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1  !
� {an}, {bn} "�	
, �� 0 <

∑∞
n=1 a2

n < ∞  0 <
∑∞

n=1 b2
n < ∞, #$ [1]

∞∑
n=1

∞∑
m=1

ambn

m + n
< π

{ ∞∑
n=1

a2
n

∞∑
n=1

b2
n

} 1
2

. (1.1)

%�, Æ	&' π �(�). ��� (1.1) * Hilbert +�	���,�, -.�/0$+1�2
3 (� Mitrinovic ��4 [2]), �����

∞∑
n=1

( ∞∑
m=1

am

m + n

)2

< π2
∞∑

n=1

a2
n. (1.2)

%�, Æ	&' π2 ��(�).
1925 �, Hardy–Riesz 5� (p, q)- �	, � (1.1), (1.2) �* 6!"�7# (�4 [1, 3]):

$%&�: 2003-07-15; 8'&�: 2004-08-30; ()&�: 2005-04-26

*+9,: -./:;01<*+=>9, (0177); -.2?<@2345A6*+9,
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� p > 1, 1
p + 1

q = 1, {an}, {bn} "89�	
, �� 0 <
∑∞

n=1 ap
n < ∞; 0 <

∑∞
n=1 bq

n < ∞,

#$
∞∑

n=1

∞∑
m=1

ambn

m + n
<

π

sin(π/p)

{ ∞∑
n=1

ap
n

} 1
p
{ ∞∑

n=1

bq
n

} 1
q

; (1.3)

∞∑
n=1

( ∞∑
m=1

am

m + n

)p

<

[
π

sin(π/p)

]p ∞∑
n=1

ap
n. (1.4)

%�, Æ	&' π
sin(π/p) 

[
π

sin(π/p)

]p
:�(�). (1.3) ��" Hardy–Hilbert ���, -��

F (1.4) �. ; p = q = 2 <, ��� (1.3) => (1.1), ? (1.4) �=> (1.2) �.
1998 �, G@5��	 λ(∈ (0, 1])  β A	, H [4] �>IB (1.1) ��C�J��7#. K

34 [4] �DE, 4 [5, 6] �4 [4] �FG*ILHI7#; H [7] M<�> (1.1)  (1.2) ��
 6(�7#:

� λ ∈ (0, 4], �� 0 <
∑∞

n=1 n1−λa2
n < ∞; 0 <

∑∞
n=1 n1−λb2

n < ∞, #$
∞∑

n=1

∞∑
m=1

ambn

(m + n)λ
< B

(
λ

2
,
λ

2

){ ∞∑
n=1

n1−λa2
n

∞∑
n=1

n1−λb2
n

} 1
2

; (1.5)

∞∑
n=1

nλ−1

[ ∞∑
m=1

am

(m + n)λ

]2

<

[
B

(
λ

2
,
λ

2

)]2 ∞∑
n=1

n1−λa2
n. (1.6)

%�, Æ	&' B
(

λ
2 , λ

2

)


[
B

(
λ
2 , λ

2

)]2
:�(�); B(u, v) � 6JN� β A	 (�4 [8]):

B(u, v) :=
∫ ∞

0

1
(1 + x)u+v

x−1+udx = B(v, u) (u, v > 0). (1.7)

2002 �, H� [9] �> (1.3)  (1.4) �� 67#:
� 2 − min{p, q} < λ ≤ 2, �� 0 <

∑∞
n=1 n1−λap

n < ∞; 0 <
∑∞

n=1 n1−λbq
n < ∞, #

∞∑
n=1

∞∑
m=1

ambn

(m + n)λ
< B

(
p + λ − 2

p
,
q + λ − 2

q

){ ∞∑
n=1

n1−λap
n

} 1
p
{ ∞∑

n=1

n1−λbq
n

} 1
q

; (1.8)

∞∑
n=1

n(p−1)(λ−1)

[ ∞∑
m=1

am

(m + n)λ

]p

<

[
B

(
p + λ − 2

p
,
q + λ − 2

q

)]p ∞∑
n=1

n1−λap
n. (1.9)

%�,Æ	&' B
(

p+λ−2
p , q+λ−2

q

)


[
B

(
p+λ−2

p , q+λ−2
q

)]p
:�(�). ; p = q = 2 0 < λ ≤ 2

<, (1.8), (1.9) �7> (1.5), (1.6) �.
K45� β A	LOMP	, �> (1.1) ��N$O�	�Q7#, �� (1.5)  (1.8) �

:�-�RPFG. S"23, QR����STILQ�RPFG.

2 TU V
WX 2.1 � p > 1, 1

p + 1
q = 1, r > 1, 1

r + 1
s = 1, t ≥ 0  λ > (2 − min{r, s})t, JNMA

	 ωλ,t(s, p, x) (x > 0) "
ωλ,t(s, p, x) :=

∫ ∞

0

1
(x + y)λ

· xp[(1−t)r+2t−λ]/(qr)

y[(1−t)s+2t−λ]/s
dy, (2.1)

#$
ωλ,t(s, p, x) = B

(
(r − 2)t + λ

r
,
(s − 2)t + λ

s

)
xp[1−t+ 2t−λ

r ]−1. (2.2)
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Z[ ^J x. . (2.1) ��C�\S_` u = y/x, ] (1.7) �, $
ωλ,t(s, p, x) = x−1+p[1−t+ 2t−λ

r ]

∫ ∞

0

1
(1 + u)λ

u−1+[(s−2)t+λ]/sdu

= xp[1−t+ 2t−λ
r ]−1B

(
(s − 2)t + λ

s
,
(r − 2)t + λ

r

)
, (2.3)

a (2.2) "^. _b.
` 1 ] (2.3) �, c$

ωλ,t(r, q, y) =
∫ ∞

0

1
(x + y)λ

· yq[(1−t)s+2t−λ]/(ps)

x[(1−t)r+2t−λ]/r
dx

= B

(
(r − 2)t + λ

r
,
(s − 2)t + λ

s

)
yq[1−t+ 2t−λ

s ]−1 (y > 0). (2.4)

WX 2.2 .5d 2.1 �ae6, � ε > 0 bfc (ε < p
r [(r − 2)t + λ]), #$

I : =
∫ ∞

1

{ ∫ ∞

1

xt−1− ε
p + λ−2t

r

(x + y)λ
dx

}
yt−1− ε

q + λ−2t
s dy

≥ 1
ε
B

(
(r − 2)t + λ

r
− ε

p
,
(s − 2)t + λ

s
+

ε

p

)
− O(1) (ε → 0+). (2.5)

Z[ ^J y. .C� I \S_` u = x/y, ] (1.7) �, gh�

I =
∫ ∞

1

y−1−ε

[ ∫ ∞

1/y

1
(1 + u)λ

u−1+ (r−2)t+λ
r − ε

p du

]
dy

=
∫ ∞

1

y−1−ε

[ ∫ ∞

0

1
(1 + u)λ

u−1+ (r−2)t+λ
r − ε

p du

]
dy

−
∫ ∞

1

y−1−ε

[ ∫ 1/y

0

1
(1 + u)λ

u−1+ (r−2)t+λ
r − ε

p du

]
dy

≥ 1
ε
B

(
(r − 2)t + λ

r
− ε

p
,
(s − 2)t + λ

s
+

ε

p

)
−

∫ ∞

1

y−1

[∫ 1/y

0

u−1+ (r−2)t+λ
r − ε

p du

]
dy

=
1
ε
B

(
(r − 2)t + λ

r
− ε

p
,
(s − 2)t + λ

s
+

ε

p

)
−

[
(r − 2)t + λ

r
− ε

p

]−2

,

aL)� (2.5) "^. _b.

3 defghTUij
kX 3.1 � p > 1, 1

p + 1
q = 1, r > 1, 1

r + 1
s = 1, t ∈ [0, 1] 

(
2 − min{r, s})t < λ ≤ (2 −

min{r, s})t + min{r, s}, �� 0 <
∑∞

n=1 np(1−t+ 2t−λ
r )−1ap

n < ∞, 0 <
∑∞

n=1 nq(1−t+ 2t−λ
s )−1bq

n <

∞, #$
∞∑

n=1

∞∑
m=1

ambn

(m + n)λ
< B

(
(r − 2)t + λ

r
,
(s − 2)t + λ

s

)

×
{ ∞∑

n=1

np(1−t+ 2t−λ
r )−1ap

n

} 1
p
{ ∞∑

n=1

nq(1−t+ 2t−λ
s )−1bq

n

} 1
q

. (3.1)

%�, Æ	&' B
( (r−2)t+λ

r , (s−2)t+λ
s

)
�(�). Rij, ; r = s = 2, $ 0 < λ ≤ 2 

∞∑
n=1

∞∑
m=1

ambn

(m + n)λ
< B

(
λ

2
,
λ

2

){ ∞∑
n=1

np(1−λ
2 )−1ap

n

} 1
p
{ ∞∑

n=1

nq(1−λ
2 )−1bq

n

} 1
q

. (3.2)
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Z[ ] Hölder ���, $
∞∑

n=1

∞∑
m=1

ambn

(m + n)λ
=

∞∑
n=1

∞∑
m=1

[
am

(m + n)λ/p

m[(1−t)r+2t−λ]/(qr)

n[(1−t)s+2t−λ]/(ps)

][
bn

(m + n)λ/q
· n[(1−t)s+2t−λ]/(ps)

m[(1−t)r+2t−λ]/(qr)

]

≤
{ ∞∑

m=1

[ ∞∑
n=1

1
(m + n)λ

· mp[(1−t)r+2t−λ]/(qr)

n[(1−t)s+2t−λ]/s

]
ap

m

} 1
p

×
{ ∞∑

n=1

[ ∞∑
m=1

1
(m + n)λ

· nq[(1−t)s+2t−λ]/(ps)

m[(1−t)r+2t−λ]/r

]
bq
n

} 1
q

=
{ ∞∑

m=1

�λ,t(s, p,m)ap
m

} 1
p
{ ∞∑

n=1

�λ,t(r, q, n)bq
n

} 1
q

. (3.3)

%�, MP	 �λ,t(s, p,m)  �λ,t(r, q, n) JN"
�λ,t(s, p,m) :=

∞∑
n=1

1
(m + n)λ

· mp[(1−t)r+2t−λ]/(qr)

n[(1−t)s+2t−λ]/s
, m ∈ N ;

�λ,t(r, q, n) :=
∞∑

m=1

1
(m + n)λ

· nq[(1−t)s+2t−λ]/(ps)

m[(1−t)r+2t−λ]/r
, n ∈ N.

& t ∈ [0, 1]  0 ≤ (
2 − min{r, s})t < λ ≤ (2 − min{r, s})t + min{r, s}, gh� [(1 − t)s +

2t − λ]/s ≥ 0, [(1 − t)r + 2t − λ]/r ≥ 0. &?] (2.2)  (2.4) �, $
�λ,t(s, p,m) < ωλ,t(s, p,m) = B

(
(r − 2)t + λ

r
,
(s − 2)t + λ

s

)
mp[1−t+ 2t−λ

r ]−1;

�λ,t(r, q, n) < ωλ,t(r, q, n) = B

(
(r − 2)t + λ

r
,
(s − 2)t + λ

s

)
nq[1−t+ 2t−λ

s ]−1.

l] (3.3) �, Æk$ (3.1) �.

lFε > 0bfc (ε<p
r [(r − 2)t+λ]), mãn, b̃n" ãn = nt−1− ε

p + λ−2t
r , b̃n = nt−1− ε

q + λ−2t
s , n ∈

N, #gh�
J : =

{ ∞∑
n=1

np(1−t+ 2t−λ
r )−1ãp

n

} 1
p
{ ∞∑

n=1

nq(1−t+ 2t−λ
s )−1b̃q

n

} 1
q

= 1 +
∞∑

n=2

1
n1+ε

< 1 +
∫ ∞

1

1
x1+ε

dx = 1 +
1
ε
.

� (3.1) ��Æ	&' B
( (r−2)t+λ

r , (s−2)t+λ
s

)
��(��, #$n	 k

(
k < B( (r−2)t+λ

r ,
(s−2)t+λ

s )
)
, � k m` B

( (r−2)t+λ
r , (s−2)t+λ

s

)
m, (3.1) ��nT. Ri] (2.5) �, $

B

(
(r − 2)t + λ

r
− ε

p
,
(s − 2)t + λ

s
+

ε

p

)
− εO(1) ≤ εI < ε

∞∑
n=1

∞∑
m=1

ãmb̃n

(m + n)λ
< εkJ < k(ε + 1).

o ε → 0+, $ B
( (r−2)t+λ

r , (s−2)t+λ
s

) ≤ k, %pqF k < B
( (r−2)t+λ

r , (s−2)t+λ
s

)
. &? (3.1) ��

Æ	&' B
( (r−2)t+λ

r , (s−2)t+λ
s

) "(�). _b.
kX 3.2 � p > 1, 1

p + 1
q = 1, r > 1, 1

r + 1
s = 1, t ∈ [0, 1] 

(
2 − min{r, s})t < λ ≤(

2 − min{r, s})t + min{r, s}, {an} �89�	
, �� 0 <
∑∞

n=1 np(1−t+ 2t−λ
r )−1ap

n < ∞, #$
∞∑

n=1

np(t− 2t−λ
s )−1

[ ∞∑
m=1

am

(m + n)λ

]p

<

[
B

(
(r−2)t+λ

r
,
(s−2)t+λ

s

)]p ∞∑
n=1

np(1−t+ 2t−λ
r )−1ap

n. (3.4)
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%�, Æ	&' [
B

( (r−2)t+λ
r , (s−2)t+λ

s

)]p
�(�); ��� (3.4) ��F (3.1) �. Rij, ;

r = s = 2 <, $ 0 < λ ≤ 2 
∞∑

n=1

n
pλ
2 −1

[ ∞∑
m=1

am

(m + n)λ

]p

<

[
B

(
λ

2
,
λ

2

)]p ∞∑
n=1

np(1−λ
2 )−1ap

n. (3.5)

Z[ m bn " bn := np(t− 2t−λ
s )−1

[∑∞
m=1

am

(m+n)λ

]p−1
> 0, n ∈ N, #] (3.1) �, gh�

∞∑
n=1

nq(1−t+ 2t−λ
s )−1bq

n =
∞∑

n=1

np(t− 2t−λ
s )−1

[ ∞∑
m=1

am

(m + n)λ

]p

=
∞∑

n=1

∞∑
m=1

ambn

(m + n)λ
≤ B

(
(r − 2)t + λ

r
,
(s − 2)t + λ

s

)

×
{ ∞∑

n=1

np(1−t+ 2t−λ
r )−1ap

n

} 1
p
{ ∞∑

n=1

nq(1−t+ 2t−λ
s )−1bq

n

} 1
q

. (3.6)

&?$
0 <

{ ∞∑
n=1

nq(1−t+ 2t−λ
s )−1bq

n

} 1
p

≤ B

(
(r−2)t+λ

r
,
(s−2)t+λ

s

){ ∞∑
n=1

np(1−t+ 2t−λ
r )−1ap

n

} 1
p

<∞. (3.7)

] (3.1) �o (3.6)  (3.7) �:rps��t, a$ (3.4) �.
uq, v (3.4) �"^. ] Hölder ���, $
∞∑

n=1

∞∑
m=1

ambn

(m + n)λ
=

∞∑
n=1

[
nt− 2t−λ

s − 1
p

∞∑
m=1

am

(m + n)λ

]
[n−t+ 2t−λ

s + 1
p bn]

≤
{ ∞∑

n=1

np(1− 2t−λ
s )−1

[ ∞∑
m=1

am

(m+n)λ

]p} 1
p
{ ∞∑

n=1

nq(1−t+ 2t−λ
s )−1bq

n

} 1
q

. (3.8)

&?] (3.4) �, $ (3.1) �, a (3.1) r (3.4) ���.
� (3.4) ��Æ	&' [

B
( (r−2)t+λ

r , (s−2)t+λ
s

)]p
��(�), ME23 (3.8) �, g�

(3.1) ��Æ	&'s��(�)�pq. _b.
` 2 (a) ; λ = 1  p = q = 2, (3.2), (3.5) ��i_n (1.1), (1.2) �. %tw (3.1) ��

(1.1) ��O�	7#; S" (3.1) ���J�,x3.4) �� (1.2) ��O�	7#.
(b) ; r = p, s = q  t = 1 <, (3.1), (3.4) ��i_n (1.8), (1.9) �. %tw (3.1), (3.4)

�� (1.8), (1.9) ��7#.
; r = p, s = q  t = 0 <, ] (3.1), (3.4) �g=>:
uv 3.3 � p > 1, 1

p + 1
q = 1  0 < λ ≤ min{p, q}, {an}, {bn} �89�	
, ��

0 <
∑∞

n=1 np−λ−1ap
n < ∞, 0 <

∑∞
n=1 nq−λ−1bq

n < ∞, #$6
�����
∞∑

n=1

∞∑
m=1

ambn

(m + n)λ
< B

(
λ

p
,
λ

q

){ ∞∑
n=1

np−λ−1ap
n

} 1
p
{ ∞∑

n=1

nq−λ−1bq
n

} 1
q

; (3.9)

∞∑
n=1

nλ(p−1)−1

[ ∞∑
m=1

am

(m + n)λ

]p

<

[
B

(
λ

p
,
λ

q

)]p ∞∑
n=1

np−λ−1ap
n. (3.10)

%�, Æ	&' B
(

λ
p , λ

q

)


[
B

(
λ
p , λ

q

)]p
:�(�).

; r = q, s = p  t = 0 <, ] (3.1), (3.4) �g=>:
uv 3.4 � p > 1, 1

p + 1
q = 1  0 < λ ≤ min{p, q}, {an}, {bn} �89�	
, ��

0 <
∑∞

n=1 n(p−1)(1−λ)ap
n < ∞, 0 <

∑∞
n=1 n(q−1)(1−λ)bq

n < ∞, #$6
�����
∞∑

n=1

∞∑
m=1

ambn

(m + n)λ
< B

(
λ

p
,
λ

q

){ ∞∑
n=1

n(p−1)(1−λ)ap
n

} 1
p
{ ∞∑

n=1

n(q−1)(1−λ)bq
n

} 1
q

; (3.11)
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∞∑
n=1

nλ−1

[ ∞∑
m=1

am

(m + n)λ

]p

<

[
B

(
λ

p
,
λ

q

)]p ∞∑
n=1

n(p−1)(1−λ)ap
n. (3.12)

%�, Æ	&' B
(

λ
p , λ

q

)


[
B

(
λ
p , λ

q

)]p
:�(�).

; r = q, s = p  t = 1 <, ] (3.1), (3.4) �g=>:
uv 3.5 � p > 1, 1

p + 1
q = 1  2 − min{p, q} < λ ≤ 2, {an}, {bn} �89�	
, ��

0 <
∑∞

n=1 n(p−1)(2−λ)−1ap
n < ∞, 0 <

∑∞
n=1 n(q−1)(2−λ)−1bq

n < ∞, #$6
�����
∞∑

n=1

∞∑
m=1

ambn

(m + n)λ
< B

(
p − 2 + λ

p
,
q − 2 + λ

q

)

×
{ ∞∑

n=1

n(p−1)(2−λ)−1ap
n

} 1
p
{ ∞∑

n=1

n(q−1)(2−λ)−1bq
n

} 1
q

; (3.13)

∞∑
n=1

np+λ−3

[ ∞∑
m=1

am

(m + n)λ

]p

<

[
B

(
p − 2 + λ

p
,
q − 2 + λ

q

)]p ∞∑
n=1

n(p−1)(2−λ)−1ap
n. (3.14)

%�, Æ	&' B
(

p−2+λ
p , q−2+λ

q

)


[
B

(
p−2+λ

p , q−2+λ
q

)]p
:�(�). Ri; λ = 1, $

∞∑
n=1

∞∑
m=1

ambn

m + n
<

π

sin(π
p )

{ ∞∑
n=1

np−2ap
n

} 1
p
{ ∞∑

n=1

nq−2bq
n

} 1
q

; (3.15)

∞∑
n=1

np−2

( ∞∑
m=1

am

m + n

)p

<

[
π

sin(π/p)

]p ∞∑
n=1

np−2ap
n. (3.16)

` 3 (a) ; λ = 1 <, ] (3.11) r (1.8) �g=> (1.3) �; ] (3.12) r (1.9) �g=>
(1.4) �; y��� (3.9), (3.10) �i_" (3.15), (3.16) �.

(b) ; λ = 1 <, ] (3.2), (3.5) �, g�6
�����
∞∑

n=1

∞∑
m=1

ambn

m + n
< π

{ ∞∑
n=1

n
p
2−1ap

n

} 1
p
{ ∞∑

n=1

n
q
2−1bq

n

} 1
q

; (3.17)

∞∑
n=1

n
p
2−1

( ∞∑
m=1

am

m + n

)p

< πp
∞∑

n=1

n
p
2−1ap

n. (3.18)

$z��, (1.3), (3.15)  (3.17) �w{�xM, |-k:� (1.1) ��7#, yN$ (p, q)- �	
xM�(�Æ	&'.

(c) My$z��, ��� (1.5) N$O}z{J�� M (1.8), (3.9), (3.11)  (3.13) ��
(�7#, -k~�P λ  (p, q)- �	.
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