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23 44556 [4−6] � Holmes [7] 7	
, 2003 �,  [8] N89 Banach ������
$T� Moore–Penrose������6: (;� Hilbert��N89���Moore–Penrose��
��<Q=� (7 [8, \ 2.1]), 8� Banach �� X,Y 9����:;<(>	
 Banach
��N)M Moore–Penrose ������=��5
�.

��?����� X � Y 9@����<(>, >3]?"ABC� Banach ��:;
�@A�DE Banach ��N��$T T � Moore–Penrose ����� T+ �=���F���

BG������CHID, �JE#! T+ ��K�Q, PK�QFG4H�45�^I
JKL��� Banach ��L�ODE Banach ��.

MN�&MOP, �_Q X � Y � Banach ��. D � X ���T��, T �L D N Y

����$T, DO� T �(�%,P� D(T ). X �]?"ABC FX : X → 2X∗
P� FX(·)[6],

〈x∗, x〉 QRRS x∗(∈ X∗) � x(∈ X) S�M, (N X∗ � X �"A��. 3 R(T ), N(T ) TM
QR$T T �M%�U��.

`a 1[9] Q G ⊂ X, VMBC PG : X → 2G (��

PG(x) =
{

y ∈ G; ‖y − x‖ = inf
z∈G

‖z − x‖
}

(x ∈ X),

O(�L X N G S���TU$T; M ∀x ∈ X, PG(x) 	= ∅, bO G � X N=��V; M
∀x ∈ X,PG(x) �)WV, bO G � X N Chebyshev V.

x0 ∈ D(T ) O�$T�X Tx = y �^YZI[, VK ‖Tx0−y‖ = inf{‖Tx−y‖; x ∈
D(T )}, ‖x0‖ = inf

{‖v‖; v ∈ D(T ), ‖Tv−y‖ = infx∈D(T ) ‖Tx−y‖}, (N y ∈ Y.

`a 2[8] Q T � D(T ) N Y ����$T, P
N(T )

(·) � P
R(T )

(·) =�. M=��W�$

T T+ : Y → X, X	 (I) TT+T = T ; (II) T+TT+ = T+; (III) T+T = ID(T ) − P
N(T )

; (IV)
TT+ = P

R(T )
,

bO T+ � T � Moore–Penrose �����, (N ID(T ) � D(T ) S�\5$T.

cd 1(7 [5, (] 3.2]) Q G � X N=��T��, b ∀x ∈ X, ���]^T[
x = x1 + x2, x1 ∈ G, x2 ∈ F−1

X (G⊥), _JP� X = G + F−1
X (G⊥); VK G � X N Chebyshev

T��, bT[F�Y x = PGx + x2, x2 ∈ F−1
X (G⊥), _JP� X = G ⊕ F−1

X (G⊥), (N
G⊥ = {x∗ ∈ X∗; 〈x∗, x〉 = 0, ∀x ∈ G}, F−1

X (G⊥) = {x ∈ X; FX(x) ∩ G⊥ 	= ∅}.
>��8] 2 `� [9] NeN.

cd 2 Q G� X �T��, ∀x ∈ X \G, x0 ∈ G, b x0 ∈ PG(x) ⇔ FX(x−x0)∩G⊥ 	= ∅.

2 fghi
`d 1 Q T �L D(T ) N Y ����$T, N(T ) � R(T )TM� X � Y N Chebyshev

T��, b T =�� Moor–Penrose����� T+ ⇔ D(T ) = N(T )⊕C(T ),(N C(T ) = {x ∈
D(T ); FX(x) ∩ N(T )⊥ 	= ∅} = D(T ) ∩ F−1

X (N(T )⊥).

jk “⇒”M T �V(� 2A��� Moore–Penrose����� T+,b ∀x ∈ D(T ),Z(
� 2N� (I),� TT+Tx = Tx	 T+Tx ∈ D(T ), �Z(� 2 N (III),� P

N(T )
x = x−T+Tx ∈

D(T ). P[ T (P
N(T )

x) = T (x − T+Tx) = Tx − TT+Tx = 0, a ∀x ∈ D(T ), � P
N(T )

∈ D(T ).

� N(T ) � X N Chebyshev T��� F−1
X (N(T )

⊥
) = F−1

X (N(T )⊥), bZ8] 1, � ∀x ∈
D(T ) ⊂ X, =�F�T[ x = P

N(T )
x + x2, x2 ∈ F−1

X (N(T )⊥). �_ x2 = x − P
N(T )

x ∈ D(T ),
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x2 ∈ D(T ) ∩ F−1
X (N(T )⊥) = C(T ), P[ D(T ) = N(T ) + C(T ). � ∀x ∈ N(T ) ∩ C(T ), �

FX(x) ∩ N(T )⊥ 	= ∅, h x∗ ∈ FX(x) ∩ N(T )⊥, b 0 = 〈x∗, x〉 = ‖x‖2 = ‖x∗‖2, PEn x = 0, �
_ D(T ) = N(T ) ⊕ C(T ).

“⇐”fo T : C(T ) → R(T )�gC. h<S, ∀ y ∈ R(T ),b ∃x ∈ D(T ),X	 y = Tx,� 
p D(T ) = N(T )⊕C(T ), Eiq x = x1 +x2, x1 ∈ N(T ), x2 ∈ C(T ), �_ y = Tx = Tx2, a T

�L C(T )N R(T )S��iC;�" ∀x1, x2 ∈ C(T ),M Tx1 = Tx2,b x1−x2 ∈ N(T ) ⊂ N(T ),
jZ C(T )�(�`	 FX(xi)∩N(T )⊥ 	= ∅ (i = 1, 2),a FX(x1−θ)∩N(T )

⊥ 	= ∅, FX(x1−(x1−
x2)) ∩ N(T )

⊥ 	= ∅. \EN N(T ) � X N�T��, P[Z8] 2, � θ ∈ PN(T )(x1), x1 − x2 ∈
PN(T )(x1), � p N(T ) � X N Chebyshev T��, k x1 − x2 = θ, a x1 = x2. �_ T �L

C(T ) N R(T ) S��)C.
h T |C(T ) QR T �Vl C(T ) S��Æ. �"ABC FX(·) �W��, 	Vl C(T ) j

�W��, (T |C(T ))−1 �L R(T ) N C(T ) �W�$T. P D+ = R(T ) ⊕ F−1
Y (R(T )⊥), (N

F−1
Y (R(T )⊥) = {y ∈ Y ; FY (y)∩R(T )⊥ 	= ∅}. P[, Z FY (·) �W�`	 D+ j�W�V. (�
$T T+ : D+ → C(T )V>: ∀ y ∈ D+, y �F�T[ y = y1 +y2, y1 ∈ R(T ), y2 ∈ F−1

Y (R(T )⊥),
(�

T+y = (T |C(T ))−1y1, (1)

bZ y − y1 = y2 ∈ F−1
Y (R(T )⊥), 	 FY (y − y1) ∩ R(T )

⊥ 	= ∅, L�Z8] 2 p y1 ∈ PR(T )y,

� p R(T ) � Y N� Chebyshev T��, bZ8] 1, y �F�T[k y = PR(T )y + y′, y′ ∈
F−1

Y (R(T )
⊥

) = F−1
Y (R(T )⊥), P[ZT[k�F��, �

y1 = P
R(T )

y ∈ R(T ). (2)

rl (1) � (2), 	

T+y = (T |C(T ))−1PR(T )y, ∀ y ∈ D+. (3)

Z (T |C(T ))−1 � PR(T )(·) (7 [10]) �W�	 T+ : D+ → C(T ) �W�$T. � ∀ y ∈ D+, Z

(2) k	 TT+y = T (T |C(T ))−1PR(T )y = PR(T )y, a� D+ S� TT+ = PR(T ), �_(� 2 N�
(IV) mn.

Z p D(T ) = N(T )⊕C(T ),b ∀x ∈ D(T ), x��F�T[ x = x1+x2, x1 ∈ N(T ), x2 ∈
C(T ), (N C(T ) = D(T ) ∩ F−1

X (N(T )⊥) ⊂ F−1
X (N(T )⊥), � p N(T ) � X N Chebyshev T

��. Z8] 1, x l�F�T[: x = P
N(T )

x + x′, (N x′ ∈ F−1
X (N(T )

⊥
) = F−1

X (N(T )⊥). Z

T[k�F��	 x1 = PN(T )x ∈ N(T ), L� x = PN(T )x + x2, x2 ∈ C(T ) �

T+Tx = T+T (PN(T )x + x2) = T+Tx2 = (T |C(T ))−1PR(T )(Tx2) = x2 = (ID(T ) − PN(T ))x, (4)

a� D(T ) S, � T+T = ID(T ) − P
N(T )

, P[(� 2 N (III) mn. � ∀x ∈ D(T ), TT+Tx =

Tx − T (P
N(T )

x) = Tx − Tx1 = Tx, k(� 2 N� (I) mn.

" ∀ y ∈ D+, Z (3) k, T+y ∈ C(T ) ⊂ D(T ), bZ (4) k	

T+TT+y = (ID(T ) − PN(T ))T
+y = T+y − PN(T )(T

+y). (5)

� T+y ∈ C(T ) ⊂ F−1
X (N(T )

⊥
), � FX(T+y − θ)∩N(T )

⊥ 	= ∅. � θ ∈ N(T ), P[, Z8] 2 	
θ ∈ PN(T )(T

+y). \EN N(T ) � X N Chebyshev T��, � θ = PN(T )(T
+y). P[, (5) kQ

P� D+ S T+TT+ = T+ mn, a(� 2 N� (II) mn, k T+ � T � Moore–Penrose ��
���.
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st 1 Q T : D(T ) → Y ����$T, N(T ) � R(T ) TM� D(T ) � Y N Chebyshev
T��, b T � Moore–Penrese ����� T+ =�Y D+ = Y .

jk � N(T ) � D(T ) N Chebyshev T��, bZ8] 1 	 D(T ) = N(T ) ⊕ C(T ), (N
C(T ) = D(T ) ∩ F−1

X (N(T )⊥), \EN Chebyshev Vo�&V, k N(T ) = N(T ), R(T ) = R(T ),
P[Z(] 1, T =� Moore–Penrose ����� T+.

_m, Z(] 1 �oPpX, no� D+ = R(T ) ⊕ F−1
Y (R(T )⊥), �q�Q R(T ) � Y N

Chebyshev T��, Z8] 1 `	 Y = R(T ) ⊕ F−1
Y (R(T )⊥), k D+ = Y .

ZSp=! 1 q	 [6] NuHJK:
st 2[6] Q X,Y �vr��� Banach ��, T �L D(T ) N Y ��#��$T$&'

(��$T, b T =� Moore–Penrese �����, �YM R(T ) l� Y N&V, b D+ = Y .
>3(] 1, � [8] N�(] 3.1 �(] 3.2 �2�srFoP`	V>tJK:
`d 2 Q T �L D(T ) N Y ����$T, N(T ) � R(T )TM� X � Y N Chebyshev

T��. M T � Moore–Penrose ����� T+, b T+ � D+ S�F��, T+y = (T |C(T ))−1

PR(T )y, y ∈ D+, (N D+ = R(T ) ⊕ F−1
Y (R(T )⊥).

`d 3 Q T �L D(T ) N Y ����$T, N(T ) � R(T )TM� X � Y N Chebyshev
T��, D+ = R(T ) ⊕ F−1

Y (R(T )⊥), Q T+ �L D+ N D(T ) ��W�$T, P
(1) T+ � T � Moore–Penrose �����;
(2) ∀ y ∈ D+, x0 = T+y �$T�X Tx = y �^YZI[;
(3) ∀ y ∈ D+, x0=T+y ���TU�XTx=PR(T )y�BGus[, a T+y=PT−1P

R(T )y
(θ),

b (1) ⇒ (2) ⇒ (3); M X l�����, D(T ) = N(T ) ⊕ C(T ), (N C(T ) = D(T ) ∩
F−1

X (N(T )⊥), b� (3) ⇒ (1), PJ (1) ⇔ (2) ⇔ (3).
w 1 (] 1– (] 3 tv  [8] N(] 2.1, (] 3.1 �(] 3.2 �� X � Y 9u��

��:;<(ID. M	n���no�(] 1 �oP�@� [8] N(] 2.1 ����.
>�A� T+ ��w5xQyk.
`d 4 Q T �L D(T ) N Y ����$T, N(T ) � R(T )TM� X � Y N Chebyshev

T��, b T+ = (ID(T ) − PN(T ))T−1PR(T ).

jk Z=! 1 p T � Moore–Penrose ����� T+ =�, P[Z(] 3 N (1) ⇒ (3),
xuo: ∀ y ∈ D+, PT−1P

R(T )y
(θ) = (ID(T ) − PN(T ))T−1PR(T )y.

h<S, ∀x ∈ PT−1P
R(T )y

(θ), b�
∀x ∈ T−1PR(T )(y) Y ‖x‖ = inf

{‖ω‖; ω ∈ T−1PR(T )(y)
}
. (6)

\EN N(T ) � X N=��T��, bZ8] 1, �T[k

x = x1 + x2, (7)

(N x1 ∈ PN(T )(x), x2 ∈ F−1
X (N(T )⊥). P[ Tx2 = T (x − x1) = Tx ∈ PR(T )y, 	 x2 ∈

T−1PR(T )y ⊂ D(T ).

>o:−x1 ∈ PN(T )(x2).
� x1 ∈ N(T ), k −x1 ∈ N(T ), L� ∀ v ∈ N(T ), � T (x2 − v) = Tx2 ∈ PR(T )y, 	

x2 − v ∈ T−1PR(T )y. (8)

Z (6)–(8) k, � ‖x2 − (−x1)‖ = ‖x2 + x1‖ = ‖x‖ ≤ ‖x2 − v‖, ∀ v ∈ N(T ). vZ PN(T )(·)
�(�, � −x1 ∈ PN(T )(x2), x = x2 + x1 = x2 − (−x1) ∈ (ID(T ) − PN(T ))(x2) ⊂ (ID(T ) −
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PN(T ))T−1PR(T )y, ��

PT−1P
R(T )y

(θ) ⊂ (ID(T ) − PN(T ))T−1P
R(T )

y (∀ y ∈ D+). (9)

ry, ∀ x̄ ∈ (ID(T ) − PN(T ))T−1PR(T )y (y ∈ D+), M x̄ = θ, bPw� x̄ ∈ PT−1P
R(T )y

(θ) m

n, k`Q x̄ 	= θ, b ∃x′ ∈ T−1PR(T )y, X	 x̄ ∈ (ID(T ) −PN(T ))(x′), L� ∃x′′ ∈ PN(T )(x′), X

	 x̄ = x′ − x′′. ��Z x′′ ∈ N(T ) p T x̄ = Tx′ ∈ PR(T )y, �_ x̄ ∈ T−1PR(T )y.

>o x̄ ∈ PT−1P
R(T )y

(θ).

� ∀ v ∈ N(T ), P ω = x′′ + v, bZ N(T ) ����	 ω ∈ N(T ). l x′′ ∈ PN(T )(x′), �
‖x̄−θ‖ = ‖x′−x′′‖ ≤ ‖x′−ω‖ = ‖x′−x′′−v‖ = ‖x̄−v‖. Z θ ∈ N(T )* v ∈ N(T )�DE�	
θ ∈ PN(T )(x̄),P[Z8] 2, � FX(x̄−θ)∩N(T )⊥ 	= ∅. x x̄∗ ∈ FX(x̄)∩N(T )⊥, b ‖x̄∗‖ = ‖x̄‖
Y ‖x̄‖2 = ‖x̄∗‖2 = 〈x̄∗, x̄〉. Dx x ∈ T−1PR(T )y, Z R(T ) � Y N Chebyshev T��, �

Tx = PR(T )y. l T x̄ = PR(T )y, �� x− x̄ ∈ N(T ), P x0 = x− x̄, b x = x̄+x0, x0 ∈ N(T ). \
EN x̄∗ ∈ FX(x̄) ∩ N(T )⊥, � ‖x̄‖2 = 〈x̄∗, x̄〉 = 〈x̄∗, x̄ + x0〉 = 〈x̄∗, x〉 ≤ ‖x̄∗‖ · ‖x‖ = ‖x̄‖ · ‖x‖.
�_ ‖x̄‖ ≤ ‖x‖, ∀x ∈ T−1PR(T )y, �� x̄ ∈ PT−1PR(T )y

(θ), k

PT−1P
R(T )y

(θ) ⊃ (ID(T ) − PN(T ))T−1PR(T )y (∀ y ∈ D+). (10)

rl (9), (10) k, (] 4 	o.
� T+ ������$T, ��#! T+ ���$T�ID��wzH��E��
�.
`d 5 Q T �L D(T ) N Y ����$T, N(T ) � R(T )TM� X � Y N Chebyshev

T��,M$T T � Moore–Penrose����� T+ =�,b T+ ���$T⇔ C(T ) = D(T )∩
F−1

X (N(T )⊥) � F−1
Y (R(T )⊥) TM� X � Y N��T��.

jk “⇒” M T+ ���$T, b(M% R(T+) = C(T ) o� X N���T��. >o
N(T+) = F−1

Y (R(T )⊥). h<S, Z T+ ����	 N(T+) ����, �Z(] 2 � T+ =
(T |C(T ))−1PR(T ), (N T |C(T ) �L C(T ) N R(T ) ��gC. �_

N(T+) = {y ∈ D+;P(R(T ))y = 0}�P−1

R(T )
(0). (11)

P[, ∀ y ∈ F−1
Y (R(T )⊥) = F−1

Y (R(T )
⊥

), � FY (y) ∩ R(T )
⊥ 	= ∅, bZ8] 2 	 0 ∈ PR(T )y. �

 p R(T ) � Y N� Chebyshev T��, � 0 = PR(T )y. �_, Z (11) k	 y ∈ N(T+), k

F−1
Y (R(T )⊥) ⊂ N(T+). (12)

�M ∀ y ∈ N(T+), bZ (11) k	 PR(T )y = 0. q�Q R(T ) � Y N Chebyshev T��, bZ
8] 1, y �F�T[ y = PR(T )y + y2, y2 ∈ F−1

Y (R(T )⊥). �_, y = y2 ∈ F−1
Y (R(T )⊥), 	

F−1
Y (R(T )⊥) ⊃ N(T+). (13)

rl (12) � (13) k, � F−1
Y (R(T )⊥) = N(T+), P[Z N(T+) ����`	 F−1

Y (R(T )⊥) �
��T��.

“⇐” Q C(T ) � F−1
Y (R(T )⊥) ���T��, b T |C(T ) �L C(T ) N R(T ) S���"�

���$T, L� (T |C(T ))−1 j�L R(T ) N C(T ) S���"����$T, D+ = R(T ) ⊕
F−1

Y (R(T )⊥) � Y N��T��. � ∀ y ∈ D+, y ��F�T[ y = y1 + y2, y1 ∈ R(T ), y2 ∈
F−1

Y (R(T )⊥). �_ y − y1 = y2 ∈ F−1
Y (R(T )⊥), 	 FY (y − y1) ∩ R(T )

⊥ 	= ∅. P[Z8] 2 	
y1 ∈ PR(T )y. � p R(T )� Y N Chebyshev T��, 	 y1 = PR(T )y ∈ R(T ). P[, Z (11) k

� F−1
Y (R(T )⊥) = N(T+), � P−1

R(T )
(0) = F−1

Y (R(T )⊥) = N(T+). �_ P−1

R(T )
(0) � Y N��T
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��, � R(T )� Y N Chebyshev T��. P[Z [10]Ny� 4.7En PR(T )(·) : D+ → R(T )

����$T, L�Z(] 2 	 T+ = (T |C(T ))−1PR(T ) �L D+ N C(T ) ����$T.

w 2 (] 5G [8]N�(] 4.2�IDL<Q X � Y 9�vr������ H �Q�
Banach ��zzNx{ N(T ) � R(T ) TM� Banach �� X � Y N� Chebyshev T��,
\ENvr��� Banach ��N�&T��o� Chebyshev T��, ry|o [9]. �_, no
�=��{���Q�.

st 3 Q X � Y � Hilbert ��, T �L D(T ) N Y ���#��$T$&'(��$
T, M R(T ) � Y N&V, b=��F��#��$T T+ : Y → X i{: (I) TT+T = T ; (II)
T+TT+ = T+; (III) T+T = ID(T ) −PN(T ); (IV) TT+ = I −PN(T∗), (N PN(T ), PN(T∗) �]^
TU$T.

jk Z R(T ) � Y N�&T��, >3 Riesz ]^T[(]� I = PR(T ) + PR(T )⊥ , q
Banach &M%(]� R(T )⊥ = N(T ∗), k PR(T ) = I − PN(T∗), (}>3=! 1, (] 5 �
[6] N(] 2.11 a`	o.

w 3 (] 1–3 �(] 5 � [8] N�2JK��Q=�. |}V>: Q X = Y =
(C[0, 1]; ‖f‖ = maxt∈[0,1] |f(t)|), b X � Y ��vrY����� Banach �� [11]. h
C1

0 [0, 1] = {f ; f(t) � [0, 1] S�<M~~�Ss�SsY f(0) = 0}, (� T : C1
0 [0, 1](⊂

X) → Y , (Tf)(t) = f ′(t) (∀ f ∈ C1
0 [0, 1]). x fn(t) = 1−e−nt

n , � {fn} ⊂ C1
0 [0, 1](⊂ X),

Y limn→+∞ ‖fn − 0‖ = 0. j limn→+∞ ‖Tfn − 0‖ 	= 0, L� T �@#���$T. �
[11] �[`o T �&$T. Z&��(]q7 C1

0 [0, 1] � C[0, 1](= X) N�&���T��.
� N(T ) = {f ∈ C1

0 [0, 1]; (Tf)(t) = 0, ∀ t ∈ [0, 1]} = {f ∈ C1
0 [0, 1]; f(t) ≡ C Æs, ∀ t ∈

[0, 1]} = {0}, R(T ) = C[0, 1], PwF, � N(T )(= {0}) � R(T )(= C[0, 1]) TM� C[0, 1](= X)
� C[0, 1](= Y ) N Chebyshev T��, T � Moore–Penrose ����� T+ V>

(T+f)(t) =
∫ t

0

f(t)dt, (∀ f ∈ C[0, 1]).

| } ~ �
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