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Abstract Let S be a semigroup, and let B be a bi-ideal of S (i.e., B is a subsemigroup
of S satisfying the condition that BSB ⊆ B). Then B is called a prime bi-ideal of S if,
for any bi-ideals C,D of S, CD ⊆ B implies that either C ⊆ B or D ⊆ B. A band K
is called a quasi-chain if it is a N -covered pure LR-band. We prove that all bi-ideals of
S are prime if and only if it is an orthogroup whose idempotents form a quasi-chain.
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1 ]^
����, ���� A ��� B, ��� A ∨ B �� A � B ������� , !"#$

%�&'�����(�) [1].
*� B +�, S ���_�,-�`.� BSB ⊆ B, �� B � S ���/�0 ( �)

[2]). �,� [a!1] �0"+/�0. �, S �/�0 B ���2� ( �) [2]), *� B �

`.�
(∀C ∈ B(S)) C2 ⊆ B =⇒ C ⊆ B.

����, S �/�0 B ���2/�0, *� B �`.�
(∀C,D ∈ B(S)) CD ⊆ B =⇒ (C ⊆ B) ∨ (D ⊆ B).

�, S �3�/�0!�2/�0�2/�0�#$%&�b B(S)!SPB(S) � PB(S). 45,
PB(S) ⊆ SPB(S) ⊆ B(S). ��'�6��$%��(7)6c� PB(S) ⊂ SPB(S) ⊂ B(S).

�) [2–7] 8*+/�0#�`9:;<.���,. ��',-3�/�0"+2/�0
��,�;=�./.

2 de
�6��, ��� “0 B = [Y ;Bα]” �� “B +��f1�2%3� [Y ;Bα] �0”, � “4

>0 B = I × Λ” �� “B +��4>0”, -"+a50 I �150 Λ �?6. ��, S @�

AB ρ, ��� ρ� ��C ρ 78� S 9 S/ρ @�g5AD.
E S +��FG�,. ��� S @�g5ÆH� ≤. �IJ� a, b ∈ S, � a < b ��

“a ≤ b : a 	= b”. S @�AB ρ ����;<AB ( �) [8]), *� ρ �`.�
(∀ a, b ∈ S) aρ� < bρ� =⇒ a < b.

=K, ��L� S + ρ- ;<�. 0 B = [Y ;Bα] ���� N - ;<0 ( �) [9]), *� B @�

fM�2AB N +��;<AB.
hi 2.1[9] 0 B +�� N - ;<0>-?>@� N - ;<aFG0 E = [Y ; Iα] � N - ;

<1FG0 F = [Y ; Λα] NA B A/� E � F B��2 Y �O6 E ×Y F .
jJ90 B +��FG0 (C�`DEP efege = efge �0) >-?>@�aFG0 E =

[Y ; Iα] �1FG0 F = [Y ; Λα], NA B ∼= E ×Y F ( �) [10]), FGQ� 2.1, ���RHI
N - ;<0"+FG0. S���0@�fM�2AB�+! Green BT J , 3R N - ;<0"
+ J - ;<UVFG�, ( �) [8]), JKL+ J ∗- ;<FG�, ( �) [11]). S=, L��
) [8, I� 3.4] M�) [11, I� 2.9] �RA9 N - ;<0�*6./I�N
hi 2.2 E Y +���2, {Bα |α ∈ Y } +�OPPÆWQ�4>0, NA

(∀α, β ∈ Y ) α 	= αβ 	= β =⇒ |Bαβ | = 1.

�#$ B =
⋃

α∈Y Bα @IXRS � *6N�IJ� e ∈ Bα � f ∈ Bβ (α, β ∈ Y ),

e � f =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

e � f � Bα ��R6, *� α = β,
e, *� α < β,
f, *� α > β,
Bαβ ��Y�Z2, *� α 	= αβ 	= β.
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G B B�RS � >Z�� N - ;<0. [\], ^� N - ;<0"�R*=/c.
0 B ����_0 ( �) [12]), *�"�`.�

(∀ e, f ∈ B) (efe = e) ∨ (fef = f).

hi 2.3 E B = [Y ;Bα] +��0, G6`abZc:
(1) B +��_0>-?> Y +�.d;
(2) B +�� N - ;<_0>-?>"�`.�

(∀ e, f ∈ B) (efe = e) ∨ (efe = f).

kl �) [12] $%+ B +��_0>-?> Y +�.d. 6d (2). eI B +�� N -
;<_0, GC (1) �e Y +�.d. �IJ� e ∈ Bα � f ∈ Bβ(α, β ∈ Y ), *� α < β, G
e < f , JK efe = e; *� α = β, G e � f "+4>0 Bα �Z2, fKL� efe = e; *�
α > β, G f < e, JK efe = f . f�d%+ B �`.�

(∀ e, f ∈ B) (efe = e) ∨ (efe = f).

[\], E B �`@g.�. E e ∈ Bα, f ∈ Bβ (α, β ∈ Y ), G efe E� e Mh f , K fef

E� f Mh e. C efe E� e Mh f �Reg αβ E� α Mh β, C� α ≤ β Mh α ≥ β, J
K Y +�.d. > α > β K, C� efe E� e Mh f , K efe ∈ Bβ , ���RHI efe = f , C
e > f ; > α < β K, C� fef E� f Mh e, K fef ∈ Bα, ���RHI� fef = e, C e < f .
f�d%+ B +�� N - ;<0.

0 B ���� LR- 0, *�"�`6i�.�
(∀ e, f ∈ B) (efe = ef) ∨ (efe = fe).

�) [13] jh+�i�b LR- FG0�;< LR- 0. 6i�Q�j8+ LR- 0���,-.
hi 2.4 0 B = [Y ;Bα] +�� LR- 0>-?>^� Bα "+a50Mh150.
kl eI B +�� LR- 0. � Y �IkZ2 α. *� Bα kÆ+a50LÆ+150,

G |Iα| � |Λα| "1� 1. � Iα ��ÆAZ2 i, j � Λα �ÆAZ2 λ, μ, ���

(i, λ)(j, μ) 	= (i, λ)(j, μ)(i, λ) 	= (j, μ)(i, λ),

7llm. S= Bα "+��a50Mh��150.
[\], E^� Bα "+��a50Mh��150. �IJ� e ∈ Bα � f ∈ Bβ (α, β ∈

Y ),*� Bαβ +��a [1]50,G Bαβ∪{e, f}+��a [1]FG0,JK efe = ef [efe = fe].
f$% B +�� LR- 0.

���0 B ���md, *� B �`.�
(∀ e, f ∈ B) (ef = e) ∨ (ef = f).

mi 2.5 0 B +��md>-?> B +�� N - ;<_ LR- 0.
kl n B = [Y ;Bα]. E B +�� N - ;<_ LR- 0, GCQ� 2.3 (1) �e Y +�.d.

�IJ� e ∈ Bα � f ∈ Bβ (α, β ∈ Y ), ���

ef =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

e, *� α = β - Bα +��a50,
f, *� α = β - Bα +��150,
e, *� α < β,
f, *� α > β,
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JK B +��md.

[\], eI B +��md, G�IJ� e, f ∈ B, "�

efe =

⎧⎪⎨
⎪⎩

e, *� ef = e,
e, *� ef = f - fe = e,
f, *� ef = f - fe = f .

FGQ� 2.3, ���RHI B +�� N - ;<_0. f�op, S�

(∀ e, f ∈ B) efe =

{
e = ef, *� ef = e,
fe, *� ef = f ,

3R B L+�� LR- 0. dq.

*� B +��md-+��a [1] FG0, �� B ���a [1] FGmd. FGQ� 2.2,
Q� 2.3, Q� 2.4 �I� 2.5, ���RA9:

no 2.6 E Y +�.d, {Bα |α ∈ Y } +�OPPÆWQ�4>0-!�^� Bα "�

�a50Mh150. �IJ� e ∈ Bα � f ∈ Bβ (α, β ∈ Y ), �#$ B =
⋃

α∈Y Bα @IXR

S � *6
e � f =

{
e, *� Bα = Bβ +��a50Mh α < β;
f, *� Bα = Bβ +��150Mh α > β,

G B B�RS � >Z��md. f�op, B +��a [1] FGmd>-?>^� Bα "+�

�a [1] 50. [\], ^� [aM1FG] md"�*=rA.

no 2.7 0 B +��md>-?>@�aFGmd E = [Y ; Iα] �1FGmd F =
[Y ; Λα], �`.�

(∀α ∈ Y ) min{|Iα|, |Λα|} = 1

NA B ∼= E ×Y F .

3 pqrstupqrvÆw
�, S ����nFG�, ( �) [14]), *�"�`.�

(∀ a ∈ S) (∃x, y ∈ S) a = xa2y.

hi 3.1[14] E S +���,, G6`aoEs:

(1) S +nFG�;

(2) S @�fM�2ABp� S @ Green BT J ;

(3) S +t�,��2.

hi 3.2[2] E S +���,, G SPB(S) = B(S) >-?> S k+FG�q+nFG�.

FGQ� 3.1 �Q� 3.2, ���Ru8�, S �`.� SPB(S) = B(S) >-?> S +�

� J - Wr�FG�,. S=, �(]$, SPB(S) + B(S) ��� _#. :+, IJUVFG�
, (;&+0) S "�`.� SPB(S) = B(S).

jJ9�, S ��O/�0�vwQL+ S ���/�0, �IJ� a ∈ S, ��� S �

3�xy a �/�0�Q� B(a), z�"�C a sZ�x/�0 ( �) [15]).
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hi 3.3[15] E S +���,, a ∈ S, G B(a) = {a} ∪ aS1a. ;&p, *� a +��FG

Z, G B(a) = aSa.

hi 3.4 E S +���,, B ∈ B(S), G B ∈ PB(S) >-?> B �`.�
(∀ a, b ∈ S) B(a)B(b) ⊆ B =⇒ (a ∈ B) ∨ (b ∈ B).

kl C2/�0�IX�e{tu45Zc, 6d|%u. eI B �`jI�.�, zE
C,D ∈ PB(S), NA CD ⊆ B. *� C 	⊆ B, G@� c ∈ C, NA c 	∈ B. �IJ� d ∈ D, S�
B(c)B(d) ⊆ CD ⊆ B, ��� d ∈ B. f$% D ⊆ B, Rl� B ∈ PB(S). dq.

mi 3.5 E S +���,, G6`aoEs:
(1) PB(S) = B(S);

(2) �IJ� a, b ∈ S, "� a ∈ B(a)B(b) Mh b ∈ B(a)B(b);

(3) S +��vEZ>Z��md�_w,z�,.

kl (1)⇒(2) eI PB(S) = B(S). �IJ� a, b ∈ S, S� B(a)B(b) ⊆ B(a)B(b), FG
Q� 3.4, ���RHI a ∈ B(a)B(b) Mh b ∈ B(a)B(b).

(2)⇒(1) eI S �` (2). �IJ� B ∈ B(S) � a, b ∈ S, *� B(a)B(b) ⊆ B, G� a ∈ B

Mh b ∈ B. CQ� 3.4 �A B ∈ PB(S), JK PB(S) = B(S).

(2)⇒(3) eI S �` (2), G PB(S) = SPB(S) = B(S), JKCQ� 3.2 �e S +��FG

�,.
k e, f ∈ E(S), G e ∈ B(e)B(f) Mh f ∈ B(e)B(f). > e ∈ B(e)B(f) K, {@� x, y ∈ S,

NA e = exefyf , Rl� ef = exefyff = exefyf = e; > f ∈ B(e)B(f) K, {@� x, y ∈ S,
NA f = exefyf , Rl� ef = eexefyf = exefyf = f . S= E(S) >Z S ���_�,, -�
`6`.�N

(∀ e, f ∈ E(S)) (ef = e) ∨ (ef = f).

f�d%+ S +��vEZ>Z��md�_w�,.

E E(S) = [Y ;Bα]. Ik S ��Z2 a, zE b + a ���xZ. G a, b, ab � ba � Green
BT�R�6y]zg

L
R e = ba b

a f = ab

eI e ∈ Bα, f ∈ Bβ (α, β ∈ Y ). ��}~6i� 6 y7>:
z{ 1 Bα = Bβ +��a5�,. =K, ��� fLeLaRf , JK a +��UVFGZ.

z{ 2 Bα = Bβ +��15�,. =K, ��� eLaRfRe, JK aL+��UVFGZ.

z{ 3 α < β - a ∈ B(b)B(a). =K, ��� e < f -@� x, y ∈ S, NA a = bxbaya. C
a = bxbaya, �Rf�oA9

f = ab = bxbayab = bxbayf,

JK ef = ebxbayf = bxbayf = f . f{ e < f Wlm. S=fy7>+Æ�|8}�.

z{ 4 α < β - b ∈ B(b)B(a). =K, ��� e < f -@� x, y ∈ S, NA b = bxbaya. C
b = bxbaya, �Rf�oA9

f = ab = abxbaya = fxbaya,
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JK fe = fxbayae = fxbaya = f . f{ e < f Wlm. S=fy7>L+Æ�|8}�.
z{ 5 α > β - a ∈ B(a)B(b). {7> 3 i~�d.
z{ 6 α > β - b ∈ B(a)B(b). {7> 4 i~�d.
��@i� 6 y7>, ��HI a �I+��UVFGZ. f�d%+ S +��_w,z

- E(S) >Z��md.
(3)⇒(2) E S +��vEZ>Z��md�_w,z, zeI [Y ;Bα] � [Y ;Sα] %&+

E(S) � S �f1�2%3, G Y +��d, �IJ� α ∈ Y , ��� Sα ∩ E(S) = Bα. �IJ
� a ∈ S, ��� a0 ��, Ha �DEZ, � a−1 �� a � Ha ��xZ.

� S �IkZ2 a � b, G@� α, β ∈ Y , NA a ∈ Sα, b ∈ Sβ . *� Bα = Bβ +��15

0Mh α > β, G a0b0 = b0, Rl�

b = a0a0b0bb−1b = aa−1a−1abb−1b ∈ (aSa)(bSb) = B(a)B(b).

*� Bα = Bβ +��a50Mh α < β, G a0b0 = a0, Rl�

a = aa−1aa0b0b0 = aa−1abb−1b−1b ∈ (aSa)(bSb) = B(a)B(b).

S=, S �` (2). dq.
no 3.6 0 B �`.� PB(B) = B(B) >-?> B +��md.

| } ~ �
[1] Howie J. M., Fundamentals of semigroup theory, London: Oxford University Press, 1995.
[2] Steinfeld O., Quasi-ideals in rings and regular semigroups, Budapest: Akademiai Kiado, 1978.
[3] Steinfeld O., On completely regular semigroups, Semigroup Forum, 1980, 21: 93–94.
[4] Kuroki N., On normal semigroups, Czechoslovak Math. J., 1977, 27: 43–53.
[5] Kuroki N., On B∗-pure semigroups, Acta Math. Hung., 1984, 43(3/4): 295–298.
[6] Miccoli M. M., Bi-ideals in regular semigroups and in orthogroups, Acta Math. Hung., 1986, 47(1/2): 3–6.
[7] Kehayopulu N., Ponizovskii J. S., Tsingelis M., Bi-ideals in ordered semigroups and ordered groups, J. Math.

Sci., 2002, 112(4): 4353–4354.
[8] He Y., Weakly J -covered completely regular semigroups, Semigroup Forum, 2003, 66: 97–109.
[9] He Y., γ-[weakly] covered orthodox semigroups, Southeast Asian Bull. Math., 2005, 29: 511–520.
[10] Petrich M., Introduction to semigroups, Columbus: Merrill, 1973.
[11] He Y., The construction of J ∗-covered regular semigroups (I), Acta Mathematica Sinica, Chinese Series,

2005, 48(2): 331–338.
[12] Cvetko-Vah K., Pure �-band, Semigroup Forum, 2005, 71: 93–101.
[13] Guo Y. Q., Shum K. P., Sen M. K., LR-normal orthogroups, Sci. China Ser. A Math., 2005, 48: 239–247.
[14] Petrich M., Inverse semigroups, New York: Jhon Wiley & Sons, 1984.
[15] Bogdanovic S., Semigroups with a system of subsemigroups, Novi Sad: Novi Sad University Press, 1985.


