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1 ./012
Euler �����3���� [1]:

ζ(2k) = (−1)k−1 (2π)2k

2(2k)!
B2k, (1.1)

4	 k ≥ 1, B2k 
 Bernoulli �, �5 Bn =
∑n

k=0

(
n
k

)
Bk, B0 = 1, B1 = −1

2 . 
� ζ(2) = π2

6 ,
ζ(4) = π4

90 , 	�

5ζ(4) = 2ζ2(2). (1.2)

��
�6��7 (1.1)�7 ζ(2k+1)��
��,4�����8��9�� Ramanujan

����: 2005-12-01; ����: 2006-03-30
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����� [2], Apéry’s �7 ζ(3) � !"�=# [3] >� Zudilin [4] ������. ��, $%
&?
�'(� ζ(5) 
�
�� !�.

�@ ζ(k) ���� ζn(k) )

ζn(k) =
n∑

j=1

1
jk

, ζn(1) = Hn.

*%���� �!) ζn(k) � m(m ≥ 3) "��

Sm =
∞∑

n=1

ζk1
n (i1)ζk2

n (i2) · · · ζkr
n (ir)

np
, 2 ≤ p ≤ m − 1, (1.3)

4	 m = p +
∑

ijkj . +� S3 A6�� ∑ Hn

n2 , ,�B) 2ζ(3)#S4 �$� 3 � �:
∑ Hn

n3 ,∑ H2
n

n2 ,
∑ ζn(2)

n2 #S5 6 6 � �. -%., /C0= Sm �$� p(1) + p(2) + · · ·+ p(m− 2) � 
�, p(i) 
DE� i ��&�.

Sm 1�$�2� ��'3
��45�67, ��A()� m ≤ 6 �89. :���,
��*%;* S4 (+< [5–7]):

∞∑
n=1

Hn

n3
=

5
2
ζ(4) − 1

2
ζ2(2);

∞∑
n=1

H2
n

n2
=

11
2

ζ(4) − 1
2
ζ2(2);

∞∑
n=1

ζn(2)
n2

=
1
2
ζ(4) +

1
2
ζ2(2). (1.4)

,%AF ζ(2), ζ(4) 6�, 6=�
, �� (1.2) ',G-.4 3 � �>/0.
HI�

n∑
i=1

Hi

i
=

n∑
i=1

1
i

i∑
j=1

1
j

=
n∑

j=1

1
j

n∑
i=j

1
i

=
n∑

j=1

1
j

(
Hn − Hj +

1
j

)
,

J1
n∑

i=1

Hi

i
=

H2
n + ζn(2)

2
, n ≥ 1,

.�*%�����:
K) 1 2 n ≥ 1,

∞∑
k=1

Hk

k(n + k)
=

1
n

(1
2
H2

n +
1
2
ζn(2) + ζ(2) − Hn

n

)
. (1.5)

LM
∞∑

k=1

Hk

k(n + k)
=

∞∑
k=1

1
k(n + k)

k∑
j=1

1
j

=
∞∑

j=1

1
j

∞∑
k=j

1
n

(1
k
− 1

n + k

)

=
1
n

∞∑
j=1

1
j

n−1∑
i=0

1
j + i

=
1
n

[
ζ(2) +

n−1∑
i=1

1
i

∞∑
j=1

(1
j
− 1

j + i

)]

=
1
n

[
ζ(2) +

n−1∑
i=1

Hi

i

]
=

1
n

[
ζ(2) − Hn

n
+

H2
n + ζn(2)

2

]
.

3 (1.5) ?4@A5> 1/n 	3 n B�, N6
∞∑

n=1

H2
n

n2
−

∞∑
n=1

ζn(2)
n2

+ 2
∞∑

n=1

Hn

n3
= 2ζ2(2). (1.6)

4
 S4 � 3 � �O6���7C8�D, 9: (1.4), ,�;7 5ζ(4) = 2ζ2(2) , .�E
<IFP, *%EG',H=IJ�� �O6��DKL> ζ(3) F ζ(5).
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K) 2 PQ S5 � 6 � ��� [7]

∞∑
n=1

Hn

n4
= 3ζ(5) − ζ(2)ζ(3);

∞∑
n=1

H2
n

n3
=

7
2
ζ(5) − ζ(2)ζ(3);

∞∑
n=1

ζn(2)
n3

= −9
2
ζ(5) + 3ζ(2)ζ(3);

∞∑
n=1

Hnζn(2)
n2

= ζ(5) + ζ(2)ζ(3);

∞∑
n=1

H3
n

n2
= 10ζ(5) + ζ(2)ζ(3);

∞∑
n=1

ζn(3)
n2

=
11
2

ζ(5) − 2ζ(2)ζ(3).

(1.7)

J) ζ(2) 
PQ�, 1>.� 6 � �O6QC����7 (1.6) �7C8�DD',�
� ζ(5)/ζ(3). RE<�SF�G*%HI0 S6 � 11 � �, ,%D
 ζ(6) F ζ2(3) �6!�
�R�, .�, 4� �O6�QC��7C8�DHTJ� ζ(3) �B.

2 UVWX
E<SY<T [7–9] 1UY�KVJFZL�W�M. X u1, u2, . . . 
NY@�O7 (0, 1)

Z6.P[�O�[QÆ\ (]^R ui’s, i.i.d ∼ U(0, 1)), U(0, 1) �KV_ST� (p.d.f) 


p(x) = 1, 0 < x < 1.

,� n (n ≥ 0) "U) un ��W`a

Eun =
∫ +∞

−∞
xnp(x)dx =

1
n + 1

. (2.1)

P[�O�5V Vk+1 �@)
Vk+1 = u1u2 · · · uk+1, k ≥ 0

0 < Vk+1 < 1, ,�_ST�0bR Feller �\3 [10] ], J1�� 1 − Vk+1 �_ST�

pk+1(x)):

^_ 3 3QI k ≥ 0,

pk+1(x) = lnk
( 1

1 − x

)
/k!, 0 < x < 1. (2.2)

�5��WX�D�DE� s(n, k) !)Y�� Z[ Stirling �

s(n, k) = s(n − 1, k − 1) + (n − 1)s(n − 1, k), n, k ≥ 1,

s(n, 0) = s(0, k) = 0, n, k ≥ 1, s(0, 0) = 1,

PQ s(n, 1) = (n − 1)!, s(n, 2) = (n − 1)!Hn−1, >�
s(n, 3) =

(n − 1)!
2

[H2
n−1 − ζn−1(2)],

s(n, 4) =
(n − 1)!

6
[H3

n−1 − 3Hn−1ζn−1(2) + 2ζn−1(3)], . . . ,

s(n, k) �\cT� (GF) +<T [11]:∑
n≥k

s(n, k)
tn

n!
= lnk

( 1
1 − t

)
/k!, k ≥ 0, (2.3)

] s(n, k) �\cT�<
 1 − Vk+1 �KV_ST�, ^# Riemann zeta T� ζ(k), k ≥ 2 d>
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H=P[�O�5VF Stirling �KL>. +�

ζ(k) =
∞∑

n=1

1
nk

=
∞∑

n=1

EV n−1
k = E

1
1 − Vk

= E
lnk−1( 1

1−u )/(k − 1)!
u

=
∑

n≥k−1

s(n, k − 1)
n n!

, (2.4)

4	 u ∼ U(0, 1), E 
�W`aZ[.
<T [7] I0�_�`� Riemann zeta T�� Stirling `a��(

k + r

r

)
ζ(k + r + 1) =

∑
n≥k

s(n, k)
n!

Yr(n)/r!
n

, k ≥ 1, r ≥ 0, (2.5)

Y0(n) = 1, Yr(n) = Yr(ζn(1), 1!ζn(2), . . . , (m − 1)!ζn(m), . . .), Yr(·) 
a�efg Bell bh�

exp
(∑

j≥1

xj
tj

j!

)
= 1 +

∑
r≥1

Yr(x1, x2, . . .)
tr

r!
.

1i, *%R<T [8] ]>c� [7] �KV�M, ��� Stirling  ��?�3!d��e
3QIDE� p ≥ 1, q ≥ 1, 0 ≤ r ≤ min(p, q) − 1,∑

n≥p−r

s(n + r, p)
nq n!

=
∑

n≥q−r

s(n + r, q)
np n!

, (2.6)

∑
n≥p

s(n, p)
n n!

ζn(q + 1) =
∑
n≥q

s(n, q)
n n!

ζn(p + 1), (2.7)

jY4?�3!d��d>I0 Euler ���� [2] ���KV=#
2

∑
n≥1

Hn

nk−1
= (k + 1)ζ(k) −

k−2∑
i=2

ζ(i)ζ(k − i), k ≥ 3. (2.8)

<T [9] ��� Riemann zeta T��fV��∑
n≥k−1

s(n, k − 1)
n!

Hn

n2
−

∑
n≥1

ζn(2)
nk

=
(k + 2)(k − 1)

2
ζ(k + 2) − k

2

k∑
i=2

ζ(i)ζ(k + 2 − i), k ≥ 2. (2.9)

SF, E<
HUY� Hn, ζn(2) ���KV^ke
^_ 4 X u, u1, u2 i.i.d ∼ U(0, 1), V2 = u1u2, N3QI� n ≥ 1, 6

nE(1 − V2)n−1 = Hn, (2.10)

nE[1 − u(1 − V2)]n−1 = ζn(2). (2.11)

LM (2.10) ��=#+<T [8]. )= (2.11) �, 9:[QÆ\�NY" E[f(u)g(V2)] =
E[f(u)]E[g(V2)] >� EV k

2 = 1
(k+1)2 , 6

nE[1 − u(1 − V2)]n−1 = nE[(1 − u) + uV2)]n−1 = n

n−1∑
k=0

(
n − 1

k

)
E[(1 − u)n−k−1uk]EV k

2 ,

� Beta V�
E[(1 − u)n−k−1uk] =

∫ 1

0

xk(1 − x)n−k−1dx =
k!(n − k − 1)!

n!
,

J1 (2.11) ��=.



2� M N: Riemann Zeta ?�@OAB 377

3 bcdefgh
i_ 5 3QIDE� k ≥ 1,∑

n≥1

H2
n−ζn(2)
nk+1

=
(k + 2)(k + 4)

3
ζ(k + 3) + ζ(2)ζ(k + 1)

+
1
3

∑
ki ≥ 2

�
ki = k + 3

ζ(k1)ζ(k2)ζ(k3)−k + 3
2

k+1∑
i=2

ζ(i)ζ(k − i + 3). (3.1)

i_ 6 3QIDE� k ≥ 2,
k−1∑
j=2

(k − j + 1)
∑
n≥1

ζn(j)
nk−j+2

=
k∑

j=2

(3
2
k − j + 1

)
ζ(j)ζ(k − j + 2) − k(k + 3)

2
ζ(k + 2). (3.2)

4 ghfjk
i_ 5 lLM jY Zagier �b8 zeta T���M [12] d>I0 (3.1) ���gh�=

#, i
�'j!� (3.2) ��_km8R. )�l#KV�M�CnY� Riemann zeta T��
L>, E<I0�! 5 ���KV=#.

mnHI���gh�o-e3QIÆ\ x, y, z �DE� k ≥ 3,∑
ki≥1,

�
ki=k

(
k

k1 k2 k3

)
xk1yk2zk3

= (x + y + z)k − (x + y)k − (x + z)k − (y + z)k + xk + yk + zk, (4.1)

oJR7 (4.1) �p4 xk, yk, zk p��l0b, � xi1yi2 (i1 ≥ 1, i2 ≥ 1) A� [(x + y) + z]k −
(x + y)k �`a6�, J1 xi1yi2 (i1 ≥ 1, i2 ≥ 1) �D�m��7q, @!2 i1 ≥ 1, i2 ≥ 1 A,
xi1zi2 � yi1zi2 �D�E�7q.

2 k = 1 � k = 2 A, �! 5 dq<T [7] ]���/0, J1A=# k ≥ 3 A�! 5 RY,
q (2.4) �, X[QÆ\ u1, u2, u3 i.i.d ∼ U(0, 1), .�6

k!
∑

ki≥2,
�

ki=k+3

ζ(k1)ζ(k2)ζ(k3)

= E
[

1
u1u2u3

∑
ij≥1,

�
ij=k

(
k

i1 i2 i3

)
lni1

( 1
1 − u1

)
lni2

( 1
1 − u2

)
lni3

( 1
1 − u3

)]

= E
{

1
u1u2u3

[
lnk

( 1
(1 − u1)(1 − u2)(1 − u3)

)
+ lnk

( 1
1 − u1

)

+ lnk
( 1

1 − u2

)
+ lnk

( 1
1 − u3

)
− lnk 1

(1 − u1)(1 − u2)

− lnk 1
(1 − u1)(1 − u3)

− lnk 1
(1 − u2)(1 − u3)

]}
,

jY s(n, k) �\cT�>�
(1 − u1)(1 − u2)(1 − u3)={1 − [u1 + (1 − u1)u2]}(1 − u3)=1 − {u3 + (1 − u3)[u1 + (1 − u1)u2]},
*%�����^k ∑

ki ≥ 2�
ki = k + 3

ζ(k1)ζ(k2)ζ(k3) = E
∑
n≥k

[
s(n, k)

n!
Un

u1u2u3

]
,
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4	[QÆ\ Un )

Un = {u3 + (1 − u3)[u1 + (1 − u1)u2]}n + un
1 + un

2 + un
3

− [u1 + (1 − u1)u2]n − [u3 + (1 − u3)u1]n − [u3 + (1 − u3)u2]n.

KVJ]�hnrÆ�! [13] o=�.�>/=p]`aZ[ E r
d>FB�Z[ ∑
qr (E<bsUY�hnrÆ�!), J1∑

ki ≥ 2�
ki = k + 3

ζ(k1)ζ(k2)ζ(k3) =
∑
n≥k

s(n, k)
n!

E
[

Un

u1u2u3

]
. (4.2)

t�u

Un = (1 − u3)n[u1 + (1 − u1)u2]n +
n−1∑
r=1

(
n

r

)
un−r

3 (1 − u3)r[u1 + (1 − u1)u2]r

+ un
3 + un

1 + un
2 + un

3 − [u1 + (1 − u1)u2]n − un
3 −

n−1∑
r=1

(
n

r

)
un−r

3 (1 − u3)rur
1

− (1 − u3)nun
1 − un

3 −
n−1∑
r=1

(
n

r

)
un−r

3 (1 − u3)rur
2 − (1 − u3)nun

2

=
n−1∑
r=1

(
n

r

)
un−r

3 (1 − u3)r{[u1 + (1 − u1)u2]r − ur
1 − ur

2}

− [1 − (1 − u3)n]{[u1 + (1 − u1)u2]n − un
1 − un

2},
.�

E
[

Un

u1u2u3

]
=

n−1∑
r=1

(
n

r

)
E[un−r−1

3 (1 − u3)r]E
{

[u1 + (1 − u1)u2]r − ur
1 − ur

2

u1u2

}

−E
[
[1 − (1 − u3)n

u3

]
E

{
[u1 + (1 − u1)u2]n − un

1 − un
2

u1u2

}
. (4.3)

9: Beta V�
∫ 1

0
xα−1(1 − x)β−1dx=Γ(α)Γ(β)/Γ(α + β), (4.3) p4Y���W`a�7

E[un−r−1
3 (1 − u3)r] =

(n − r − 1)!r!
n!

,

� u ∼ U(0, 1) A6 1 − u ∼ U(0, 1), 1> (4.3) �p4Ys��W`a)
E

[
1 − (1 − u3)n

u3

]
= E

1 − un
3

1 − u3
= E(1 + u3 + · · · + un−1

3 ) = Hn,

SF, (4.3) �p4Yv��W`a

E

[ n−1∑
m=1

(
n

m

)
um−1

1 (1 − u1)n−mun−m−1
2 − un−1

2

(1 − (1 − u1)n

u1

)]
,

=
n−1∑
m=1

1
m(n − m)

− Hn

n
=

Hn

n
− 2

n2
,

J1�� (4.3) gwR

E
[

Un

u1u2u3

]
=

n−1∑
r=1

[
1

n − r

(Hr

r
− 2

r2

)]
− Hn

(Hn

n
− 2

n2

)

=
n−1∑
r=1

Hr

r(n − r)
− 2

n−1∑
r=1

1
r2(n − r)

− H2
n

n
+ 2

Hn

n2
. (4.4)
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H=qrB�tu, 
�6
n−1∑
r=1

Hr

r
=

1
2

[
H2

n − 2
Hn

n
+ ζn(2)

]
.

@A, HI� Hn �\cT�)
∑

n≥1 Hnxn =
ln 1

1−x

1−x . J1, *%6
n−1∑
r=1

Hr

n − r
= [xn]

( ∑
i≥1

Hix
i

)( ∑
j≥1

xj

j

)
= [xn]

ln 1
1−x

1 − x
ln

1
1 − x

= 2[xn]
1

1 − x

∑
m≥2

s(m, 2)
m!

xm = 2[xn](1 + x + x2 + · · ·)
( ∑

m≥2

Hm−1

m
xm

)

= 2
n∑

m=2

Hm−1

m
= 2

n∑
m=1

Hm

m
− 2ζn(2) = H2

n − ζn(2),

Z[ [xn] ^k\cT�`a�] xn �D�, .���
n−1∑
r=1

Hr

r(n − r)
=

1
n

n−1∑
r=1

Hr

(1
r

+
1

n − r

)
=

1
n

[ n−1∑
r=1

Hr

r
+

n−1∑
r=1

Hr

n − r

]

=
3
2

H2
n

n
− Hn

n2
− 1

2
ζn(2)

n
,

>�
n−1∑
r=1

1
r2(n − r)

=
1
n

n−1∑
r=1

1
r

(1
r

+
1

n − r

)
= 2

Hn

n2
+

ζn(2)
n

− 3
1
n3

,

jY (4.4) �, *%�0 (4.2) �]��W`a
E

[
Un

u1u2u3

]
= 6

1
n3

− 3
Hn

n2
+

1
2

H2
n

n
− 5

2
ζn(2)

n

= 6
1
n3

− 3 × 1
n

[
Hn

n
+ ζn(2)

]
+

1
2
× 1

n
[H2

n + ζn(2)],

] Riemann zeta T��s8fVx6��� Stirling `a∑
ki ≥ 2�
ki = k + 3

ζ(k1)ζ(k2)ζ(k3)

= 6
∑
n≥k

s(n, k)
n3n!

− 3
∑
n≥k

s(n, k)
n n!

(Hn

n
+ ζn(2)

)
+

1
2

∑
n≥k

s(n, k)
n n!

(H2
n + ζn(2)). (4.5)

9: Euler ��� (2.8), 3!d�� (2.6) TJ�
6

∑
n≥k

s(n, k)
n3n!

= 6
∑
n≥k

s(n, 3)
nkn!

= 3
∑
n≥1

H2
n−1 − ζn−1(2)

nk+1

= 3
∑
n≥1

H2
n − ζn(2)
nk+1

− 6
∑
n≥1

Hn

nk+2
+ 6ζ(k + 3)

= 3
∑
n≥1

H2
n − ζn(2)
nk+1

+ 3
k+1∑
i=2

ζ(i)ζ(k − i + 3) − 3(k + 2)ζ(k + 3). (4.6)

R�� (2.5) ]v r = 2, Yw6
1
2

∑
n≥k

s(n, k)
n n!

(H2
n + ζn(2)) =

(
k + 2

2

)
ζ(k + 3). (4.7)
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)j!`a� (4.5) ]�SF�� �, ;x Riemann zeta T����yz�fV∑
(k − i + 2)ζ(i)ζ(k − i + 3),


�6
k+1∑
i=2

(k − i + 2)ζ(i)ζ(k − i + 3) =
k + 1

2

k+1∑
i=2

ζ(i)ζ(k − i + 3).

�@!7��s8fV�j!, *%6
k+1∑
i=2

(k − i + 2)ζ(i)ζ(k − i + 3)

= E
[ k+1∑

i=2

( lni−1( 1
1−u1

)
(i − 1)! u1

)( lnk−i+2( 1
1−u2

)
(k − i + 1)! u2

)]

= E
{ ln 1

1−u2

k! u1u2

k+1∑
i=2

[(
k

i − 1

)
lni−1 1

1 − u1
lnk−i+1 1

1 − u2

]}

= E
{ ln 1

1−u2

u1u2

[ lnk 1
1−(u1+u2(1−u1))

k!
−

lnk 1
(1−u2)

k!

]}

= E
{ ∑

n≥k

s(n, k)
n!

ln 1
1−u2

u1u2
[(u1 + u2(1 − u1))n − un

2 ]
}

=
∑
n≥k

s(n, k)
n!

{
Eun−1

1 E
ln 1

1−u2

u2
+ E

(
un−1

2 ln
1

1 − u2

)
E

[ (1 − u1)n − 1
u1

]

+
n−1∑
r=1

(
n

r

)
E

(
ur−1

2 ln
1

1 − u2

)
E[un−r−1

1 (1 − u1)r]
}

=
∑
n≥k

s(n, k)
n!

[
1
n

ζ(2) − Hn

n
× Hn +

n−1∑
r=1

(
n

r

)
Hr

r

(n − r − 1)!r!
n!

]

= ζ(2)
∑
n≥k

s(n, k)
n n!

−
∑
n≥k

s(n, k)
n n!

H2
n +

∑
n≥k

s(n, k)
n!

[ n−1∑
r=1

Hr

r(n − r)

]

= ζ(2)ζ(k + 1) +
∑
n≥k

s(n, k)
n!

[
1
2

H2
n

n
− Hn

n2
− 1

2
ζn(2)

n

]

= ζ(2)ζ(k + 1) +
1
2

∑
n≥k

s(n, k)
n n!

(H2
n + ζn(2)) −

∑
n≥k

s(n, k)
n n!

(Hn

n
+ ζn(2)

)

= ζ(2)ζ(k + 1) +
(

k + 2
2

)
ζ(k + 3) −

∑
n≥k

s(n, k)
n n!

(Hn

n
+ ζn(2)

)
,

]

− 3
∑
n≥k

s(n, k)
n n!

(Hn

n
+ ζn(2)

)

=
3k + 3

2

k+1∑
i=2

ζ(i)ζ(k − i + 3) − 3ζ(2)ζ(k + 1) − 3
(

k + 2
2

)
ζ(k + 3), (4.8)
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y (4.6)–(4.8) �TJ��! 5
∑

ki ≥ 2�
ki = k + 3

ζ(k1)ζ(k2)ζ(k3) = 3
∑
n≥1

H2
n − ζn(2)
nk+1

+
3k + 9

2

k+1∑
i=2

ζ(i)ζ(k − i + 3)

−3ζ(2)ζ(k + 1) − (k + 2)(k + 4)ζ(k + 3).

i_ 6 lLM ;x3!d�� (2.7) >� (2.11) �KVR�, 9: s(n, 1) = (n − 1)!, 6∑
n≥1

ζn(k)
n2

=
∑
n≥1

s(n, k − 1)
n n!

ζn(2) =
∑
n≥1

s(n, k − 1)
n!

E[1 − u(1 − V2)]n−1

=
1

(k − 1)!
E

[ lnk−1 1
u(1−V2)

1 − u(1 − V2)

]

= E
{

1
1 − u(1 − V2)

k−1∑
r=0

[ lnr 1
1−V2

r!
· lnk−1−r 1

u

(k − 1 − r)!

]}

=
k−1∑
r=1

∑
n≥1

E
[ (1 − V2)n−1lnr 1

1−V2

r!

]
·E

[
un−1lnk−1−r 1

u

(k − 1 − r)!

]

+ E
[

1
1 − u(1 − V2)

· lnk−1 1
u

(k − 1)!

]
�
= A1 + A2,

4	
A2 =

∑
n≥1

E(1 − V2)n−1E
[
un−1 lnk−1 1

u

(k − 1)!

]
=

∑
n≥1

[
Hn

n

∫ 1

0

xn−1 lnk−1 1
x

(k − 1)!
dx

]

=
∑
n≥1

[
Hn

n
× EV n−1

k

]
=

∑
n≥1

[
Hn

n
× 1

nk

]
=

∑
n≥1

Hn

nk+1
. (4.9)

A1 ]�Yv��W`a
�
 1
nk−r , jY s(n, k) �\cT�F V2 �KV_ST�, A1 ]

�Y���W`a


E
[ (1 − V2)n−1lnr 1

1−V2

r!

]
=

∑
m≥r

s(m, r)
m!

E[V m
2 (1 − V2)n−1]

=
∑
m≥r

s(m, r)
m!

∫ 1

0

xm(1 − x)n−1ln
1
x

dx

=
∑
m≥r

s(m, r)
m!

∫ 1

0

(1 − x)mxn−1ln
1

1 − x
dx

=
∑
m≥r

s(m, r)
m!

E
[
(1 − u)mun−1ln

1
1 − u

]

= E
[
un−1ln

1
1 − u

lnr 1
u

r!

]
=

∑
m≥1

E
[
um+n−1

m

lnr 1
u

r!

]

=
∑
m≥1

1
m

EV m+n−1
r+1 =

∑
m≥1

1
m(m + n)r+1

.

jY�WX{M/C0=
∑
m≥1

1
m(m + n)r+1

=
Hn

nr+1
−

r+1∑
j=2

ζ(j) − ζn(j)
nr−j+2

, (4.10)
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J1

A1 =
k−1∑
r=1

∑
n≥1

[
Hn

nk+1
−

r+1∑
j=2

ζ(j) − ζn(j)
nk−j+2

]

= (k − 1)
∑
n≥1

Hn

nk+1
−

k∑
j=2

(k − j + 1)
∑
n≥1

ζ(j) − ζn(j)
nk−j+2

= (k − 1)
∑
n≥1

Hn

nk+1
−

k∑
j=2

(k − j + 1)ζ(j)ζ(k − j + 2)

+
k−1∑
j=2

(k − j + 1)
∑
n≥1

ζn(j)
nk−j+2

+
∑
n≥1

ζn(k)
n2

.

.�3QI� k ≥ 2, *%6
k−1∑
j=2

(k − j + 1)
∑
n≥1

ζn(j)
nk−j+2

= k
∑
n≥1

Hn

nk+1
−

k∑
j=2

(k − j + 1)ζ(j)ζ(k − j + 2).

s9: (2.8) �, �! 6 �=.

5 teuv: S6 f 11 cwx
. Euler ��� (1.1) *%Qz

ζ(2)ζ(4) =
7
4
ζ(6), ζ3(2) =

35
8

ζ(6).

/C>0 S6 �{�$� 11 � �
∑
n≥1

Hn

n5
,

∑
n≥1

H2
n

n4
,

∑
n≥1

ζn(2)
n4

,
∑
n≥1

H3
n

n3
,

∑
n≥1

Hnζn(2)
n3

,
∑
n≥1

ζn(3)
n3

,

∑
n≥1

H4
n

n2
,

∑
n≥1

H2
nζn(2)
n2

,
∑
n≥1

Hnζn(3)
n2

,
∑
n≥1

ζ2
n(2)
n2

,
∑
n≥1

ζn(4)
n2

,

|]Y�� ��B',. (2.8) �G-�0, �9:���D�
∑
n≥1

ζn(q)
np

+
∑
n≥1

ζn(p)
nq

= ζ(p + q) + ζ(p)ζ(q), p, q ≥ 2,

Y}� �E/C��, ]
∑
n≥1

Hn

n5
=

7
4
ζ(6) − 1

2
ζ2(3),

∑
n≥1

ζn(3)
n3

=
1
2
ζ(6) +

1
2
ζ2(3). (5.1)

R�! 6 ]v k = 4, N6
∑
n≥1

ζn(2)
n4

= −1
3
ζ(6) + ζ2(3),

∑
n≥1

ζn(4)
n2

=
37
12

ζ(6) − ζ2(3), (5.2)

R�! 5 ]v k = 3, 1> ∑
n≥1

H2
n

n4
=

97
24

ζ(6) − 2ζ2(3). (5.3)



2� M N: Riemann Zeta ?�@OAB 383

Y|� ��BTJR�� (2.5) ], -%., 2 k = 3, r = 2 >� k = 1, r = 4 A, *%�
���?��p

∞∑
n≥1

H4
n

n2
+ 3

∞∑
n≥1

H2
nζn(2)
n2

+ 2
∞∑

n≥1

Hnζn(3)
n2

=
121
2

ζ(6) + 6ζ2(3),

∞∑
n≥1

H4
n

n2
− 3

∞∑
n≥1

H2
nζn(2)
n2

+ 2
∞∑

n≥1

Hnζn(3)
n2

= 40ζ(6) − 6ζ2(3),

J1/0 ∑
n≥1

H2
nζn(2)
n2

=
41
12

ζ(6) + 2ζ2(3), (5.4)

>��� ∑
n≥1

H4
n

n2
+ 2

∑
n≥1

Hnζn(3)
n2

=
201
4

ζ(6). (5.5)

:���, R (2.9) �]v k = 4, y6∑
n≥1

H3
n

n3
−

∑
n≥1

Hnζn(2)
n3

=
95
12

ζ(6) − 5ζ2(3), (5.6)

~3!d�� (2.6) ]� p = 4, q = 3, r = 1, 6∑
n≥1

H3
n

n3
− 3

∑
n≥1

Hnζn(2)
n3

=
97
8

ζ(6) − 10ζ2(3), (5.7)

J1�� ∑
n≥1

H3
n

n3
=

93
16

ζ(6) − 5
2
ζ2(3),

∑
n≥1

Hnζn(2)
n3

= −101
48

ζ(6) +
5
2
ζ2(3). (5.8)

@A, v (2.7) �] p = 1, q = 3, 6
2

∑
n≥1

Hnζn(2)
n3

+
∑
n≥1

ζ2
n(2)
n2

= −41
12

ζ(6) + 6ζ2(3),

1> ∑
n≥1

ζ2
n(2)
n2

=
19
24

ζ(6) + ζ2(3). (5.9)

SF, �� (2.5) ] k = 2, r = 3 I0

2
∑
n≥1

H2
n

n4
+ 2

∑
n≥1

ζn(2)
n4

− 2
∑
n≥1

H3
n

n3
− 2

∑
n≥1

Hnζn(2)
n3

+
∑
n≥1

H4
n

n2
−

∑
n≥1

ζ2
n(2)
n2

= 40ζ(6).

J1, *%�� ∑
n≥1

H4
n

n2
=

979
24

ζ(6) + 3ζ2(3), (5.10)

	�9: (5.5) �, S6 �Y}� ��7∑
n≥1

Hnζn(3)
n2

=
227
48

ζ(6) − 3
2
ζ2(3), (5.11)

.�'30� S6 �g� 11 � �.
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z) 7 ��� 11 � �
�x6�{7C8��"�D~��4{�D�R, NIFP
ζ(3) =

√
cπ3, c 
��6!�.

∞∑
n=1

Hn

n5
=

7
4
ζ(6) − 1

2
ζ2(3);

∞∑
n=1

H2
n

n4
=

97
24

ζ(6) − 2ζ2(3);

∞∑
n=1

ζn(2)
n4

= −1
3
ζ(6) + ζ2(3);

∞∑
n=1

H3
n

n3
=

93
16

ζ(6) − 5
2
ζ2(3);

∞∑
n=1

Hnζn(2)
n3

= −101
48

ζ(6) +
5
2
ζ2(3);

∞∑
n=1

ζn(3)
n3

=
1
2
ζ(6) +

1
2
ζ2(3);

∞∑
n=1

H4
n

n2
=

979
24

ζ(6) + 3ζ2(3);
∞∑

n=1

H2
nζn(2)
n2

=
41
12

ζ(6) + 2ζ2(3);

∞∑
n=1

Hnζn(3)
n2

=
227
48

ζ(6) − 3
2
ζ2(3);

∞∑
n=1

ζ2
n(2)
n2

=
19
24

ζ(6) + ζ2(3);

∞∑
n=1

ζn(4)
n2

=
37
12

ζ(6) − ζ2(3). (5.12)
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