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Abstract We first obtain some sufficient conditions for an isometric mapping defined
on the unit sphere (or ball) of a β-normed space (0 < β ≤ 1) can be extended to
be a linear isometry on the whole space. Secondly, in a β-normed space E, we study
the extension problem of (λ, ψ, 2)-isometry. The main result says that positively ho-
mogeneous mapping V0 : B1(E) → B1(E) is (1, ψ, 2)-isometry if and only if ‖V0x‖ ≥
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1 �� !K
Tingley"� [1]#�����	,
 E,F ����
���, S1(E)� S1(F )�	$
��

��. � V : S1(E) → S1(F )�%��
�&� (� V (S1(E)) = S1(F )��' ∀x1, x2 ∈ S1(E),
�( ‖V x1 − V x2‖ = ‖x1 − x2‖), � V ��)�� E � F �

����
��&�.

���*, �'���
����

�)��	���� �
��, � [2] +!��!
�	
,�"-. "� [3] #, # �$.!���
����� E � C(Ω) "%,�, ���
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�./0

������ E ��
�&� V0 : S1(E) → C(Ω) �3110
(A) S1(E) 
234" S1(E) #52, ��34 x ∈ S1(E) 6 S1(E) #34234 x0,�(

‖V0x− |λ|V0x0‖ ≤ ‖x− |λ|x0‖, ∀λ ∈ R,

5 V0 4)��5���
�
�&�.

",�!���
�����
����
�)��	6, 6�
!
7�78
, 78�
8 [3–8], ��999
:;
11<:=>;�<=>
�	. :?
";7<� [9–11].

,�?�
�

�)��	�@A=
%�?@	, �A�(BC
����, ?�4>
�
 “Tingley �	” ?!%�BD, 78� [12] #
CÆ.

� [13] #EF� 2- 
�
)��	, ���%G./. DE�5
(1) HIJ9����
FG�@<,�9%H

�)��	: 
 V : S1(E) → F �%�


�&�, � V ��)�� E �

� (��
�) &�? %H�!�
, CÆ8 [12]. E�I
��%GJK11, 9LA
MN��)�&�.

(2) KO� 2- 
�
PL, �>� (λ, ψ, 2)- 
��9 (λ, ψ, 2)- 
�, ,��>M
)��
	6:B
�&�
QN, ��%G?./. OM
PC�RD
, Sr(E) = {x : x ∈ E, ‖x‖=r},
Br(E) = {x : x ∈ E, ‖x‖ ≤ r}, � β- �
���
�>6�@47E� [15, 16].

2 EFGH (IG) JKLMNOKPQRO
ST 2.1 
 E,F �� β- �
���, 0 < β ≤ 1. 
�&� V0 : B1(E) → F �4S&�,

� ∀x, y ∈ B1(E), x+ y ∈ B1(E), ( V0(x+ y) = V0x+ V0y, 5 V0 T4)��5���

�

�&�.

PU V V0 
4S�, � nx ∈ B1(E), 5( V0(nx) = nV0x.

�34
WXQ m,n � mx = ny, :# x, y ∈ B1(E), 5T(
mV0x = mnV0

(x
n

)
= nV0y.

�> Ṽ0 : E → F ��

Ṽ0(x) = nV0

(x
n

)
, x ∈ E,

x

n
∈ B1(E).

(1) Ṽ0 
�>�UR
, �� V0 
)�. S��, � x
n ,

x
m ∈ B1(E), T(

nV0

(x
n

)
= mV0

( x
m

)
.

(2) Ṽ0 �5���
4S&�. �34 E #
Y x, y, V"WXQ n, A� x
2n ,

y
2n 6

x+y
2n ∈

B1(E), W

Ṽ0(x+ y) = 2nV0

(x+ y

2n

)
= 2nV0

( x

2n

)
+ 2nV0

( y

2n

)
= Ṽ0(x) + Ṽ0(y).

(3) Ṽ0 �5���

�&�. �34 E #
Y x, y, V"WXQ n, A� x
n ,

y
n ∈ B1(E),

ZX(
‖Ṽ0(x) − Ṽ0(y)‖ =

∥∥∥nV0

(x
n

)
− nV0

( y
n

)∥∥∥ = nβ
∥∥∥V0

(x
n

)
− V0

( y
n

)∥∥∥ = ‖x− y‖.
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ST 2.2 
 E,F �� β- �
���, 0 < β ≤ 1. B �%�6\Y�]4
^^_`,
V0 : B → F �4S, 
�&�, � ∀x, y ∈ B, x+ y ∈ B, (

V0(x+ y) = V0x+ V0y, ‖V0x− V0y‖ = ‖x− y‖,

5 V0 T4)��5���

�
�&�.

PU ��R 2.1.

a E �]b��6, �R 1 #
 “4S&�” 49 “Wc4S&�” <=d, (��
�R.

ST 2.3 
 E �]b��, F ���
���, 
�&� V0 : B1(E) → F �Wc4
S&�, � ∀x, y ∈ B1(E), x + y ∈ B1(E) � x⊥y, ( V0(x + y) = V0x + V0y, �;�3
V0(−x) = −V0x, ∀x ∈ B1(E), 5 V0 T4)��5���

�
�&�.

PU V]b��
�@_,�34
 x ∈ B1(E),V" y ∈ B1(E)�3 x⊥y � x+y⊥x−y.
a_( x⊥− y. `Ve
114�

V0(x) =
(
V0(x) − V0

(x+ y

2

)
− V0

(x− y

2

))
+

(
V0

(x+ y

2

)
− V0

(x
2

)
− V0

(y
2

))
+

(
V0

(x− y

2

)
− V0

(x
2

)
− V0

(−y
2

))
+ 2V0

(x
2

)
= 2V0

(x
2

)
.

�34
WXQ m,n, � x
2n ∈ B1(E), 5T(

2n+mV0

( x

2n+m

)
= 2n · 2mV0

( 1
2m

· x
2n

)
= 2nV0

( x

2n

)
.

VXOM46�>&� Ṽ0 : E → F ��

Ṽ0 := 2nV0

( x

2n

)
, x ∈ E,

x
2n ∈ B1(E).

(1) Ṽ0 
�>�UR
, �� V0 
)�.

(2) Ṽ0 �5���
Wc4S&�. S��, �34 E #
Y x, y, �3 x⊥y, V"WXQ
n, A� x

2n ,
y
2n ∈ B1(E). ` m = n+ 1, f( x

2m , y
2m , x+y

2m , x−y
2m ∈ B1(E), W

Ṽ0x+ Ṽ0y = 2mV0

( x

2m

)
+ 2mV0

( y

2m

)
= Ṽ0(x+ y).

(3) Ṽ0(−x) = −Ṽ0(x).

(4) Ṽ0 �
�&�, aa��R 2.1 
 (3), W Ṽ0 �g E � F 
Wc4S&�, V� [14]
#
Kb 7, _:�4S&�, V (4) _:b�cd&�, ZD Ṽ0 � V0 "5���

�)�.

��I�%�cR, OM"�R 2.4 
aa#hCijA9>.

dT 2.1 
 E ������, dimE ≥ 2, 5�34
 x ∈ B2(E), �V" x1, x2 ∈ S1(E),
�3 x = x1 + x2.

PU K$.ef:

(1) x = θ. 3g a ∈ S1(E), ` x1 = a, x2 = −a �4.

(2) x 	= θ. #haa�� S1(E) �kicj`. �X3g a, b ∈ S1(E). � a � b �
�k
Q
, 5���>


la,b(t) =
(cos t)a+ (sin t)b
‖(cos t)a+ (sin t)b‖
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� S1(E) #c. a, b 
ki; � a � b �
�lQ
, T( a = ±b. V' dimE ≥ 2, me
c ∈ S1(E), A� c B a (a_?B b) �
�kQ
, 5���>


La,b(t) =

⎧⎨
⎩

la,c, t ≤ π

2
;

lc,b

(
t− π

2

)
, t ≥ π

2

� S1(E) #c. a, b 
ki, ZD S1(E) �kicj`. �>lQ f : S1(E) → R �3 f(y) =
‖x− y‖, y ∈ S1(E), 5 f � S1(E) �
cdlQ. Z� ± x

‖x‖ ∈ S1(E), OM(
f
( x

‖x‖
)

=
∥∥∥x− x

‖x‖
∥∥∥ = |‖x‖ − 1| ≤ 1, f

(
− x

‖x‖
)

=
∥∥∥x−

(
− x

‖x‖
)∥∥∥ = ‖x‖ + 1 ≥ 1.

V'f�aa S1(E) �kicj`, WV" x1 ∈ S1(E), �3 f(x1) = 1. ` x2 = x − x1, 5
x = x1 + x2, ‖x2‖ = ‖x− x1‖ = f(x1) = 1.
ST 2.4 
 E,F ����
���, dimE ≥ 2. V0 : S1(E) → F �
�&�, ��31

1: x1 + x2 + x3 + x4 = x5 + x6, xi ∈ S1(E), T(
V0x1 + V0x2 + V0x3 + V0x4 = V0x5 + V0x6,

5 V0 T4)��5���
�
�&�.
PU (1) V' V0x+ V0(−x) + V0x+ V0(−x) = V0x+ V0(−x), OM( V0(−x) = −V0x.

(2) VcR 2.1, �34
 x ∈ B1(E), V" x1, x2 ∈ S1(E), �3 x = x1 + x2, �> Ṽ0 :
E → F �3 Ṽ0x := V0x1 + V0x2. gh
�>�UR
 (�V" x1, x2, x3, x4 ∈ S1(E), �3
x = x1 + x2 = x3 + x4, � x1 + x2 + x2 − x2 = x3 + x4), Ve
11�

V0x1 + V0x2 + V0x2 + V0(−x2) = V0x3 + V0x4.

V (1) V0(−x2) = −V0x2 _ V0x1 + V0x2 = V0x3 + V0x4) �� V0 
)�.
(3) Ṽ0 �4S&�. �34
 x, y, x + y ∈ B1(E), V" xi, yi, zi ∈ S1(E), i = 1, 2, A�

x = x1 + x2, y = y1 + y2, z = z1 + z2, � x1 + x2 + y1 + y2 = z1 + z2. Ve
11�
V0x1 + V0x2 + V0y1 + V0y2 = V0z1 + V0z2.

� Ṽ0x+ Ṽ0y = Ṽ0(x+ y).
(4) Ṽ0 ��]
m�&�. 34
 x ∈ B1(E), V" x1, x2 ∈ S1(E), �3 x = x1 + x2, 5

‖Ṽ0x‖ = ‖V0x1 + V0x2‖ = ‖V0x1 − V0(−x2)‖ = ‖x‖.
(5) Ṽ0 ��]cd&�. V' Ṽ0 ��]4S&�, injan&�"\4cd�4, � x→

θ ⇒ Ṽ0x→ θ. S��, V" x1, x2 ∈ S1(E), A� x = x1 + x2, Z x1 + x2 → θ ⇒ ‖x1 − x2‖ → 2.
`V Ṽ0 
�>_

Ṽ0x = V0x1 + V0x2, Ṽ0θ = V0

(
x1 − x2

‖x1 − x2‖
)

+ V0

(
x2 − x1

‖x1 − x2‖
)
.

V' ‖x1 − 2x1−(x1+x2)
‖x1−x2‖ ‖ → θ, ‖x2 − 2x2−(x1+x2)

‖x1−x2‖ ‖ → θ, � V0 " S1(E) �cd, W(

V0(x1) → V0

(
x1 − x2

‖x1 − x2‖
)
, V0(x2) → V0

(
x2 − x1

‖x1 − x2‖
)
.

ZX Ṽ0x → θ, W Ṽ0 �
�&�. `V�R 2.1, Ṽ0 )��5���

�
�&� Ṽ , �3
Ṽ |B1(E) = Ṽ0, W Ṽ |S1(E) = Ṽ0|S(E) = V0.
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3 k β lmnQ (λ, ψ, 2)- LMKRO
#hco (λ, ψ, 2)- 
�
PL, _opb>M
qo�	. "��#, ψ : (0,∞) → (0,∞)

�3G%�r�
ppqq
lQ.
Sr 3.1 
 E �� β ���. ψ ���ss
lQ, 0 < λ ≤ 1. V : E → E �3

ψ(‖V 2(x)‖) − ψ(‖V x‖) = λ(ψ(‖V x‖) − ψ(‖x‖)),
5r V � (λ, ψ, 2)- 
�; ��3

ψ(‖V 2(x)‖) − ψ(‖V x‖) ≤ λ(ψ(‖V x‖) − ψ(‖x‖)),
5r V �9 (λ, ψ, 2)- 
�.

R 1 a λ = 1, ψ = x2 6, (λ, ψ, 2)- 
��� 2- 
�. 
�B (λ, ψ, 2)- 
�t(T_
t
sQN: 
�!�K� (λ, ψ, 2)- 
�, Æ�: ` E = R, gu�u�Q, V x = x+ a, 0 < a ∈ R.
v_ V �
�, g ψ = x2, V 2x = x+ 2a, x > 0, v_ ‖V 2x‖2 − ‖V x‖2 	= ‖V x‖2 − ‖x‖2, � V

�? 2- 
�; t�
� V �3 V θ = θ, 5T� (λ, ψ, 2)- 
�. Cv, (λ, ψ, 2)- 
��?!�K
�
�. Æ�: ` E �3G - �����, x0 ∈ S1(E), V0 : S1(E) → S1(E), V0x = x0. v_ V0

!�
�, tV��
�R4_ V0 � (λ, ψ, 2)- 
�.
ST 3.1 E �� β- ���, V0 : Sr(E) → Sr(E), 5 V0 � (λ, ψ, 2)- 
�, � V0 T4)�

�5���
 (λ, ψ, 2)- 
�&�.
PU V' ‖V0x‖ = ‖x‖, W V0 � (λ, ψ, 2)- 
�.
�> Ṽ0 : E → E ��

Ṽ (x) =

⎧⎨
⎩

(‖x‖
r

) 1
β

V0

(( r

‖x‖
) 1

β

x
)
, x 	= θ;

θ, x = θ,

5 ‖Ṽ0(x)‖ = ‖x‖, ZD Ṽ0 � (λ, ψ, 2)- 
�.
ST 3.2 
 E �� β- ���, V0 : B1(E) → B1(E) �9 (λ, ψ, 2)- 
�, 5 ‖V0x‖ ≥ ‖x‖.

wÆ, � λ = 1, 5 V0|S1(E) � (1, ψ, 2)- 
�, �:T4)��5���
 (1, ψ, 2)- 
�&� Ṽ .
PU V0 �9 (λ, ψ, 2)- 
�, W4u�: a n = 1, 2, . . . 6, (

ψ(‖V n
0 x‖) − ψ(‖V n−1

0 x‖) ≤ λn−1(ψ(‖V x‖) − ψ(‖x‖)).
lS��

ψ(‖V n
0 x‖) − ψ(‖x‖) ≤ (1 + λ+ · · · + λn−1)(ψ(‖V0x‖) − ψ(‖x‖))

=
1 − λn

1 − λ
(ψ(‖V0x‖) − ψ(‖x‖)).

ψ(‖V0x‖) ≥ λ

(
1 − λn−1

1 − λn

)
ψ(‖x‖).

` n → ∞, �� ψ(‖V0x‖) ≥ λψ(‖x‖). � λ = 1, V' ψ 
ppqq�, ( ‖V0x‖ ≥ ‖x‖. a
‖x‖ = 1, V V0 
�@( ‖V0x‖ ≤ ‖x‖, W V0|S1(E) � (1, ψ, 2)- 
�, :46)��5��#

&���

Ṽ (x) =

⎧⎨
⎩ ‖x‖ 1

β V0

( x

‖x‖ 1
β

)
, x 	= θ;

θ, x = θ,
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5 ‖Ṽ (x)‖ = ‖x‖, ZD Ṽ � (1, ψ, 2)- 
�.
R 2 � [12] #
�R 2, �R 4 av(x, vw)�w7��
i� V0|Sr(E) �
)� Ṽ ,

D? V0 
)�, Z��?y�, Ṽ |Br(E) = V0 !%�BD. �R 4 ��3Wy�11
&��
BD
.
ST 3.3 
 E �� β- ���, 5Wy�&� V0 : B1(E) → B1(E) � (1, ψ, 2)- 
�&�


J811� ‖V0x‖ ≥ ‖x‖, ∀x ∈ B1(E).
PU JK�.�/ ‖x‖ = 1,5 ‖V0x‖ ≤ ‖x‖. .Uf_11 ‖V0x‖ ≥ ‖x‖, � ‖V0x‖ = ‖x‖,

W V0|S1(E) � (1, ψ, 2)- 
�. V�R 3.1, :46)��5��#
 (1, ψ, 2)- 
�&� Ṽ . V'
V0 �Wy�&�, Ṽ T� V0 
)�.

T8�. V�R 3.2 ��.
ST 3.4 
 E �� β- ���, V0 : E → E �
�&�, ��9 (1, ψ, 2)- 
�&�. �/

�311: a ‖x− y‖ ≤ 1 6, T( ‖V0x− V0y‖ ≤ ‖x− y‖, 5 V0 �
�&�.
PU V�R 3.2,�34
 x ∈ B1(E),( ‖V0x‖ ≥ ‖x‖.a ‖x−y‖ ≤ 1,T( ‖V0x−V0y‖ ≥

‖x− y‖. ZX, ‖V0x− V0y‖ = ‖x− y‖. �34
 x, y ∈ B1(E), (∥∥∥ x− y

‖x− y‖1/β

∥∥∥ = 1.

VXÆ� ‖V0x− V0y‖ = ‖x− y‖. V' V0 �
�&�, !zu� V0 �5���

�&�.

Sx yzx{�2yz|
{}�{|, �6?x{~}��E�s��
~�48.
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