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 "#!$%�&'"# [1−9]. ( [3–6] I)$�%&&' �������, �' ()"�
J*� +Æ,K, *L-"#.B+/,01 {ε(n)

i } -Æ2./0314�'�2!/,5M
,0167, ( [7] I�8()�%&&' �������, �' 9:�"#2( [8] I)$
�%&;</,5M,67���������=34>./?@,.Æ(5AI)$�%&&
'/,5M,0167��������, �' ��67��()"�B#8,.

CD�������

y
(n)
i = X

(n)T
i β + g(t(n)

i ) + ε
(n)
i , 1 ≤ i ≤ n, (1.1)

EC β ∈ Rd 5FN��, g(t) 5 [0, 1] G�FN Borel 9�, X
(n)
i 5 Rd G�H:I), H:/

, {ε(n)
i , Fni, i ≤ n} 5M,01, {t(n)

i } 5 [0, 1] G�;�.
<I(J [9] �=3>

X
(n)
ir = fr(t

(n)
i ) + η

(n)
ir , 1 ≤ i ≤ n, 1 ≤ r ≤ d. (1.2)

EC fr(·) 5 [0, 1] G�FN9�, O η
(n)
i = (η(n)

i1 , . . . , η
(n)
id )T -Æ2./, {η(n)

ir } P {ε(n)
i } #?

-Æ, K
Eη

(n)
i = 0, cov(η(n)

i ) = V, (1.3)

LL V = (Vij) 5 d @Q3MR.
4NOI(J [5] �%&() β 6 g(t). ISPAB3�QC9� φ(x) ∈ Sl (@5 l �

Schwartz RD), #E L2(R) �FGC.S5 Vm, ETTH5
Em(t, s) = 2mE0(2mt, 2ms) = 2m

∑
k∈Z

φ(2mt − k)φ(2ms − k),

EC Z 5U�.
I Ai = [si−1, si]. [0, 1] G�.JK ti ∈ Ai, 1 ≤ i ≤ n. U=3 β VN, 3W g(·)�()5

ĝ0(t, β) =
n∑

i=1

(y(n)
i − X

(n)T
i β)

∫
Ai

Em(t, s)ds;

�XVKLY��
n∑

i=1

(y(n)
i − X

(n)T
i β − ĝ0(t

(n)
i , β))2 = min,

IEK5 β̂n2WM3W g(t) �X,)$()5

ĝn(t) = ĝ0(t, β̂n) =
n∑

i=1

(y(n)
i − X

(n)T
i β)

∫
Ai

Em(t, s)ds.

YZ X = (X(n)
ir )n×d, Y = (y(n)

1 , . . . , y
(n)
n )T , g = (g(t(n)

1 ), . . . , g(t(n)
n ))T , S = (Sij)n×n,

Sij =
∫

Aj
Em(t(n)

i , s)ds, ε = (ε(n)
1 , . . . , ε

(n)
n )T , X̃ = (I − S)X, Ỹ = (I − S)Y , Z[�

β̂n = (X̃T X̃)−1X̃T Ỹ ; (1.4)

ĝn = S(Y − Xβ̂), (1.5)

EC ĝn = (ĝ(t1), . . . , ĝ(tn))T 5 g �().
\4.Æ(�NÆ=I>
(A1) g(·), fr(·) ∈ Hα (@5 α � Sobolev RD), α > 1/2, 1 ≤ r ≤ d2
(A2) g(·), fr(·) ∈ Hα [] γ @ Lipschitz 31, γ > 0, 1 ≤ r ≤ d2
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(A3) φ(·) ∈ Sl (@5 l � Schwartz RD) l ≥ α2φ [] 1 @ Lipschitz 31KbS\^],
! ξ → 0 c, |φ̂(ξ) − 1| = O(ξ), EC φ̂ 5 φ � Fourier ^_2

(A4) max1≤i≤n(si − sj) = O(n−1), K 2m = O(n1/3).
_` 1.1[5] Y31 (A3) `Æ, ZS
(I) |E0(t, s)| ≤ Ck

(1+|t−s|)k , |Em(t, s)| ≤ 2mCk

(1+2m|t−s|)k (EC k ∈ N, Ck ∈ R);

(II) sup0≤s≤1 |Em(t, s)| = O(2m)2
(III) supt

∫ 1

0
|Em(t, s)|ds ≤ C.

_` 1.2[10] I {Si, Fi, i ≥ 1} 5M01, Za ∀ r > 2, S
E
(

max
1≤i≤n

|Si|r
)
≤ 2Cr2

( n∑
i=1

(E|Xi|r) 2
r

) r
2

. (1.6)

YbPc=IdB 0 < α < 2 eQ;�1 {Mn, n ≥ 1}, O ∑n
i=1 E(|Xi|α|Fi−1) ≤ Mn a.s.,

Za ∀ r > 2, S
E
(

max
1≤i≤n

|Si|r
)
≤ 2 + r2

α
Cr1

n∑
i=1

E|Xi|r + C
2
r
r2M

r
α
n , (1.7)

EC Cr1 = ( r
r−1 )r2r−3r, Cr2 = (Cr2r)

r
2 .

_` 1.3[11] I {Tn, n ≥ 1} 5H:^"01, K
∑∞

n=1 E|Tn|q < ∞ (q > 0), Z
Tn −→ 0 a.s. (n → ∞).

_` 1.4 I {ε(n)
i , Fni, i ≤ n}5M,01, supi E|ε(n)

i |q < ∞, q > 2, KI ∃u ∈ ( 1
2 + 1

q , 1),

O supi

∫
Ai

|Em(t, s)|ds = O(n−u), Z
n∑

i=1

ε
(n)
i

∫
Ai

Em(t, s)ds −→ 0 a.s., n → ∞. (1.8)

ab ! q > 2 c, @F9 1.2 C� (1.6) d, �

E

∣∣∣∣ n∑
i=1

ε
(n)
i

∫
Ai

Em(t, s)ds

∣∣∣∣q ≤ C

( n∑
i=1

(∫
Ai

Em(t, s)ds

)2

(E|ε(n)
i |q) 2

q

) q
2

≤ C

( n∑
i=1

(∫
Ai

Em(t, s)ds

)2) q
2

≤ Cn
(1−2u)q

2 ,

f�
∑∞

n=1 E|∑n
i=1 ε

(n)
i

∫
Ai

Em(t, s)ds|q < ∞, g@F9 1.3 N
n∑

i=1

ε
(n)
i

∫
Ai

Em(t, s)ds −→ 0 a.s., n → ∞.

2 cdef>ghi
4(jehiC C jfgH;�, kOB2PdkChij�2.

l` 2.1 I {ε(n)
i , Fni, i ≤ n}5M,01, supi E|ε(n)

i |q < ∞, q > 2, E|η1j |
3
2 +δ

< ∞ (δ>0,
j = 1, 2, . . . , d),K31 (A1)–(A4)`Æ. mI ∃u ∈ ( 1

2 + 1
q , 1),O supi

∫
Ai

|Em(t, s)|ds = O(n−u),

Z β̂n −→ β a.s., n → ∞.

ab Z ε̃ = (I − S)ε, g̃ = (I − S)g, Z
β̂n − β =

(
n−1X̃T X̃

)−1(
n−1X̃T g̃ + n−1X̃T ε̃

)
. (2.1)
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kUje n−1X̃T X̃ �l (i, j) nl
1
n

n∑
h=1

X̃hiX̃hj −→ Vij a.s., (n → ∞). (2.2)

m�G, @A fr(·) [] γ @ Lipschitz 31, g

sup
i

∣∣∣∣∣
n∑

k=1

(∫
Ak

Em(t, s)ds

)
fj(tk) −

∫ 1

0

Em(t, s)fj(s)ds

∣∣∣∣∣
= sup

i

∣∣∣∣∣
n∑

k=1

∫
Ak

Em(t, s)(fj(tk) − fj(s))ds

∣∣∣∣∣ = O(n−γ). (2.3)

@(J [12] C39 3.2 �jeN
sup

t

∣∣∣∣fj(t) −
∫ 1

0

Em(t, s)fj(s)ds

∣∣∣∣ = O(τm), (2.4)

EC

τm =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(2−m)

α−1
2 ,

1
2

< α <
3
2
;√

m

2m
, α =

3
2
;

2−m, α >
3
2
.

@ (2.3) d6 (2.4) di�

sup
i

∣∣∣∣fj(t) −
n∑

k=1

(∫
Ak

Em(t, s)ds

)
fj(tk)

∣∣∣∣ = O(n−γ) + O(τm). (2.5)

n−1X̃T X̃ �l (i, j) nl
1
n

n∑
h=1

X̃hiX̃hj

=
1
n

n∑
h=1

(
fi(th) −

n∑
k=1

(∫
Ak

Em(th, s)dsfi(tk)
)

+ ηhi −
n∑

k=1

∫
Ak

(Em(th, s)ds)ηki

)

·
(

fj(th) −
n∑

k=1

(∫
Ak

Em(th, s)dsfj(tk)
)

+ ηhj −
n∑

k=1

∫
Ak

(Em(th, s)ds)ηkj

)

=
1
n

n∑
h=1

(
fi(th) −

n∑
k=1

(∫
Ak

Em(th, s)dsfi(tk)
))(

ηhj −
n∑

k=1

∫
Ak

(Em(th, s)ds)ηkj

)

+
1
n

n∑
h=1

(
fj(th) −

n∑
k=1

(∫
Ak

Em(th, s)dsfj(tk)
))(

ηhi −
n∑

k=1

∫
Ak

(Em(th, s)ds)ηki

)

+
1
n

n∑
h=1

(
fi(th)−

n∑
k=1

(∫
Ak

Em(th, s)dsfi(tk)
))(

fj(th)−
n∑

k=1

∫
Ak

(Em(th, s)ds)fj(tk)
)

+
1
n

n∑
h=1

(
ηhi −

n∑
k=1

∫
Ak

Em(th, s)dsηki

)(
ηhj −

n∑
k=1

∫
Ak

(Em(th, s)ds)ηkj

)
=: U1 + U2 + U3 + U4. (2.6)

@(J [5] F9 4(i) � (2.4) d[N
sup

t

∣∣∣∣∣
n∑

k=1

ηkj

∫
Ak

Em(t, s)ds

∣∣∣∣∣ = o(1), a.s. (2.7)
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@ (2.5) d�(2.7) d6B �39N

|U1| ≤ max
1≤h≤n

∣∣∣∣∣fi(th) −
n∑

k=1

(∫
Ak

Em(th, s)dsfi(tk)
)∣∣∣∣∣

·
(

1
n

n∑
h=1

|ηhj | + sup
h

∣∣∣∣∣
n∑

h=1

ηkj

∫
Ak

Em(th, s)ds

∣∣∣∣∣
)

= O(n−γ) + O(τm) a.s. (2.8)

29i�

|U2| = O(n−γ) + O(τm) a.s. (2.9)

@ (2.5) d�

U3 = O(n−2γ) + O(τ2
m) (2.10)

@ (2.7) d6 (1.3) d�

U4 = Vij + o(1) (2.11)

@ (2.6), (2.8)–(2.11) d� 1
n

∑n
h=1 X̃hiX̃hj −→ Vij a.s. (n → ∞).

Em, i\je n−1X̃T g̃ �l i nl
1
n

n∑
h=1

X̃hig̃h = O(n−γ) + O(τm) a.s. (n → ∞)′ (2.12)

1
n

n∑
h=1

X̃hig̃h =
1
n

n∑
h=1

(
Xhi −

n∑
k=1

ShkXki

)(
g(th) −

n∑
r=1

Shrg(tr)
)

=
1
n

n∑
h=1

(
ηhi −

n∑
k=1

Shkηki

)(
g(th) −

n∑
r=1

Shrg(tr)
)

+
1
n

n∑
h=1

(
fi(th) −

n∑
k=1

Shkfi(tk)
)(

g(th) −
n∑

r=1

Shrg(tr)
)

=: J1 + J2. (2.13)

@A
|J1| ≤

(
max

1≤h≤n

∣∣∣∣g(th) −
n∑

r=1

Shrg(tr)
∣∣∣∣)( 1

n

n∑
h=1

|ηhi| + max
1≤h≤n

∣∣∣∣ n∑
k=1

Shkηki

∣∣∣∣), (2.14)

n\@B �396 (2.7)�(2.5) d, i�

|J1| = O(n−γ) + O(τm). (2.15)

m@ (2.5) d[�
J2 = O(n−2γ) + O(τ2

m), (2.16)

g@ (2.13), (2.15) d6 (2.16) dk� (2.12) d`Æ.

oM, i\je
n−1X̃T ε̃ −→ 0 a.s., n → ∞. (2.17)
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m�G (5%n�o, I ε
(n)
i = εi, Fn,i = Fi, \42), n−1X̃T ε̃ �l i nl5

1
n

n∑
h=1

X̃hiε̃h =
1
n

n∑
h=1

(
Xhi −

n∑
k=1

ShkXki

)(
εh −

n∑
r=1

Shrεr

)

=
1
n

n∑
h=1

(
ηhi −

n∑
k=1

Shkηki

)(
εh −

n∑
r=1

Shrεr

)

+
1
n

n∑
h=1

(
fi(th) −

n∑
k=1

Shkfi(tk)
)(

εh −
n∑

r=1

Shrεr

)
=: T1 + T2. (2.18)

Z εni = εiI
(|εi| ≤ n

1
q
)
, η̃ni = εiI

(|εi| > n
1
q
)
, yni = εni − E(εni|Fi−1), zni = η̃ni −

E(η̃ni|Fi−1), Z
p yni + zni = εni −E(εni|Fi−1) + η̃ni −E(η̃ni|Fi−1) = εni + η̃ni −E((εni + η̃ni)|Fi−1) = εi

q {yni, Fi, i ≤ n} o5M,, supi E|yni|q < ∞, |yni| ≤ 2n
1
q .

T1 =
1
n

n∑
h=1

(
ηhi −

n∑
k=1

Shkηki

)
εh − 1

n

n∑
h=1

(
ηhi −

n∑
k=1

Shkηki

)
n∑

r=1

Shrεr =: T
(1)
1 + T

(2)
1 . (2.19)

@39�VN316 (2.7) d[�
T

(1)
1 −→ 0 a.s., n → ∞. (2.20)

@ (2.7) d�F9 1.4 6 �39[�
|T (2)

1 | ≤ o(1)
1
n

n∑
h=1

|ηhi| + o2(1) −→ 0 a.s., (n → ∞). (2.21)

@ (2.19), (2.20) d6 (2.21) dN
T1 −→ 0 a.s., n → ∞. (2.22)

Z ahi =: fi(th) −∑n
k=1 Shkfi(tk), Z

ahi = O(n−γ) + O(τm), (2.23)

T2 =
1
n

n∑
h=1

ahi

(
εh −

n∑
r=1

Shrεr

)

=
1
n

n∑
h=1

ahiynh +
1
n

n∑
h=1

ahiznh − 1
n

n∑
h=1

ahi

n∑
r=1

Shrεr

=: T
(1)
2 + T

(2)
2 + T

(3)
2 . (2.24)

@A |yni | ≤ 2n
1
q , g E

(
( 1

na
hi

y
nh

)2|Fi−1

) ≤ 4n
2
q
(

1
nahi

)2.
m {

1
n

∑n
h=1 a

hi
y

nh
, m ≤ n

}
5M, A.@F9 1.2 � (1.7) d, �

E|T (1)
2 |r ≤ C

{ n∑
h=1

∣∣∣∣ 1na
hi

∣∣∣∣r E|y
nh
|r +

(
n∑

h=1

∣∣∣∣ 1na
hi

∣∣∣∣2 n
2
q

) r
2 }

≤ C
{
n · n−r(Crn

−rγ + Crτ
r
m)n

r−q
q +

(
n · n−2(2n−2γ + 2τ2

m)n
2
q ) r

2
}

≤ C
{
n

−r(1+γ− 1
q )

+ n
−r(1− 1

q )
τr
m + n

−r( 1
2 − 1

q
+γ)

+ n
−r( 1

2 − 1
q )

τr
m

}
.

!p!� r, O
∑∞

n=1 E|T (1)
2 |r < ∞, A.@F9 1.3 N

T
(1)
2 −→ 0 a.s., (n → ∞). (2.25)
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Z ξi = εiI
(|εi| > i

1
q
)
, ζi = |ξi| + E

(|ξi| |Fi−1

)
, Sn =

∑n
i=1

ζi

ip (EC 1
q < ρ < 1), Z

{Sn, Fn, n ≥ 1} 54M, K

E|Sn| =
n∑

i=1

1
iρ

E|ζi| = 2
n∑

i=1

1
iρ

E|ξi| = 2
n∑

i=1

1
iρ

E|εi|q · |εi|−(q−1)I
(|εi| > i

1
q )

≤ C

n∑
i=1

i
−(1+ρ− 1

q ) ≤ C (2.26)

A.@4M?@39 [11] N>dBH:^" S, O ES < ∞, Sn −→ S a.s., f�S
|T (2)

2 | ≤
n∑

h=1

1
n
|a

hi
||z

nh
| ≤ C · 1

n
(n−γ + τm)

n∑
h=1

ζh

≤ Cn
−1+ρ

(n−γ + τm)
n∑

h=1

ζh

hρ
−→ 0 a.s. (2.27)

@F9 1.4 6 (2.23) d[�
T

(3)
2 =

1
n

n∑
h=1

a
hi

n∑
r=1

Shrεr −→ 0 a.s. (2.28)

g@ (2.24), (2.25), (2.27) e (2.28) N
T2

a.s.−→ 0. n → ∞. (2.29)

@ (2.18), (2.19), (2.29) dN (2.17) `Æ.
pr, q8 (2.1), (2.2), (2.12), (2.17) d39�j.
l` 2.2 B39 2.1 314, S

ĝn(t) −→ g(t) a.s., n → ∞. (2.30)

ab
sup

t
|ĝn(t) − g(t)| ≤ sup

t
|ĝ0(t, β) − g(t)| + sup

t

∣∣∣∣ n∑
j=1

XT
i (β − β̂n)

∫
Aj

Em(t, s)ds

∣∣∣∣
≤ sup

t

∣∣∣∣ n∑
j=1

g(tj)
∫

Aj

Em(t, s)ds − g(t)
∣∣∣∣+ sup

t

∣∣∣∣ n∑
j=1

εj

∫
Aj

Em(t, s)ds

∣∣∣∣
+

d∑
j=1

(
|β̂nj − βnj | sup

t

∣∣∣∣ n∑
i=1

Xij

∫
Ai

Em(t, s)ds

∣∣∣∣)

≤ sup
t

∣∣∣∣ n∑
j=1

g(tj)
∫

Aj

Em(t, s)ds − g(t)
∣∣∣∣+ sup

t

∣∣∣∣ n∑
j=1

εj

∫
Aj

Em(t, s)ds

∣∣∣∣
+

d∑
j=1

(
|β̂nj − βnj | sup

t

∣∣∣∣ n∑
i=1

fj(ti)
∫

Ai

Em(t, s)ds

∣∣∣∣)

+
d∑

j=1

(
|β̂nj − βnj | sup

t

∣∣∣∣ n∑
i=1

ηij

∫
Ai

Em(t, s)ds

∣∣∣∣)
=: K1 + K2 + K3 + K4. (2.31)

@AaA g(t) SqrA (2.5) d"<, g

K1 −→ 0 a.s., n → ∞. (2.32)
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@F9 1.4 N
K2 −→ 0 a.s., n → ∞. (2.33)

@F9 1.1 639 2.1, �

K3 ≤ d · max
j

sup
t

|fj(t)| · sup
t

∫ 1

0

|Em(t, s)|ds · max
j

|β̂nj − βnj | −→ 0 a.s., n → ∞. (2.34)

@ (2.7) d639 2.1 �
K4 −→ 0 a.s., n → ∞, (2.35)

g@ (2.31)–(2.35) dN"<`Æ.
r 1 Æ(�"<P(J [5] �"<#2, * [5] &'�./,5-Æ2./�67, �

Æ(&'�./,5M,01�67, L.Æ(P(J [5] oÆK��2. Æ(�M31P [5]
��2ssBA>Æ(/,01 {ε(n)

i } �M31 supi E|ε(n)
i |q < ∞(q > 2) t(J [5] C�

E|ε(n)
i |3/2+δ (δ > 0) *sB2*aA {η1j}, tu�=I E|η(n)

i |3/2+δ (δ > 0) t(J [5] C�
E|η1j |2 < ∞ *sv. ursw, EÆ31xy#2. L-ze B/,5M,01674, I)
$()�%&&'�������.`v�.

tu vww{|xxyn}z�{|Ho, w{~y}�n}~�Sz�{.
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