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1 ;���<�
Brzezinski � Majid �� [1] � �� entwining ��, ���!	
� A, !	"
� C

�	#
���!	�$% ψ : C ⊗A→ A⊗ C. ��, entwined ���&����'�(
)$*���+�, �� [2] ��� entwining ������,��+�Æ	 entwined ���-
���., � [3] ��� entwined �� Frobenius $*� Maschke ���. /�, Caenepeel �

De Groot � entwining ������,  ��� entwining ��� �. �����!	
�
B, !	"
� Y �!	�$% δ : Y ⊗B → B ⊗ Y . ! δ �Æ	# δ(y ⊗ 1) = 1 ⊗ y, "�	

##��� δ(y ⊗ 1) = ((1B ⊗ εY ⊗ 1Y ) ◦ (δ ⊗ 1X) ◦ (1Y ⊗ τ) ◦ (ΔY ⊗ 1B))(y ⊗ 1), �� τ �

�$��: 2005-07-05; % ��: 2005-12-20

&'!": ()0#$1&'23!" (10571153)
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&%. �� [4] �45+,�� entwined ����� ("�) ��-��'(�.6-)�.
��*.

.�7) ��� entwined �+����, ,��/,Æ	� entwined ���-���.
0-. ��1���� entwined �� Frobenius $*� Maschke ���.

2!348� entwining ���� entwined ��5. ����.., 263/,� en-

twined ��78� Frobenius $*, 2/3��� entwined �� Maschke ���, 203 �
�� entwined �+����, �,��/,Æ	� entwined ���-���.0-.

919�:26�;4<��=>? k +:@�, �A�26�
�<�6B3�, 26
�"
�<�6"B3�. 4C;5�<�7��=>? k +�, D6= k- � V,W , 78,
Hom(V,W ) �E9 k- �% V → W �:;, , 1V E9B3% V → V , evV : V ⊗ V ∗ → k

E9F>%, G 〈v, v∗〉 = v∗(v). 78, Sweedler HI�E9"7, ?"�@"4,, G

Δ(c) =
∑

c1 ⊗ c2, ρr(m) =
∑

m[0] ⊗m[1]

�

ρl(m) =
∑

m〈1〉 ⊗m〈0〉.

MA(AM)E9? (@)A-���. J����<,HomA(M,N)(AHom(M,N))E9. MC(CM)

E9? (@)C- "���. J����<, HomC(M,N)(CHom(M,N)) E9. MC
A (ψ) E9�

entwining �� (A,C,ψ) +�? - ?� entwined ���. D!	 k- � V �6= v ∈ V , 78,
[v] E9 k- � V/ker f �=AB>, �� f �K V ,C?� k- �$%.

DE 1.1 L (A,C,ψ) �? - ?� entwining �� �M A �!	
�, C �@A"
��
�$% ψ : C ⊗A→ A⊗ C 	#1B�∑

(ab)ψ ⊗ cψ =
∑

aψbφ ⊗ cψφ; (1)∑
aψε(cψ) =

∑
ε(cψ)1ψa; (2)∑

aψ ⊗ Δ(cψ) =
∑

aψφ ⊗ c1φ ⊗ c2ψ; (3)∑
1ψ ⊗ cψ =

∑
ε(c1ψ)1ψ ⊗ c2. (4)

.�D� entwined % ψ ,91HI:ψ(c⊗ a) =
∑
aψ ⊗ cψ. �M ψ ��!	C.��

D�N, F,Æ��GE δ, φ, . . . E9.

? 1.2 �M�� (2) � (4) 8OF>G∑
aψε(cψ) = aε(c) (2)′,

∑
1ψ ⊗ cψ = 1 ⊗ c (4)′,

FL (A,C,ψ) G? - ? entwining ��. H�, !	 entwining ���� entwining ��.

H 1.3 I H �� Hopf 
�, C �? H- �"
�� A �? H- "�
�. �M�&
ψ : C ⊗A→ A⊗C G ψ(c⊗ a) =

∑
a[0] ⊗ c · a[1], FÆI (A,C,ψ) �? - ?� entwining ��.

DE 1.4 I (A,C,ψ) �? - ?� entwining ��. !	P6? A- �4,�!	? C- "
�4,� k- � M �M	# ρ(m · a) =

∑
m[0] · aψ ⊗m[1]ψ, F M G�LG (A,C,ψ) +�? -

?� entwined �.

H 1.5 I (A,C,ψ) �? - ?� entwining ��.
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(i) �M M �? A- �, F M ⊗ C = {∑m1ψ ⊗ cψ | m ∈M, c ∈ C} O�C��"4,�L∑
[m1ψ ⊗ cψ] · b =

∑
[m1ψbφ ⊗ cψφ] 2�&�4,��� MC

A (ψ) �!	DP.

(ii) �M N �? C- "�, F N ⊗A = {∑ ε(n[1]ψ)n[0] ⊗ aψ | n ∈ N, a ∈ A} O�C��4
,�L ρ([n⊗ a]) =

∑
[n[0] ⊗ aψ] ⊗ n[1]ψ

2�&�"4,��� MC
A (ψ) �!	DP.

? 1.6 �M (A,C,ψ) �? - ? entwining ��, F6
(i)′ �M M �? A- �, F M ⊗ C = M ⊗ C O�C��"4,�L ∑

(m ⊗ c) · b =∑
m · bψ ⊗ cψ 2�&�4,��� MC

A (ψ) �!	DP.

(ii)′ �M N �? C- "�, F N ⊗ A = N ⊗ A O�C��4,�L ρ(n ⊗ a) =
∑
n[0] ⊗

aψ ⊗ n[1]ψ
2�&�"4,��� MC

A (ψ) �!	DP.

M=, KNQMR, 78S9V�� entwining ��ÆO	# ∑
1ψ ⊗ cψ = 1 ⊗ c, T+UQ

V��Æ@W.

2 P entwined QR Frobenius S@
DE 2.1 !	� entwining �� (A,C,ψ) �LGST.� �U�MX�W!�% ψ :

A ⊗ C∗ → C∗ ⊗ A, D6= ζ ∈ C∗, a ∈ A, c ∈ C, ψ(a ⊗ ζ) =
∑
ζψ ⊗ aψ 	# ∑

ζψ(c)aψ =∑
ζ(cψ)aψ.

? 2.2 �M C �6XYYZ k- �, F (A,C,ψ) �ST.��. TGS�& ψ(a⊗ ζ) =∑
ξnζ(cnψ) ⊗ aψ, �� {ξn, cn} � C∗ � C �!VD[5.

��!	ST.�� entwining �� (A,C,ψ), \ B = C∗op, �& B
ψA = (B ⊗ A)/ker l

4G k- ]�, �� l : B ⊗A → B ⊗ A GD6= ζ ∈ B, a ∈ A, l(ζ ⊗ a) =
∑
ζεψ ⊗ aψ, Z[�

&GD6= ζ, ζ ′ ∈ B, a, a′ ∈ A, [ζ
ψa])([ζ
′
ψa

′]) =
∑

[ζζ ′ψ
ψaa
′ψ].

WX 2.3 I (A,C,ψ) �� entwining ��, B = C∗op, �AI C �6XYYZ k- �,

F B
ψA �6B3 [ε
ψ1] ��\
�.

AY �M {ξn, cn} � C∗ � C �!VD[5, F6∑
cn1 ⊗ cn2 ⊗ ξn =

∑
cn ⊗ cm ⊗ ξnξm.

]^� [4] ��� 3.2 Z[I^1B�	#. D6= a, b ∈ A, ξ, η ∈ C∗op,∑
ξψφ ⊗ aφbψ =

∑
ξ(cmφψ)ξm ⊗ aφbψ =

∑
ξ(cmφ)ξm ⊗ (ab)φ =

∑
ξφ ⊗ (ab)φ;∑

ξψηφ ⊗ aψφ =
∑

ξ(cn2ψ)η(cn1φ)ξn ⊗ aψφ =
∑

ξ(cnψ2)η(cnφ1)ξn ⊗ aφ =
∑

(ξη)φ ⊗ aφ;∑
ξεψ ⊗ 1ψ =

∑
ξ(cn2)ε(cn1φ)ξn ⊗ 1φ =

∑
ξ(cnφ)ξn ⊗ 1φ =

∑
ξφ ⊗ 1φ;∑

εψ ⊗ 1ψa =
∑

ε(cnφ)ξn ⊗ aφ =
∑

εφ ⊗ aφ.

WX 2.4 I (A,C,ψ) �� entwining ��� B = C∗op, �A� C �6XYYZ k- �,

F% iA : A→ B
ψA, iA(a) = [ε
ψa] � iB : B → B
ψA, iB(ξ) = [ξ
ψ1] �
�%.

AY N_ZI��-!. `a+, D6= a, a′ ∈ A,

iA(a)iA(a′) =
∑[

εψεφ
ψ(aψa′)
φ]

=
∑[

εψεθφ
ψa
ψφa′θ

]
=

∑[
εθ
ψ(aa′)θ

]
= iA(aa′).

H� iA(1) = [ε
ψ1].
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I (A,C,ψ) �� entwining ��� B = C∗op, D6= f ∈ Hom(B,A), η ∈ B �&
τ : Hom(B,A) → Hom(B,A), τ(f)(η) =

∑
f(ηψ)1ψ,

ÆI τ2 = τ , TJS9�& Hom(B,A) = Hom(B,A)/kerτ 4G k- ]�.

WX 2.5 I (A,C,ψ) �� entwining ��� B = C∗op, �A� C 6XYYZ k- �. �

� B
ψA, F k- � Hom(B,A) S�F\!	 (A,B
ψA) b���, _;GD6= a ∈ A, ξ, η ∈
B, (a · f)(η) = af(η), (f · [ξ
ψa])(η) =

∑
f(ξηψ)aψ.

AY H� Hom(B,A) �@ A- �. Z[I^ Hom(B,A) ]�? B
ψA- �. cd, ��\

��, a`+, D6= f ∈ Hom(B,A), ξ, η ∈ B, a ∈ A,
∑

(f · (ξ
ψa− ξεψ
ψa
ψ))(η) =

∑
f(ξηφ)a

φ −
∑

f(ξεψηδ)a
ψδ

=
∑

f(ξηφ)a
φ −

∑
f(ξηψ)aψ = 0;

τ((f − τ(f)) · (ξ
ψa))(η) =
∑

f(ξηψφ)a
φ1ψ −

∑
f(ξηψφεδ)a

φδ1ψ

=
∑

f(ξηψφ)a
φ1ψ −

∑
f(ξηψδ)a

δ1ψ = 0.

�N, S^I�ea�&� Hom(B,A) �!	? B
ψA- ���. a`+

((f · [ξ
ψa]) · [ξ′
ψa′])(η) =
∑

f(ξξ′δηψθ)a
δθa′ψ =

∑
f(ξ(ξ′ηψ)

δ
)aδa′ψ=

∑
(f · [ξ
a][ξ′
a′])(η);

(f · [ε
ψ1])(η) =
∑

f(εηψ)1ψ =
∑

f(ηψ)1ψ = f(η).

? 2.6 �M (A,C,ψ)� entwining��,FH� Hom(B,A)=Hom(B,A),N=f_ � 2.5

a�� [4] � entwining ����*.

DE 2.7 !		# a · λ = λ · a � k- �% λ ∈ Hom(B,A) �LG B
ψA �78, �:

;E9G Int(B
ψA).

DE 2.8 I B �
�, A ��.
�. g< A ⊆ B �LG Frobenius g< �M B 6X
YYZ? A- ��4G (A,B)- b� B ∼= HomA(B,A), �� HomA(B,A) �b���8OG

D6= a ∈ A, x, x′ ∈ B, f ∈ HomA(B,A), (a · f)(x) = af(x), (f · x)(x′) = f(xx′).

�+h2i, TG� entwining ��
∑

1ψ ⊗ cψ 
= 1⊗ c, 29 iA �ÆP� entwining ��1

`�
�%. !�b�()�jk1, ����B. 1lVÆ	..:
(i) �MX�B> c ∈ C 	# ∑

ε(cψ)1ψ � A �cmT., F iA �B. `a+, �M

iA(a) = iA(a′), F l(ε
ψa − ε
ψa
′) = 0. TJD6= c ∈ C, 786 ∑

ε(cψ)1ψa =
∑
ε(cψ)1ψa′,

�M
∑
ε(cψ)1ψ � A �cmT., F78+, a = a′.

(ii) �M ψ �	� A �=>�, F iA �B. a`+, X� c ⊗ a ∈ C ⊗ A, T+

1A ⊗ 1C = ψ(c⊗ a), TJ 1A =
∑
ε(cψ)1ψa, =f_ ε(cψ)1ψ �Sn�, d iA �B.

e()��, !f iA �BFS9+,1B��, �8SV4�� [3] �� 3.2 �V�.

a� 2.9 I (A,C,ψ) �� entwining ��� B = C∗op. AI B 6XYYZ k- �, A

�ba@A k- �, X = B
ψA, Fg% iA �B�1Bhi:

(i) g< A ⊆ X � Frobeniusj

(ii) X 4G (A,X) b���c Hom(B,A)j
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(iii) X�78 λ ∈ Int (B
ψA) 	#% φ : B
ψA → Hom (B,A), φ([ξ
ψa]) = λ · [ξ
ψa] G
b.

AY (i)⇔(ii) LAI B �6XYYZ k- �, A �ba@A k- �� l2 = l, TJ4G?
A- � X ∼= (B ⊗ A)/ker l. c� X �6XYYZ? A- �. TJg< A ⊆ X � Frobenius �

g�kg X ∼= HomA(X,A) 4G (A,X) b�. D6= f ∈ Hom(B,A), ξ ∈ B, a ∈ A �&
σ : Hom(B,A) → HomA(X,A), σ(f)([ξ
ψa]) =

∑
f(ξεψ)aψ,

FS^I σ � (A,X)- b���. cd, σ �\��. `a+, D6= f ∈ Hom(B,A), ξ ∈
B, a, b ∈ A,

σ(f − τ(f))([ξ
ψa]) =
∑

f(ξεψ)aψ −
∑

f(ξεψεφ)1
φaψ =

∑
f(ξεψ)aψ −

∑
f(ξεψ)aψ = 0;

σ(f)([ξ
ψa][ε
ψ1] =
∑

f(ξεψεφ)a
ψφ =

∑
f(ξεψ)aψ = σ(f)([ξ
ψa]).

�N, σ(f) �? A- �%. TGD6= f ∈ Hom(B,A), ξ ∈ B, a, a′ ∈ A,

σ(f)([ξ
ψa] · a′) =
∑

f(ξεψ)1ψaa′ =
∑

f(ξεψ)aψa′ = σ(f)([ξ
ψa]) · a′.

O5, SI^ σ � (A,X)- b�%. `a+, D6= f ∈ Hom(B,A), ξ, ξ′ ∈ B, a, a′ ∈ A,

σ(a′ · f)([ξ
ψa]) = (a′ · f)(ξεψ)aψ = a′f(ξεψ)aψ = (a′ · σ(f))([ξ
ψa]);

(σ(f) · [ξ
ψa])([ξ′
ψa′]) =
∑

f(ξξ′ψεφδ)a
ψδa′φ =

∑
f(ξ(ξ′εψ)

φ
)aφa′ψ;

=
∑

(f · ([ξ
ψa])) · ([ξ′εψ
a
′ψ]) = σ(f · [ξ
ψa]) · ([ξ′
ψa′]).

/l, [^I σ ���. D6= f ∈ HomA(X,A), ξ ∈ B, �&
σ′ : HomA(X,A) → Hom(B,A), σ′(f)(ξ) =

∑
f(ξψ
ψ1ψ),

F σ′ �\���� σ �n. `a+, D6= f ∈ HomA(X,A), ξ ∈ B, �&
τ(σ′(f) − τ(σ′(f)))(ξ) =

∑
f(ξψφ
ψ1φ)1ψ −

∑
f(ξψφδ
ψ1δ)1φ1ψ

=
∑

f(ξψφ
ψ1φ)1ψ −
∑

f(ξψδ
ψ1δ)1ψ = 0;

(σσ′)(f)([ξ
ψa]) =
∑

f([(ξεψ)
φ

ψ1φ])aψ =

∑
f([ξφεψδ
ψ1φδ1ψa]) = f([ξ
ψa]).

opm, SID6= f ∈ Hom(B,A), σ′σ(f)(η) = f(η).

n Frobenius ��d σ−1 �\�!q, 78S+[)� (A,X)- b���.

(ii)⇔(iii) Z[)I^D6= x ∈ X, λ ∈ Int(B
ψA), �&
μ : Int(B
ψA) →A HomX(X,Hom(B,A)), μ(λ)(x) = λ · x

�\����b.

cd, ��\��. `a+, D6= ξ, η ∈ B, a ∈ A,

μ(λ− τ(λ))([ξ
ψa])(η) =
∑

λ(ξηψ)aψ −
∑

λ(ξηψεφ)1
φaψ

=
∑

λ(ξηψ)aψ −
∑

λ(ξηψ)aψ = 0.
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�N, D6=78 λ, % μ(λ) H��? X- �%, dZ[I μ(λ) ]�@ A- �%. `

a+, D6= a, b ∈ A, ξ ∈ B,

(b · μ(λ))([ξ
ψa]) = b · μ(λ)([ξ
ψa]) = b · λ · ([ξ
ψa]) = (λ · b) · ([ξ
ψa]) = μ(λ)(b · ([ξ
ψa]))

/l, �I^ μ �b. D6= f ∈A HomX(X,Hom(B,A)), �&
μ′ :A HomX(X,Hom(B,A)) → Int(B
ψA), μ′(f) = f([ε
ψ1]),

F μ′ �\���� μ �n. a`+

a · μ′(f) = f([ε
ψa][ε
ψ1]) = f([ε
ψ1][ε
ψa]) = f([ε
ψ1]) · a = μ′(f) · a;
(μμ′)(f)([ξ
ψa]) = f([ε
ψ1]) · ([ξ
ψa]) = f([ξ
ψa]);

(μ′μ)(λ) = λ · ([ε
ψ1]) = λ.

? 2.10 (i) �Mrs 2.9 �� (A,C,ψ) � entwining ��, H�4G k- � Hom(B,A) =

Hom(B,A), X = B ⊗A. �Nejk1, �a�� [3] �rs 3.2.

(ii)�M (A,C,ψ)�ST.��� entwining��, C �6XYYZ k-�,F��MC
A (ψ)

��t!	DP M <S�V4 MX �DP, �� X = C∗op
ψA, 4,G m · (ξ
a) =
∑
m[0] ·

aξ(m[1]). "�t!? X- �O�C��4,�L ∑
m[0]ξ(m[1]) = m · ξ 2�&�"4,<�

MC
A (ψ) �DP, TJ MC

A (ψ) ∼= MX .

a� 2.11 I (A,C,ψ) �� entwining ��, �AI C �Z k- �, F1Bhi:
(i) X�B> e ∈ C 	# C = C∗ � e, ψ(e⊗ a) = a⊗ ej

(ii) C �6XYY k- ��X�? C- "��� δ : C∗ → C 	# ψ ◦ (δ ⊗ 1) ◦ φ = 1 ⊗ δ, �

� φ : A⊗ C∗ → C∗ ⊗A �ST.�%, C∗ uoD6= ξ, ζ ∈ C∗,
∑
ξ[0]ζ(ξ[1]) = ζξ �? C-

"�.

AY (i)⇒(ii) LAI78S�& δ : C∗ → C by δ(ξ) = ξ � e =
∑
ξ(e2)e1. H� δ �? C-

"�%. �M Δ(e) =
∑
e1 ⊗ e2, F C = C∗ � e =

∑
C∗(e2)e1, TJ C �6XYY�. TG C

]�Z�, 29��D[ C∗ �6XYYZ k- �.

ψ ◦ (δ ⊗ 1) ◦ φ(a⊗ ξ) =
∑

ξ(e2φ)a
φψ ⊗ e1ψ =

∑
ξ(eψ2)a

ψeψ1 =
∑

ξ(e2)a⊗ e1 = a⊗ δ(e).

(ii)⇒(i) \ e = δ(ε), FD6= ξ ∈ C∗ 786 δ(ξ) = ξ � e. a`+

ξ � e = ξ � δ(ε) =
∑

ξ(δ(ε)2)δ(ε)1 =
∑

δ(ε[0])ξ(ε[1]) = δ(ξ);

a⊗ e =
∑

ψ ◦ (δ ⊗ 1)(εφ ⊗ aφ)=
∑

ψ(e1 ⊗ aφ)ε(e2φ)=
∑

aφψ ⊗ e1ψε(e2φ)=
∑

aψ ⊗ eψ.

3 P entwined QR Maschke fgh
iv� Maschke ��E^!	6Xw�w
��pB�q)�Gj�xkÆylrw�

s. .3�n Maschke ���V�,� entwined �+.

DE 3.1 I (A,C,ψ) �� entwining ��. !	 k- �% κ : C → C∗ ⊗ A, κ(c) =
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∑
c1 ⊗ c2 �LG (A,C,ψ) �m978 �MD6= a ∈ A, c, d ∈ C, 1B�	#∑

dψ
1(cφ)aψφdψ2 =

∑
d1(c)d2a; (5)∑

d1
1(c)d1

2 ⊗ d2 =
∑

d1(c2)d2ψ ⊗ c1ψ; (6)∑
c2

1(c1)c22 =
∑

ε(cψ)1ψ. (7)

M=�M (A,C,ψ) � entwining ��, F�d� [2] ���&=�.

opc� [3] � � 4.3 , 6:
WX 3.2 I M, N ∈ MC

A (ψ), g ∈ HomA(M,N), κ � (A,C,ψ) �m978, FD6=
m ∈M, ĝ : M → N, ĝ(m) =

∑
g(m[0])[0] ·m[1]

2m[1]
1(g(m[0])[1]) ��� MC

A (ψ) ��<.

DX 3.3 �MX� (A,C,ψ) �m978, 
�� MC
A (ψ) ��<��� MA �6 sec-

tion(t retraction), F���� MC
A (ψ) �]6 section(t retraction).

AY I M,N ∈ MC
A (ψ), �A� f ∈ HomC

A(M,N) 6 section g ∈ HomA(N,M). \ ĝ �

 � 1 2h, FD6= n ∈ N,

(f ◦ ĝ)(n) =
∑

n[0] · n[1]2
2n[1]2

1(n[1]1) =
∑

n[0] · 1ψε(n[1]ψ) =
∑

ε((n · 1)[1])(n · 1)[0] = n.

opm, SI�M g � f � retraction, F ĝ ]�.

no 3.4 �M (A,C,ψ) X�m978, 
�� MC
A (ψ) ��DP4G�� MA ��DP

�pB�, F���� MC
A (ψ) �]�pB�.

H 3.5 (�� Doi-Hopf�+�A,) I (H,A,C)�? -?�Doi-Hopf�V,F ψ : C⊗A→
A⊗ C, ψ(c⊗ a) =

∑
a[0] ⊗ c · a[1] �&�!	? - ?� entwining �� (A,C,ψ). 78pu, �

Doi-Hopf �V�78]�mv�C��< η : G ◦ F → idM(H)CA
2VY�]�, �� F �'(

�. M(H)CA →MA, G ��-)�.. �� [5] �, �� 5.1 E^78]���c
V4 = {γ : C → Hom(C,A) | c, d ∈ C, a ∈ A}, γ(c)(d)a =

∑
a[0]γ(c · a[1]2)(d · a[1]1),∑

c2 ⊗ γ(c1)(d) =
∑

d1 · γ(c)(d2)[1] ⊗ γ(c)(d2)[0],

�78�m9�q)�� η GB3C��< δ : idM(H)CA
→ G ◦ F �Sz.. D�, 78�^

I.�2����&d� [5] �!q�.

�M� entwining �� (A,C,ψ) X�m978, FS�& γ : C → Hom(C,A), γ(c)(d) =∑
c1(d)c2.

rwL�& 3.1 S+D6= c, d ∈ C, a ∈ A, γ 1B�Y{

γ(c)(d)a =
∑

a[0]γ(c · a[1]2)(d · a[1]1);
∑

c2 ⊗ γ(c1)(d) =
∑

d1 · γ(c)(d2)[1] ⊗ γ(c)(d2)[0].

x-, �MX�� [5] =&1�m978, F (A,C,ψ) ]X�m978. �& κ : C → C∗ ⊗
A, κ(c) =

∑
c1 ⊗ c2 �	# c1(d)c2 = γ(c)(d), F�	#�& 3.1 ���.∑

aψφdψ
1(cφ) ⊗ dψ

2 =
∑

a[0]γ(d · a[1]2)(c · a[1]1) =
∑

d1(c)d2a;∑
d1

1(c)d1
2 ⊗ d2 =

∑
γ(d)(c2)[0] ⊗ c1 · γ(d)(c2)[1]

=
∑

d2
[0] ⊗ c1 · d2

[1]d
1(c2) =

∑
d2ψ ⊗ d1(c2)c1ψ;∑

c2
1(c1)c22 =

∑
ε(c · 1[1])1[0] =

∑
ε(cψ)1ψ.
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4 P entwining st (B, Y, δ) u (A,X, ψ) RPvw
.37)���K� entwining �� (B,Y, δ) , (A,X,ψ) ������&, �|,��/

,�� MY
B (δ) d MX

A (ψ) -���.. 78x�.3� entwining ��<�? - ?� entwining

��.

DE 4.1 I (A,X,ψ) � (B,Y, δ) �� entwining ��, \ α : Y ⊗ B → A, γ : Y →
A⊗X, γ(y) =

∑
γ(y)A ⊗ γ(y)X �	#1B���$%:D6= y ∈ Y, b, b ∈ B,

∑
α(y1, bδ)α(y2δ, b) = α(y, bb); (8)∑
γ(y1)

Aγ(y2)
Aψ ⊗ γ(y1)Xψ ⊗ γ(y2)X =

∑
γ(y)A ⊗ γ(y)X1 ⊗ γ(y)X2; (9)∑

α(y1, bδ)γ(y2δ)
A ⊗ γ(y2δ)X =

∑
γ(y1)

Aα(y2, b)
ψ ⊗ γ(y1)Xψ, (10)

F (α, γ) �LGK� entwining �� (B,Y, δ) , (A,X,ψ) ���� (t (α, γ) ��� � en-

twining �� (B,Y, δ) , (A,X,ψ)).

H 4.2 (i) �M (f, g) �K� entwining �� (B,Y, δ) , (A,X,ψ) 	#∑
f(bδ)⊗ g(yδ) =∑

f(b)ψ ⊗ g(y)ψ ��$%, F ((f ⊗ εY ) ◦ δ, ψ ◦ (ηA ⊗ g)) ���� entwining �� (B,Y, δ)

, (A,X,ψ).

(ii) �M (B,Y, δ) � (A,X,ψ) <� entwining ��, (α, γ) ��� (B,Y, δ) , (A,X,ψ), �

α � γ 8O	# α(y⊗ 1) = ε(y)1,
∑
ε(γ(y)X)γ(y)A = ε(y)1, F�a�K (B,Y, δ) , (A,X,ψ)

����&.

a� 4.3 I (α, γ) ��� (B,Y, δ) , (A,X,ψ), F
(i) D6= M ∈MA, M ⊗ Y uoC�"4,�L [m⊗ y] · b =

∑
[m · α(y1, bδ) ⊗ y2δ] 2�

&�4,YG (B,Y )δ- �, ��4G k- � M ⊗ Y = (M ⊗ Y )/ker f , f : M ⊗ Y → M ⊗ Y G

f(m⊗ y) =
∑
m · α(y1, 1δ) ⊗ y2δ.

(ii)D6= N ∈MY , N ⊗AuoC�4,�L ρ([n⊗a]) =
∑

[n[0]⊗γ(n[1])
Aaψ]⊗γ(n[1])Xψ

2�&�"4,YG (A,X)ψ- �, ��4G k- � N ⊗A = (N ⊗A)/ker g, g : N ⊗A→ N ⊗A

G g(n⊗ a) =
∑
ε(γ(n[1])Xψ)n[0] ⊗ γ(n[1])

A
aψ.

AY (1) K�& 4.1 ÆI f �Zy. TJS�&
M ⊗ Y = (M ⊗ Y )/ker f ∼= Im f.

cd, +h4,�\��, a`+
∑

(m⊗ y) · b− (m · α(y1, 1δ) ⊗ y2δ) · b =
∑

m · α(y1, bθ) ⊗ y2θ −m · α(y1, 1δbη) ⊗ y2δη

=
∑

m · α(y1, bθ) ⊗ y2θ −m · α(y1, bη) ⊗ y2η = 0.

"�, Æ+ ([m⊗ y] · b) · b′ = [m⊗ y] · bb′ � [m⊗ y] · 1 = [m⊗ y].

�N, +h"4,�\��, a`+, D6= m ∈M, y ∈ Y,

ρ([m · α(y1, 1δ) ⊗ y2δ]) =
∑

[m · α(y1, 1δη) ⊗ y2η] ⊗ ε(y3δ)y4

=
∑

[m · α(y1, 1δ) ⊗ y2δ] ⊗ y3 = ρ([m⊗ y]).
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/l, =}$�	#. `a+, D6= m ∈M, y ∈ Y, b ∈ B,

ρ([m⊗ y] · b) =
∑

[m⊗ y1] · bδ ⊗ y2δ =
∑

[m⊗ y][0] · bδ ⊗ [m⊗ y][1]δ.

TJ, M ⊗ Y ��� MY
B (δ) �!	DP.

(ii) I^oyD[c (i) �I^.

? 4.4 �M (B,Y, δ) � (A,X,ψ) <� entwining ��, N�
α(y ⊗ 1) = 1 ⊗ y, ε(γ(y)C)γ(y)A = ε(y)1,

F M ⊗ Y = M ⊗ Y, N ⊗A = N ⊗A, Na4,�� [2] �rs 3.3.

no 4.5 I (A,C,ψ) �� entwining ��, F
(i) D6= M ∈ MA,M ⊗ C uo4, [m ⊗ c] · a = [m · aψ ⊗ cψ] �"4, ρ([m ⊗ c]) =∑

[m⊗ c1] ⊗ c2 YG (A,C)ψ- �.

(ii) D6= N ∈MC , N ⊗A uo4, [n⊗ a] · a′ = [n⊗ aa′] �"4, ρ([n⊗ a]) =
∑

[n[0] ⊗
aψ] ⊗ n[1]ψ YG (A,C)ψ- �.

AY GI^ (i),~ (A, k)σ,�� σ : k⊗A→ A⊗k �&%. Z[^I ((1A⊗ε)◦ψ, (1A⊗
ε) ◦ ψ ◦ (1C ⊗ η)) ��� (A,C)ψ , (A, k)σ, �� η : k → A � A ���%. L�& 4.1 b}

Æ+,+h�*.

(ii) �TG ((1A ⊗ ε) ◦ ψ ◦ (1C ⊗ η), ψ ◦ (1C ⊗ η)) ��� (k,C)σ′ , (A,X)ψ, �� σ′ :

C ⊗ k → k ⊗ C �&%.

a� 4.6 I (α, γ) ���� entwining �� (B,Y, δ) , (A,X,ψ) F:
(i)D6= M ∈MX

A (ψ)% hM : M ⊗ Y →M ⊗X ⊗ Y , hM ([m⊗y]) =
∑

[[m[0] ⊗m[1]]⊗
y] − [[m · γ(y1)A ⊗ γ(y1)X ] ⊗ y2] ��� MY

B (δ) �<, �� M ⊗ Y , M ⊗X ⊗ Y 8O�rs

4.3 (i) �V* 4.5 (i) 2h.

(ii) D6= N ∈ MY
B (δ) % hN : N ⊗B ⊗A → N ⊗A, hN ([[n ⊗ b] ⊗ a]) = [n · b ⊗ a] −∑

[n[0] ⊗ α(n[1], b)a] ��� MX
A (ψ) �<, �� N ⊗A, N ⊗B ⊗A 8O�rs 4.3 (ii) �V

* 4.3 (ii) 2h.

AY (1) cd^I hM �\��. `a+, D6= m ∈M, y ∈ Y,

hM (m⊗ y) −
∑

hM (m · α(y1, 1δ) ⊗ y2δ)

=
∑

[[m[0] ⊗m[1]] ⊗ y] − [[m · γ(y1)A ⊗ γ(y1)X ] ⊗ y2] −
∑

[[(m · α(y1, 1δ))[0]

⊗ (m · α(y1, 1δ))[1]] ⊗ y2δ] +
∑

[[m · α(y1, 1δ)γ(y2δ1)
A ⊗ γ(y2δ1)X ] ⊗ y2δ2]

=
∑

[[(m[0] ⊗m[1])] · α(y1, 1δ) ⊗ y2δ] −
∑

[[(m · γ(y1)A ⊗ γ(y1)X)] · α(y2, 1δ
′
) ⊗ y3δ′ ]

−
∑

[[m[0] · α(y1, 1θ)
ψ ⊗m[1]ψ] ⊗ y2θ] + [[m · α(y1, 1θζ

′
)γ(y2ζ′)

A ⊗ γ(y2ζ′)X ] ⊗ y3θ]

=
∑

[[m[0] · α(y1, 1δ)
φ ⊗m[1]φ] ⊗ y2δ] − [[m · γ(y1)Aα(y2, 1δ

′
)
ϕ ⊗ γ(y1)Xϕ] ⊗ y3δ′ ]

−
∑

[[m[0] · α(y1, 1θ)
ψ ⊗m[1]ψ] ⊗ y2θ] + [[m · γ(y1)Aα(y2, 1θ)

φ ⊗ γ(y1)Xφ] ⊗ y3θ]

= 0.

N_78|, hM � M ⊗ Y ��&8O+,2!�26	C., |, M ⊗X � A- �4,+
,/l!	C..
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ÆI hM �? Y - "�%. �Nzz hM �? B- �%. `a+, D6= m ∈ M, y ∈
Y, b ∈ B,

hM (([m⊗ y]) · b)
=

∑
[[m[0] · α(y1, bδ)

ψ ⊗m[1]ψ] ⊗ y2δ] −
∑

[[m · α(y1, bζς)γ(y2ς)
A ⊗ γ(y2ς)X ] ⊗ y3ζ ]

=
∑

[[m[0] · α(y1, bδ)
ψ ⊗m[1]ψ] ⊗ y2δ] −

∑
[[m · γ(y1)Aα(y2, bζ)

ς ⊗ γ(y1)Xς ] ⊗ y3ζ ]

=
∑

([[m[0] ⊗m[1]] ⊗ y] − [[m · γ(y1)A ⊗ γ(y1)X ] ⊗ y2)] · b
= hM ([m⊗ y]) · b.

N_78|,� entwined��&+,2!	C., L (10)+,26	C.,|,M ⊗ Y �

M ⊗X ��4,+,/	C..

(ii) SV4 (i) �D[.

��!	K� entwining �� (B,Y, δ) , (A,X,ψ) ����, D6= M ∈MX
A (ψ), uo9

1m\B�& M©̂XY ⊆M ⊗ Y ,

0 −→M©̂XY −→M ⊗ Y
hM−→M ⊗X ⊗ Y ,

N	m\B��� MY
B (δ) �, TJ M©̂XY ��� MY

B (δ) �!	DP. c�X�!	�.
−©̂XY : MX

A (ψ) →MY
B (δ). D[m, D6= N ∈MY

B (δ) uo1lm\B�& N⊗̂BA,

N ⊗B ⊗A
hN−→ N ⊗A

�π−→ N⊗̂BA −→ 0

]S+,!	�. −⊗̂BA : MY
B (δ) →MX

A (ψ).

a� 4.7 ��!	K� entwining �� (B,Y, δ) , (A,X,ψ) ����, FD6= M ∈
MX
A (ψ), N ∈MY

B (δ), 6:

ηN,M : HomX
A (N⊗̂BA,M) −→ HomY

B(N,M©̂XY ), ηN,M (f)(n) =
∑

f(π̂(n[0] ⊗ 1)) ⊗ n[1]

�Sz�C�B�<.

AY cdzz ηN,M (f)(n) ∈M©̂XY . `a+, D6= f ∈ HomX
A (N⊗̂BA,M), n ∈ N ,

hM (ηN,M (f)(n))

=
∑

f(π̂(n[0] ⊗ 1)
[0]

) ⊗ f(π̂(n[0] ⊗ 1)
[1]

) ⊗ n[1] − f(π̂(n[0] ⊗ γ(n[1]1)
A)) ⊗ γ(n[1]1)X ⊗ n[1]2

=
∑

f(π̂(n[0] ⊗ γ(n[1]1)
A1ψ)) ⊗ γ(n[1]1)Xψ ⊗ n[1]2

− f(π̂(n[0] ⊗ γ(n[1]1)
A)) ⊗ γ(n[1]1)X ⊗ n[1]2 = 0.

N_78|, f ��� MB
A (ψ) �<+,2!	C., 26	C.�|, N⊗̂BA � X-

"�4,� π̂ ��� MY
B (δ) �<.

H� ηN,M (f) �? Y - "�%, �zz�]�? B- �%. `a+

ηN,M (f)(n) · b =
∑

f(π̂(n[0] ⊗ 1)) · α(n[1]1, b
δ)) ⊗ n[1]2δ =

∑
f(π̂(n[0] · bδ ⊗ 1)) ⊗ n[1]δ

= ηN,M (f)(n · b).
N_78|, f �? A- �%+,2!	C., |, N⊗̂BA ��&+,26	C.. Æ

I ηN,M � M � N +<�C��.
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�N, zz ηN,M �@nG
η−1

N,M (g) ◦ π̂([n⊗ a]) =
∑

g(n)M · γ(g(n)Y )
A
aψε(γ(g(n)Y )Xψ),

D6= n ∈ N , �& g(n) =
∑
g(n)M ⊗ g(n)Y .

D��I^ ηN,M
−1(g) ◦ π̂ \��. `a+, D6= n ∈ N, a ∈ A, g ∈ HomY

B(N,M©̂XY ),∑
ηN,M

−1(g) ◦ π̂(n⊗ a− ε(γ(n[1])Xψ)n[0] ⊗ γ(n[1])
Aaψ)

=
∑

g(n)M · γ(g(n)Y )
A
aψε(γ(g(n)Y )Xψ)

−
∑

ε(γ(g(n)Y 2)Xψ)g(n)M · γ(g(n)Y 1)
A
γ(g(n)Y 2)

Aφ
aψϕε(γ(g(n)Y 1)Xφϕ)

=
∑

g(n)M · γ(g(n)Y )
A
aψε(γ(g(n)Y )Xψ)

−
∑

ε(γ(g(n)Y )X2ψ)g(n)M · γ(g(n)Y )
A
aψϕε(γ(g(n)Y )X1ϕ)∑

g(n)M · γ(g(n)Y )
A
aψε(γ(g(n)Y )Xψ) −

∑
g(n)M · γ(g(n)Y )

A
aψε(γ(g(n)Y )Xψ)

= 0.

N_78|, g �"�%+,2!	C., LC. (9) �C. (10) 8O+,26��2

/	C..

O5, zz η−1
N,M (g) ◦ π̂|

ImhN
= 0.

η−1
N,M (g) ◦ π̂([n · b⊗ a]) =

∑
g(n)M · α(g(n)Y 1, b

δ)γ(g(n)Y 2δ)
A
aψε(γ(g(n)Y 2δ)

A
)

=
∑

g(n)M · γ(g(n)Y 1)
A
α(g(n)Y 2, b)

ψ
aφε(γ(g(n)Y 1)Xψφ)

=
∑

g(n[0])
M · γ(g(n[0])

Y )
A
α(n[1], b)a

ψ
ε(γ(g(n[0])

Y )
Xψ

)

= η−1
N,M (g) ◦ π̂([n[0] ⊗ α(n[1], b)a]),

d η−1
N,M (g) ◦ π̂|

ImhN
= 0.

N_78|, g {�? B- �%{�? Y - "�%+,2!�2/	C..

"�, zzD6= f ∈ HomX
A (N⊗̂BA,M), (η−1η)(f) = f . TG

(η−1η)(f)(π̂([n⊗ a])) =
∑

f(π̂(n[0] ⊗ 1) · γ(n[1])
Aaψ)ε(γ(n[1])Xψ)

=
∑

f(π̂(n[0] ⊗ γ(n[1])
A
aψ)ε(γ(n[1])Xψ)

=
∑

f(π̂([n⊗ a][0]))ε([n⊗ a][1])

= f(π̂([n⊗ a])).

N_78x||, f � π̂ <�"�%� N ⊗A �"�4,.

}~!�jk1�. −©̂XY � −⊗̂BA �Æ�-)�. !�UQx�jk1�8ea�-
)D. V..:

no 4.8 I (A,C,ψ) �� entwining ��, F
(i) rs 2.2[6] �. −©̂kC : MA →MC

A (ψ) �'(�. MC
A (ψ) →MA �?-)�..

(ii) rs 2.1[6] �. −⊗̂kA : MC →MC
A (ψ) �'(�. MC

A (ψ) →MC �@-)�..
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AY GI (i), ~V* 4.5 (i) ����
(α, γ), α(c, a) =

∑
ε(cψ)aψ, γ(c) =

∑
ε(cψ)1ψ,

F Mk
A(σ) = MA, �D6= M ∈MA,

N ∈MC
A (ψ) M©̂kC = M ⊗ C N⊗̂AA = N.

\

(B,Y )δ := (A,C)ψ, (A,X)ψ := (A, k)σ,

FLrs 4.7pu ηN,M 6@n,Z[I^ ηη−1 = 1. `a+,D6= g∈HomC
A(N,M ⊗ C), n∈N,

(ηη−1)(g)(n) =
∑

[g(n[0])
M · γ(g(n[0])

Y )
A
1ψε(γ(g(n[0])

Y )
Xψ

) ⊗ n[1]]

=
∑

[g(n)M · γ(g(n)Y 1)
A
ε(γ(g(n)Y 1)X) ⊗ g(n)Y 2]

=
∑

[g(n)M · 1ψε(g(n)Y 1ψ) ⊗ g(n)Y 2]

=
∑

[g(n)M · α(g(n)Y 1, 1
ψ) ⊗ g(n)Y 2ψ]

= g(n).

N_78|, g �? C- "�%+,2!	C., LC. (4) +,2/	.

(ii) SV4� (i) �D[, �M~

(B,Y )δ = (k,X)σ, (α, γ) = ((1A ⊗ ε) ◦ ψ ◦ (1C ⊗ η), ψ ◦ (1C ⊗ η)),

FSKrs 4.7 +,�*.
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