)+MM−1 = (AN−1A∗ + B∗PB)−1AN−1A∗(AN−1A∗ + B∗PB)−1.

lo;
(AN−1A∗ + B∗PB)MAN−1A∗ = AN−1A∗M(AN−1A∗ + B∗PB),

(AN−1A∗ + B∗PB)MA = AN−1A∗MA,

Jm
AN−1A∗(AN−1A∗)+MM−1A=AN−1A∗(AN−1A∗ + B∗PB)−1AN−1A∗(AN−1A∗+B∗PB)−1A

= M−1(AN−1A∗ + B∗PB)−1M−1(AN−1A∗ + B∗PB)−1AN−1A∗MAN−1A∗MA

= M−1(AN−1A∗ + B∗PB)−1AN−1A∗MA = A.

kFm 2.6 X, A+
MN 5@, M'

A+
MN = N−1A∗(AN−1A∗)+MM−1=N−1A∗(AN−1A∗ + B∗PB)−1AN−1A∗(AN−1A∗+B∗PB)−1

= N−1A∗(M−1MAN−1A∗(AN−1A∗ + B∗PB)−1)∗(AN−1A∗ + B∗PB)−1

= N−1A∗(M−1(AN−1A∗ + B∗PB)−1AN−1A∗M)∗(AN−1A∗ + B∗PB)−1

= N−1A∗MAN−1A∗(AN−1A∗ + B∗PB)−1M−1(AN−1A∗ + B∗PB)−1

= N−1A∗MM−1(AN−1A∗ + B∗PB)−1 = N−1A∗(AN−1A∗ + B∗PB)−1.

{x|, ' B+
PM−1 = (AN−1A∗ + B∗PB)−1B∗P. l'

AA+
MN+(B+

PM−1B)∗ = AN−1A∗(AN−1A∗ + B∗PB)−1 + ((AN−1A∗+B∗PB)−1B∗PB)∗

= AN−1A∗(AN−1A∗ + B∗PB)−1 + B∗PB(AN−1A∗ + B∗PB)−1

= (AN−1A∗ + B∗PB)(AN−1A∗ + B∗PB)−1 = I.

dp.
LY 3.2 S A ∈ Rm×n, HIVT* Æab	.
(i) A+

MN 5@.
(ii) 5@ A 	 M - =OPU B, M� AN−1A∗ + B∗M−1B E�. YO, '

A+
MN = N−1A∗(AN−1A∗ + B∗M−1B)−1. (7)

(iii) 5@sa�� D, M� (MD)∗ = MD, A = DA M AN−1A∗ + (I − D)M−1 E�. Y
O, '

A+
MN = N−1A∗(AN−1A∗ + (I − D)M−1)−1. (8)

(iv) 5@�� U , D 6 V , M�
A = UDV, D2 = D, (MD)∗ = MD, UD = U, DV = V, (9)

�M U∗MU + M(I − D) 6 V N−1V ∗ + (I − D)M−1 DE�. YO, '
A+

MN = N−1V ∗(V N−1V ∗ + (I − D)M−1)−1D(U∗MU + M(I − D))−1U∗M. (10)



556 : 7 7 1 F G H 49�

(v) 5@�� G, D 6 H, M�
A = GDH, D2 = D, (MD)∗ = MD, (11)

�M DHN−1(DH)∗ + (I − D)M−1 6 (GD)∗MGD + M(I − D) DE�. YO, '
A+

MN=N−1(DH)∗(DHN−1(DH)∗+(I−D)M−1)−1D((GD)∗MGD+M(I−D))−1(GD)∗M. (12)

Na (i)=⇒(ii) $� A+
MN 5@, } B = I − (AA+

MN )∗, HI

BMA = (I − (AA+
MN )∗)MA = MA − (MAA+

MN )∗A = MA − MAA+
MNA = 0

M

B2 = (I − (AA+
MN )∗)(I − (AA+

MN )∗) = I − (AA+
MN )∗ = B,

mt
(BM)∗ = ((I − (AA+

MN )∗)M)∗ = (M − MAA+
MN )∗ = M − (MAA+

MN )∗ = BM.

l BMB∗M−1 = BM(I − AA+
MN )M−1 = B, o M−1 Æ��WX BMB∗y = B 	�. y

BMB∗M−1B = B2 = B, o BM Æ��WX xB∗M−1B = B 	�. k%m 1.2 X, B+
M−1M−1

5@M
B+

M−1M−1 = MM−1B(BM)∗M−1 = BBMM−1 = B,

GÆ
AA+

MN + (B+
M−1M−1B)∗ = AA+

MN + B∗ = AA+
MN + I − AA+

MN = I.

k%m 3.1 X, AN−1A∗ + B∗M−1B E�.
(ii)=⇒(iii) k%m 3.1 X A+

MN 5@M
A+

MN = N−1A∗(AN−1A∗ + B∗M−1B)−1.

~ D = AA+
MN , w D Æsa��, (MD)∗ = MD M A = DA. kG I −D∗ Æ A 	 M - =Oo

UM (I − D∗)+M−1M−1 = I − D∗ mt
AA+

MN + ((I − D∗)+M−1M−1(I − D∗))∗ = I,

(I−D∗)∗M−1(I−D∗)=(I−D)M−1(I−D∗)=(I−D)M−1−M−1D∗+M−1MDM−1D∗

= (I − D)M−1 − M−1D∗ + M−1D∗MM−1D∗ = (I − D)M−1.

k%m 3.1 X, AN−1A∗ + (I − D)M−1 = AN−1A∗ + (I − D∗)∗M−1(I − D∗) E�.
(iii)=⇒(iv) 
 U = D, V = A, HI

A = UDV, D2 = D, (MD)∗ = MD, UD = U, DV = V.

M

U∗MU + M(I − D) = (MD)∗D + M − MD = MD2 + M − MD = M,

V N−1V ∗ + (I − D)M−1 = AN−1A∗ + (I − D)M−1.
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oY, U∗MU + M(I − D) 6 V N−1V ∗ + (I − D)M−1 DE�.
(iv)=⇒(i) ~ X = N−1V ∗(V N−1V ∗ + (I − D)M−1)−1D(U∗MU + M(I − D))−1U∗M. V

d X = A+
MN . kG
D(V M−1V ∗ + (I − D)M−1) = DV M−1V ∗ + (D − D2)M−1 = V M−1V ∗,

(U∗MU + M(I − D))D = U∗MUD + M(D − D2) = U∗MU,

w
V M−1V ∗(V N−1V ∗ + (I − D)M−1)−1 = D = (U∗MU + M(I − D))−1U∗MU.

HI

AXA = UDV N−1V ∗(V N−1V ∗ + (I−D)M−1)−1D(U∗MU + M(I−D))−1U∗MUDV =UDV =A,

XAX = N−1V ∗(V N−1V ∗ + (I − D)M−1)−1D(U∗MU + M(I − D))−1U∗M

· UDV N−1V ∗(V N−1V ∗ + (I − D)M−1)−1D(U∗MU + M(I − D))−1U∗M

= N−1V ∗(V N−1V ∗ + (I − D)M−1)−1DDDDD(U∗MU + M(I − D))−1U∗M

= N−1V ∗(V N−1V ∗ + (I − D)M−1)−1D(U∗MU + M(I − D))−1U∗M = X,

kG U∗MU + M(I − D) Æ ∗- �J	

(MAX)∗ = (MUDV N−1V ∗(V N−1V ∗ + (I−D)M−1)−1D(U∗MU + M(I−D))−1U∗M)∗

= (MUDDD(U∗MU + M(I − D))−1U∗M)∗ = (MU(U∗MU + M(I − D))−1U∗M)∗

= MU(U∗MU + M(I − D))−1U∗M = MAX.

o; (DM−1)∗ = M−1D∗MM−1 = M−1(MD)∗M−1 = DM−1, Jm
(NXA)∗ = (NN−1V ∗(V N−1V ∗ + (I − D)M−1)−1D(U∗MU + M(I − D))−1U∗MUDV )∗

= (V ∗(V N−1V ∗ + (I − D)M−1)−1V )∗ = V ∗(V N−1V ∗ + (I − D)M−1)−1V = NXA.

oY, X ; A 	CG M 6 N 	
� Moore–Penrose �.
(iv)=⇒(v) 
 G = U, H = V oE.
(v)=⇒(iv) 
 U = GD, V = DH, HI UD = U, DV = V . dp.
S A ∈ Rm×n, B ∈ Rn×k, Q ∈ Rk×k, '0 Q ; ∗- �J	E���. v AN−1B = 0, uv

%m 3.1, B+
N−1Q 6 A+

MN 5@MKN
A+

MNA + (BB+
N−1Q

)∗ = I

	�)* Æ A∗MA + BQ−1B∗ E�. YO, '
A+

MN = (A∗MA + BQ−1B∗)−1A∗M, B+
N−1Q = Q−1B∗(A∗MA + BQ−1B∗)−1

mt
(A∗MA + BQ−1B∗)−1 = (A∗MA)+N−1N + (BQ−1B∗)+N−1N .

oY, _R A∗MA, E{x|�BVS	&�.
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LY 3.3 S A ∈ Rm×n, HIVT* Æab	.
(i) A+

MN 5@.
(ii) 5@ A 	 N−1- <OPU B, M� A∗MA + BNB∗ E�. YO, '

A+
MN = (A∗MA + BNB∗)−1A∗M. (13)

(iii) 5@sa�� D, M� (ND)∗ = ND, A = AD M A∗MA + N(I − D) E�. YO, '
A+

MN = (A∗MA + N(I − D))−1A∗M. (14)

(iv) 5@�� U , D 6 V , M�
A = UDV, D2 = D, (ND)∗ = ND, UD = U, DV = V, (15)

�M U∗MU + N(I − D) 6 V N−1V ∗ + (I − D)N−1 DE�. YO, '
A+

MN = N−1V ∗(V N−1V ∗ + (I − D)N−1)−1D(U∗MU + N(I − D))−1U∗M. (16)

(v) 5@�� G, D 6 H, M�
A = GDH, D2 = D, (ND)∗ = ND, (17)

�M DHN−1(DH)∗ + (I − D)N−1 6 (GD)∗MGD + N(I − D) DE�. YO, '
A+

MN=N−1(DH)∗(DHN−1(DH)∗+(I−D)N−1)−1D((GD)∗MGD+N(I−D))−1(GD)∗M. (18)

O 1 �B&�DEC
B�Æ0	z{�.
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