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1 RSTUVWX
� A ����	, δ : A → A ���
��
. ����� A,B ∈ A, �� δ(AB) =

δ(A)B + Aδ(B), �	 δ ��	 A �
�Y; ���� S ∈ A, �
�� A ∈ A, � δ(A) =
SA−AS, �	 δ ��	 A �
��Y. 	�
 φ : A → A (Æ�
�) ��� 2-���Y; ��
��� A,B ∈ A, �������Y φA,B : A → A (��� A � B), �
 φ(A) = φA,B(A) �
φ(B) = φA,B(B). 2- ���Y
���� Šemrl ��
, �� 
���!
��", Šemrl [1]

#���� H ��� $%�� Hilbert ��, &� B(H) �
�� 2- ���Y�'��Y.

 	( C �
�	 A 	' n ! digraph �	�): *�+, n × n "-#. {Eij} ($ i

/$ j %' 1, 0*' 0) �1��&"-#. {Eii}n
i=1 2', ��()34"*+. ,�-, �

� Eij ∈ A5.6 Eji ∈ A,�	 A' n!�	 digraph�	. / 2070, 819:�23�	
(��$% CSL�	),/�;4,�5
�67�<
89 [2−5]. :�: *;<81 Hochschild

==>�: 2005-07-12; >?>�: 2005-12-20
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�KLIJ
�	, ;<81�	0^KKÆLM. Crist [3] N9�23�	
��^KK, ��
O [2] P��$% CSL �	�
���Y,/�;4. 0*�M���

8�QNROS [6]
� [7].

�O [3] P, Crist TO��UV: �P�Q digraph �	�
 2- ��^KK�R'^KK.
Xie � Lu [8] #���	 digraph �	�
�� 2- ��^KK�R�^KK, �SO��:Y
W�289�I�	 digraph �	�Æ'T. _/, Kim � Kim [9] #��"-�	 Mn(C) �

�� 2- ���Y����Y. ^X�, YUZU: �P�Q digraph �	�
 2- ���Y�R
'�Y? V:, [\
 digraph �	�
0�
W�� 2- ���Y�'�Y? XO]��2UV
,/;4, �
Y"%^Z89:

`a 1.1 � A ��� n !�	 digraph �	, � φ : A → A ��� 2- ���Y (φ Æ�

�), &� φ ����Y.

2 2- bcde
'�Z[, �� A ��� n ! digraph �	, YU\:

E = {(i, j) : Eij ∈ A}, E+ = {(i, j) ∈ E : i < j}.
] εij = 1 _ (i, j) ∈ E ; εij = 0 _ (i, j) /∈ E .

fa 2.1 � A ��� n ! digraph �	, � δ : A → A ����Y, ��� T ∈ A �
S = (sij) ∈ A ^g sii = 0 (i = 1, 2, . . . , n) �_ Eij , Ejk ∈ A `, � sij + sjk = sik, �
���
A ∈ A, � δ(A) = S ∗ A + TA − AT, 0P S ∗ A `a S b A 
 Schur a.

hi � D �� {Eii : i = 1, 2, . . . , n} 2'
 von Neumann �	� δ1 = δ | D ' δ �

D �
$c, � δ1 �b�cd von Neumann �	 D Y A 
���Y, be�O [10, Rf
10.8] d, �� T ∈ A, �
��� D ∈ D, � δ1(D) = TD − DT. ��� A ∈ A, YURe

η(A) = δ(A) − (TA − AT ), � η : A → A ����Y���� D ∈ D, �� η(D) = 0. fg�,
��� i = 1, 2, . . . , n, �� η(Eii) = 0. � Eij ∈ A, �

η(Eij) = η(EiiEijEjj) = Eiiη(Eij)Ejj = sijEij . (1)

gh sij ∈ C. ] S = (sij), 0P sii = 0, be��� A ∈ A, � η(A) = S ∗ A. _ Eij , Ejk ∈ A
`, � Eik ∈ A, �� (1) hd

sikEik = η(Eik) = η(EijEjk) = η(Eij)Ejk + Eijη(Ejk) = (sij + sjk)Eik.

gW�_ Eij , Ejk ∈ A `, � sij + sjk = sik. i2, ��� A ∈ A, � δ(A) = S ∗A + TA−AT.

#i.
fa 2.2 �A���n!�	 digraph�	� N =

∑
(i,k)∈E+ Eik j U =

∑
(i,k)∈E+ ukiEki.

�� NU − UN ���jk�k&"-, � U = 0.
hi YUllm)#�. _ n = 1 `, nXm89'T. �� n = m − 1 `, m89o'

T. _ n = m `, ] Δ1 = {s : (1, s) ∈ E+}. p"�nqrs0N9:
jk 1 �� Δ1 = ∅, � U 
Re�d, ��� k = 2, 3, . . . ,m, �� uk1 = 0.
jk 2 �� �1 �= ∅, ] �1 = {j1, j2, . . . , jt} � j1 < j2 < · · · < jt, ���� k �=

j1, j2, . . . , jt, � uk1 = 0. � A 
�	��d, ��� i = 1, 2, . . . , t − 1 � l = 1, 2, . . . , t − i, �
(ji, ji+l) ∈ E+.�� NU−UN �jk�k&"-,� (NU−UN)E11 = 0,be E11NUE11 = 0,
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���� i = 1, 2, . . . , t − 1, �� EjijiNUE11 = 0. gW���� i = 1, 2, . . . , t − 1, �

uj11 + uj21 + · · · + ujt1 = 0 � uji+11 + uji+21 + · · · + ujt1 = 0,

�� uj11 = uj21 = · · · = ujt1 = 0, be��� k = 2, 3, . . . ,m, �� uk1 = 0. i2, N � U �

g�"%sh

N =
(

0 N1

0 N2

)
, U =

(
0 0
0 U2

)
,

gh N2 = (I −E11)N(I −E11) � U2 = (I −E11)U(I −E11) �n� (m− 1)× (m− 1) "-. v
wx# N2U2 − U2N2 y���jk�k&"-, be�lm��
 U2 = 0, ,e U = 0. #i.

fa 2.3 � A ��� n !�	 digraph �	, N =
∑

(i,k)∈E+ Eik � S = (sij) ∈ A ^
g sii = 0(i = 1, 2, . . . , n) �_ Eij, Ejk ∈ A `, � sij + sjk = sik. ��� U = (uij) ∈ A, �
NU − UN = S ∗ N, � U ����k&"-, ����� (i, k) ∈ E+, � sik = ukk − uii.

hi � U1 =
∑

(i,j)∈E+ ujiEji� U2 =
∑n

k=1 ukkEkk+
∑

(i,j)∈E+ uijEij .nX, U = U1+U2

� NU1 − U1N = S ∗ N + (U2N − NU2) ���jk�k&"-, be��f 2.2 
 U1 = 0. g
W� U ����k&"-.

p"YUw#�: ��� (i, k) ∈ E+, � sik = ukk − uii.

mn 1 �� (i, k) ∈ E+,�
���^g i < t < k
 t,�� (i, t) /∈ E+,� sik = ukk−uii.

�� U ����k&"-, be

sikEik = Eii(NU − UN)Ekk = EiiNUEkk − EiiUNEkk

= EiiN

(
uikEik + ukkEkk +

∑
t<k, t�=i

εtkutkEtk

)
− EiiU

(
Eik +

∑
t<k, t�=i

εtkEtk

)

= ukkEik +
∑

t<k, t�=i

εtkutkEiiNEtk − uiiEik −
∑

t<k, t�=i

εtkEiiUEtk

= (ukk − uii)Eik +
∑

i<t<k

εitεtkutkEik −
∑

i<t<k

εitεtkuitEik.

z, ���^g i < t < k 
 t, �� (i, t) /∈ E+, ����^g i < t < k 
 t, �� εitεtk = 0, �
���h�
 sik = ukk − uii.

�x{ 1, Æ|�y�, p"����� (i, k) ∈ E+ o�� t � i < t < k, �
 (i, t) ∈ E+.

mn 2 �� (i, k) ∈ E+ ^g��}� t � i < t < k, �
 (i, t) ∈ E+, � sik = ukk − uii.

� A 
�	�, � (t, k) ∈ E+, be�x{ 1, sit = utt − uii � stk = ukk − utt. �2YU�

sik = sit + stk = ukk − uii.

mn 3 �� (i, k) ∈ E+, �
�+, t � i < t < k, �� (i, t) ∈ E+, � sik = ukk − uii.

YU\ Δh = {s : (h, s) ∈ E+} (h = 1, 2, . . . , n − 1). � t1 = min{s ∈ Δi : s < t} �
tj = min{s ∈ Δi : tj−1 < s < t} (j = 2, 3, . . . ,m), � t1 < t2 < · · · < tm < tm+1 = t, �� A 

�	��d, ��� j = 1, 2, . . . ,m, �� (i, tj), (tj, tj+1) ∈ E+. �x{ 2, YU�

sit2 = ut2t2 − uii. (2)

�� (i, t1), (t1, t3) ∈ E+ � i < t1 < t2 < t3,be�x{ 1�x{ 2,YU� sit1 = ut1t1−uii

� st1t3 = ut3t3 − ut1t1 , ��

sit3 = ut3t3 − uii. (3)
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�2"Æ, YU�

sit = utt − uii. (4)

� k1 = min{s ∈ Δt : s < k} � kj = min{s ∈ Δt : kj−1 < s < k} (j = 2, 3, . . . , l), �
k1 < k2 < · · · < kl < kl+1 = k, �� A 
�	��d, ��� j = 1, 2, . . . , l, ��

(t, kj), (kj , kj+1) ∈ E+.

3~bp�
N9, YU�

stk = ukk − utt. (5)

� (4) � (5) h, i2, sik = sit + stk = ukk − uii. #i.
`a 1.1 phi � {e1, e2, . . . , en} � Cn 
�qz�{. Re"- A,N ∈ A �"

A =
n∑

i=1

1
i
Eii, N =

∑
(i,k)∈E+

Eik.

] ϕ = φ − φA,N , � ϕ ��� 2- ���Y� ϕ(A) = ϕ(N) = 0. ��f 2.1, ��� X ∈ A, �

� T = (tij), V = (vij) ∈ A (��� X � A) � vii = 0 (i = 1, 2, . . . , n). _ Eij , Ejk ∈ A `, �
vij + vjk = vik, pj�� U = (uij), S = (sij) ∈ A (��� X � N) � sii = 0 (i = 1, 2, . . . , n);
_ Eij , Ejk ∈ A `, � sij + sjk = sik, �


ϕ(X) = V ∗ X + TX − XT, (6)

V ∗ A + TA − AT = 0, (7)

�

ϕ(X) = S ∗ X + UX − XU, (8)

S ∗ N + UN − NU = 0. (9)

�� A ����&-���� i = 1, 2, . . . , n, � vii = 0, be� (7) h, TA − AT = 0, ���
� λi ∈ C (��� X � A), �


T =
n∑

i=1

λiEii. (10)

� (6) � (10) h, ���� i = 1, 2, . . . , n, �

ϕ(Eii) = 0. (11)

� (i, k) ∈ E+, � (9) h��f 2.3 d: U ����k&"-, �� sik = ukk − uii, be� (8)
h, �


ϕ(Eik) = sikEik + UEik − EikU

= sikEik +
( n∑

j=1

ujjEjj +
∑
s<t

εstustEst

)
Eik − Eik

( n∑
j=1

ujjEjj +
∑
s<t

εstustEst

)

= sikEik +
(

uiiEik +
∑
s<i

εsiusiEsk

)
−

(
ukkEik +

∑
t>k

εktuktEit

)

= (sik + uii − ukk)Eik +
∑
s<i

εsiusiEsk −
∑
t>k

εktuktEit

=
∑
s<i

εsiusiEsk −
∑
t>k

εktuktEit.
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gW� ϕ(Eik) 
$ i /$ k %� 0. |�Z}, � (6) � (10) h, YU�

ϕ(Eik) = V ∗ Eik + TEik − EikT = (vik + λi − λk)Eik.

i2

ϕ(Eik) = 0. (12)

��� (i, k) ∈ E+, � (8) h��f 2.3 pj sik = −ski, YU�


ϕ(Eki) = skiEki + UEki − EkiU

= skiEki +
( n∑

j=1

ujjEjj +
∑
s<t

εstustEst

)
Eki − Eki

( n∑
j=1

ujjEjj +
∑
s<t

εstustEst

)

= (ski + ukk − uii)Eki +
∑
s<k

εskuskEsi −
∑
t>i

εituitEkt

=
∑
s<k

εskuskEsi −
∑
t>i

εituitEkt.

gW� ϕ(Eki) 
$ k /$ i %� 0. |�Z}, � (6) � (10) h, YU�

ϕ(Eki) = V ∗ Eki + TEki − EkiT = (vki + λk − λi)Eki.

��

ϕ(Eki) = 0. (13)

� (11)–(13) h, i2��� Eij ∈ A, �� ϕ(Eij) = 0. �� Eij ��M4Y ei ⊗ ej , ����

X ∈ A, YU�

Eijϕ(X)Eij = ϕEij,X(EijXEij) = 〈Xei, ej〉ϕEij,X(Eij) = 〈Xei, ej〉ϕ(Eij) = 0.

�� 〈ϕ(X)ei, ej〉Eij = 0, be��� (i, j) ∈ E , �

〈ϕ(X)ei, ej〉 = 0. (14)

� ϕ(X) = (cij) ∈ A, �� (14) h, ��� (i, j) ∈ E , �� cji = 0. � A 
�	�, �����
X ∈ A, � ϕ(X) = 0. i2, φ = φA,N ����Y. #i.

3 rste
�O [8] P, Xie � Lu SO��:YW�I�	 digraph �	�
 2- ��^KKÆ�R�

^KK. X~SOp":YW�I�	 digraph �	�
 2- ���YÆ�R��Y.
u 3.1 ��I�	
 digraph �	0�
 2- ���YÆ�R��Y.
� {Eij} � M2(C) P
z�"-#., � A �� {E11, E12, E22} 2'
�	. nX, A �

��I�	
 digraph �	. \

R = {A = (aij) ∈ A : a11 �= a22}, F = {A = (aij) ∈ A : a11 = a22}.
��� A = (aij) ∈ A, Re

φ(A) =
{

0, A ∈ R,
2a12E12, A ∈ F ,

� φ(E11 + E12) = 0 � φ(E11) + φ(E12) = 2E12, be

φ(E11 + E12) �= φ(E11) + φ(E12),
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gW� φ Æ��Y.
p"w#� φ ��� 2- ���Y.
�� A,B ∈ R, ��� X ∈ A, Re φ1(X) = 0. nX, φ1 ����Y. K`, YU�

φ(A) = φ1(A) � φ(B) = φ1(B).
�� A,B ∈ F , ��� X = (xij) ∈ A, Re

φ2(X) =
(

1 0
0 −1

) (
x11 x12

0 x22

)
−

(
x11 x12

0 x22

) (
1 0
0 −1

)
,

� φ2 ����Y. K`, YU� φ(A) = φ2(A) � φ(B) = φ2(B).
�� A ∈ F � B ∈ R, ��� X = (xij) ∈ A, Re

φ3(X) =

⎛
⎝ 1

2b12

b11 − b22
0 −1

⎞
⎠(

x11 x12

0 x22

)
−

(
x11 x12

0 x22

) ⎛
⎝ 1

2b12

b11 − b22
0 −1

⎞
⎠ ,

� φ3 ����Y. K`, YU� φ(A) = φ3(A) � φ(B) = φ3(B).
�� A ∈ R � B ∈ F , ��� X = (xij) ∈ A, Re

φ4(X) =

⎛
⎝ 1

2a12

a11 − a22
0 −1

⎞
⎠(

x11 x12

0 x22

)
−

(
x11 x12

0 x22

) ⎛
⎝ 1

2a12

a11 − a22
0 −1

⎞
⎠ ,

� φ4 ����Y. K`, YU� φ(A) = φ4(A) � φ(B) = φ4(B). i2, φ ��� 2- ���Y,
�Æ��Y.
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