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Abstract In this paper, the sufficient and necessary conditions are obtained for the
existence of a bounded inverse operator for a linear operator appearing in the linear-
quadratic optimal control problems in a Hilbert space and having a matrix representa-
tion of the following form ⎛
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where F3, F5 are self-adjoint operators, the effectiveness of this result has been shown
on several test examples.
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0 34
�5��� Hilbert �� X,Y , B(X) � B(X,Y ) ���� X ��� X � Y ��66�

���7��� Banach ��. �5�7 A, ����8 D(A), Ker A, R(A) � A∗ �� A ��

9:�����;:��<�7. � ���7 A !��="#$�, �% R(A) �&�.

��8 IX � 〈·, ·〉X ���� Hilbert�� X ��'��7��(, >)?5@�*�� 
!", ��+#� I � 〈·, ·〉. ! A ∈ B(X) �,-�, �%�5$A� x ∈ X, .6 〈Ax, x〉 ≥ 0.

% X1,X2,X3 .� Hilbert ��, F1 : D(F1) ⊂ X1 → X2 �/�&���7, F2 ∈
B(X3,X2), F3 ∈ B(X1), F4 ∈ B(X3,X1), F5 ∈ B(X3), F3 � F5 .�B0���7 (1
F ∗

3 = F3, F
∗
5 = F5), ��8 F ���"��72C

F =

⎛
⎝ F1 0 F2

F3 −F ∗
1 F4

−F ∗
4 F ∗

2 −F5

⎞
⎠ : D(F1) � D(F ∗

1 ) � X3 → X2 � X1 � X3. (1)

&� F ����7> Hilbert ���DE3F'(G6HI)�J8. Kurina >* [1] �
* [2] G��� Hilbert ��G�+,�-.�45DE3F'(�#$�6/017, 2G&
� F ����7�#3��H?8I)�K8.

Kurina >���7 � F3 F4
F∗

4 F5

�
,-�9%", :�0�7 F #3�;�4< [1−3]. =�5

64<Æ)�>)�, ?@*��7 1 .

@*89> � F3 F4
F∗

4 F5

�
,-�9%", :�0�7 F #3�;�>)4< (1�: 4), Æ;

L<0* [3] (A [1]) G85�7 F #3���6B%.���B=�>=; 25?C
� F3 F4

F∗
4 F5

�
,-�@F, ��A:�0 F #3�;�>)4<, MDBCE$F0 F �#3�; DG, H7
DL0B%�6E�.

1 NOPQRST
�0L<���U)B%, 9IFJ @:.

VW 1 % X � Hilbert ��, T : D(T ) ⊂ X → X �&���7, X"G4<HKLM:

(a1) )N>IG xn ∈ D(T ), ‖xn‖ = 1, J:��6� n ∈ N, 6 Txn → 0;

(b1) Ker T = {0} ; R(T ) �&�;

(c1) �7 T �"6��, 1N>� OK δ > 0, LY
‖Tx‖ ≥ δ‖x‖, �5$A� x ∈ D(T ).

Z[ P?* [4].

\ 2 � ���7�"6��Æ)MQLNR66�3.

VW 3 9%
� F3 F4

F∗
4 F5

�
�,-�, X�7 F �"6��S;TS"OP 4<.�Q:

(a2) �7
� F1 F2

F3 F4
F∗

4 F5

�
�"6��;

(b2) �7 � F∗
1

F∗
2

�
�"6��.

Z[ >)�. 9% F �"6��, ]5⎛
⎝ I 0 0

0 I 0
0 0 −I

⎞
⎠F =

⎛
⎝ F1 0 F2

F3 −F ∗
1 F4

F ∗
4 −F ∗

2 F5

⎞
⎠
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;�7 ⎛
⎝ I 0 0

0 I 0
0 0 −I

⎞
⎠

R66�3, ^�7 ⎛
⎝ F1 0 F2

F3 −F ∗
1 F4

F ∗
4 −F ∗

2 F5

⎞
⎠

�"6��. MD, �7 ⎛
⎝ F1 F2

F3 F4

F ∗
4 F5

⎞
⎠ �

(
F ∗

1

F ∗
2

)

>Y�"6��, 1 (a2) � (b2) �Q.
;��. 9% (a2) � (b2) �Q, �% F )�"6��, _@: 1 dN>� IG {xn}LY

xn ∈ D(F1) � D(F ∗
1 ) � X3, ‖xn‖ = 1 (2)

Æ��6� n ∈ N, 6
Fxn → 0. (3)

`

xn =

⎛
⎝x1

n

x2
n

x3
n

⎞
⎠ , 2G x1

n ∈ D(F1), x2
n ∈ D(F ∗

1 ), x3
n ∈ X3,

] (3) Z#e:�
F1x

1
n + F2x

3
n → 0, F3x

1
n − F ∗

1 x2
n + F4x

3
n → 0, −F ∗

4 x1
n + F ∗

2 x2
n − F5x

3
n → 0. (4)

_ (2) dIG {x1
n}, {x2

n}, {x3
n} .�6��, aH> (4) Gb�Z�fc8 x2

n, >b4ZÆ
c8 x1

n, >b[ZÆc8 (−x3
n) g�(, Æd�:B%He:�〈(

F3 F4

F ∗
4 F5

) (
x1

n

x3
n

)
,

(
x1

n

x3
n

) 〉
→ 0. (5)

M��7 � F3 F4
F∗

4 F5

�
�,-�, � (5) Z:√(

F3 F4

F ∗
4 F5

) (
x1

n

x3
n

)
→ 0,

2G √
T ��,-�7 T ��\]fg�7. 6�h6(

F3 F4

F ∗
4 F5

) (
x1

n

x3
n

)
→ 0.

g_ (4) Z, :� ⎛
⎝ F1 F2

F3 F4

F ∗
4 F5

⎞
⎠(

x1
n

x3
n

)
→ 0,

(
F ∗

1

F ∗
2

)
x2

n → 0.

] (a2), (b2) �@: 1, #d
x1

n → 0, x2
n → 0, x3

n → 0,
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^ xn → 0, hi (2) ZH^i. Lj.
jW 4 9%

� F3 F4
F∗

4 F5

�
�,-�, X F R66�3S;TS@: 3G� (a2) � (b2)�Q.

Z[ 9% F R66�3, X F ���"6��, _@: 3 �>)�d (a2) � (b2) �
Q. kk, _@: 3 G� (a2) � (b2) �Q, _@: 3 �;��d F �"6��, l]@: 1 d
Ker F = {0} ; R(F ) &. `a5@: 3 �L<, #e:� F ∗ �"6��S;TS@: 3 G�
(a2) � (b2) �Q, ^> (a2) � (b2) �Q�4<"l6 Ker F ∗ = {0}, 5�

R(F ) = (Ker F ∗)⊥ = X2 � X1 � X3

(P?* [4, 47 b]). MD, F R66�3. Lj.
jW 5 9%B0�7 F3 � F5 �,-�, X�7

F0 =

⎛
⎝ F1 0 F2

F3 −F ∗
1 0

0 F ∗
2 −F5

⎞
⎠

R66�3S;TSe"P 4<.�Q:

(a3) �7
� F1 F2

F3 0
0 F5

�
�"6��;

(b3) �7 � F∗
1

F∗
2

�
�"6��.

Z[ cmmn F0 ��7 F S F4 = 0 �de &, ]5 F3 � F5 �,-�, ^
� F3 0

0 F5

�
A�,-�, g_�: 4 : F0 R66�3S;TS (a3) � (b3) �Q. Lj.
no 6 9%B0�7 F3 � F5 �,-�, _�7 F0 LY"OP4<k�, X F0 R66

�3.
(a4) �7 F1 � F5 R66�3;
(b4) �7 F1 6�; F2 � F3 R66�3.

Z[ ]�: 5, pfL< (a4) � (b4) ��qo (a3) � (b3) 1#.
gh�, _ (a4) �Q, md�7⎛

⎝F1 F2

F3 0
0 F5

⎞
⎠ �

(
F ∗

1

F ∗
2

)

.�"6��, ^ (a3) � (b3) �Q.
_ (b4) �Q, X (b3) ij�Q, ^pfL< (a3) A�Q. �% (a3) )�Q, XN>IG

{xn} LY
xn ∈ D(F1) � X3, ‖xn‖ = 1 (6)

;��6� n ∈ N, 6 ⎛
⎝F1 F2

F3 0
0 F5

⎞
⎠ (

x1
n

x3
n

)
→ 0, (7)

2G
xn =

(
x1

n

x3
n

)
, x1

n ∈ D(F1), x3
n ∈ X3.

g_ (7) Z, ��:�

F1x
1
n + F2x

3
n → 0, F3x

1
n → 0, F5x

3
n → 0. (8)
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]5�7 F3 R66�3, _ (8) Z6 x1
n → 0. 6�h, _ (8) �b�Z� F1 �6��, #

: F2x
3
n → 0. l] F2 �#3�, #: x3

n → 0. MD��O�L<d xn → 0, hi (6) ZH^
i. Lj.

\ 7 >= 6 �* [3] G��: 1.

��: 4 �@: 1, l#ecmE:�"OP >=.

no 8 �%�7 � F3 F4
F∗

4 F5

�
#3;,-, Æ;�7 (F1 F2)∗ �'k;="#$�, X�7

F R66�3.

no 9 �%�7 � F3 F4
F∗

4 F5

�
�,-�, ;�7

(F1 F2)∗,

⎛
⎝ F1 F2

F3 F4

F ∗
4 F5

⎞
⎠

.�'k;="#$�, X�7 F R66�3.

\ 10 >= 8 �>= 9 ���* [3] G��: 2 ��: 3.

"Od?C
� F3 F4

F∗
4 F5

�
,-�@F, �n F #3�;�>)4<, �D9L<� I)@:.

VW 11 % X � Y .� Hilbert ��,

H =
(

A 0
C −A∗

)
: D(A) � D(A∗) ⊂ X � Y → Y � X

�/�&���7, 2G A �/�&�7, C �6�B0�7, X H R66�3S;TS"O
P 4<.�Q:

(a5) R(A) = Y ;

(b5) �7 C HJ5���$ X = Ker A � (Ker A)⊥ → X = R(A∗)⊥ � R(A∗) ���� C1 C2
C∗

2 C4

� G, C1 �Lk, 1 R(C1) = R(A∗)⊥.

Z[ 9% H R66�3, X R(H) = Y � X, ^ R(A) = Y . _ (b5) )�Q, 1 C1 )�

Lk, 5�N> z ∈ R(A∗)⊥, z 
= 0 J:�5�6� x ∈ Ker A, 6 Cx = C1x 
= z, MD�5�6
� x ∈ D(A), y ∈ D(A∗) 6: (

A 0
C −A∗

) (
x
y

)

=

(
0
z

)
,

h�< H )�Lk, hi H #3H^i. >)�LB.

;��. 9% (a5) � (b5) �Q, X R(A∗) �&�. >���$
X � Y = Ker A � (Ker A)⊥ � Y → Y � X = Y � R(A∗)⊥ � R(A∗)

", �7 H #e���

H =

⎛
⎝ 0 A1 0

C1 C2 0
C∗

2 C4 −A∗
1

⎞
⎠ ,

2G A1 � A > (Ker A)⊥ ∩ D(A) ��@F, C1, C4 .�6�B0�7.

rA� Ker (A1) = {0} ; R(A1) = R(A) = Y , ��:� A1 R66�3. M� C1 �6�
B0�7; R(C1) = R(A∗)⊥, ^

Ker (C1) ∩ Ker (A) = R(C1)⊥ ∩ R(A∗)⊥ = {0}.
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MD C1 R66�3. ]5⎛
⎝ I 0 0

−C2A
−1
1 I 0

(C∗
2C−1

1 C2 − C4)A−1
1 −C∗

2C−1
1 I

⎞
⎠

⎛
⎝ 0 A1 0

C1 C2 0
C∗

2 C4 −A∗
1

⎞
⎠ =

⎛
⎝ 0 A1 0

C1 0 0
0 0 −A∗

1

⎞
⎠

;�7 ⎛
⎝ I 0 0

−C2A
−1
1 I 0

(C∗
2C−1

1 C2 − C4)A−1
1 −C∗

2C−1
1 I

⎞
⎠ �

⎛
⎝ 0 A1 0

C1 0 0
0 0 −A∗

1

⎞
⎠

.R66�3, X H R66�3. Lj.
\ 12 >@: 11 �L<pqG, ��;�El80�7 H �B�d�, 1 H �U�rs

k��8m��7 C �B0�.
\ 13 * [5–8] ����72C�#3��n'(6/017, :�0st�B%. >@:

11 G, �% X = Y , X! H �"[ro Hamilton �7. �5 Hamilton �7, u�p6�6q
t6/017, :�0�66r�B% [9−12].
jW 14 �7 F R66�3S;TS
(a6) R(F11) = X2;
(b6) F00 �Lk, 1 R(F00) = R(F ∗

11)
⊥,

2G
F11 = (F1 F2), F21 =

(
F3 F4

F ∗
4 F5

)
,

; F00 �� F21 > Ker F11 ��@F;u Ker F11 5 R(F ∗
11)

⊥.
Z[ ]5⎛

⎝ I 0 0
0 I 0
0 0 −I

⎞
⎠

⎛
⎝ F1 0 F2

F3 −F ∗
1 F4

−F ∗
4 F ∗

2 −F5

⎞
⎠

⎛
⎝ I 0 0

0 0 I
0 I 0

⎞
⎠ =

(
F11 0
F21 −F ∗

11

)
,

_@: 11 d�7 F R66�3S;TS (a6) � (b6) �Q.
]�: 14 �L<cm:�"O�>=:
no 15 �% F11 R66�3, X�7 F R66�3.
"O��:�<�: 4 ��: 14 >��4<"�LM�, h6�hs<0B=�=t�.
jW 16 _�7 � F3 F4

F∗
4 F5

�
,-, X�: 4 ��: 14 �LM�.

Z[ 9%
� F3 F4

F∗
4 F5

�
�,-�. 89L<�: 4 qo�: 14.

] (b2) d�7 F ∗
11 �"6��, _@: 1 6 Ker (F ∗

11) = {0} ; R(F ∗
11) �&�, ^ R(F11)

A�&�;

R(F11) = (Ker (F ∗
11))

⊥ = X2,

5� (a6) �Q. l] (a2) d�7 � F11
F21

�
�"6��, 5�N>OK δ > 0, J:�5$A�

x ∈ Ker F11, 6 ∥∥∥∥
(

F11

F21

)
x

∥∥∥∥ = ‖F21x‖ ≥ δ‖x‖,

MD F21|Ker F11 �'k; R(F21|Ker F11) �&�. 6�h, ]�: 5.8 (?* [4, 216 b]), ��:
��7 F21|Ker F11 R66�3. MD, �7 F00 R66�3, 1 (b6) �Q.
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25L<�: 14 qo�: 4. (a6) �< R(F11) = X2, 5� R(F ∗
11) &; Ker (F ∗

11) = {0}.
]@: 1 d F ∗

11 �"6��, 1 (b2) �Q. 9% (a2) )�Q, XN>� IG
{xn} ⊆ D(F1) � X3, ‖xn‖ = 1

LY (
F11

F21

)
xn → 0, n → ∞. (9)

` xn = x1
n + x2

n, 2G
x1

n ∈ Ker F11, x2
n ∈ (Ker F11)⊥ ∩ (D(F1) � X3).

] (9) Z, :� (
F11

F21

)
xn =

(
F11x

2
n

F21x
1
n + F21x

2
n

)
→ 0,

1

F11x
2
n → 0, F21x

1
n + F21x

2
n → 0. (10)

_ (a6) ��: 5.8 (?* [4, 216 b]), ��:��7 F11 K�� (Ker F11)⊥ ∩ (D(F1) � X3)
� R(F11) �uk�#3�. 6�h, _ (10) �b�Z: x2

n → 0. l] F21 �6��, � (10) �
b4Z::

F21x
1
n → 0,

1

F00x
1
n → 0.

Bv (b6) d�7 F00 R66�3, 5� x1
n → 0. MD xn → 0, hiLZ ‖xn‖ = 1 H^i.

\ 17 �: 16 �<,
� F3 F4

F∗
4 F5

�
�,-��5 F �#3�us�)>)�. ��k�e�

n�: 4, vM6Pw: ���: 4 >DE3F:=G6HI)�J8; 4�>�: 4 �L<p
qG��;�El80�7 F �B�d�.

2 wx
>h�x�, ��HP 77us<��B%�6E�.

y 1 % X1 = X2 = X3 = �2 � Hilbert ��, �5$A� x = (x1, x2, x3, x4, x5, . . .) ∈ �2,
���9�7 F1, F2, F3 �

F1x = (x1, x2, 0, 0, . . .),

F2x = (0, 0, x3, x4, . . .),

F3x = (0, x2,−x3, x4, x5, . . .).

v F5 = F1, ij F3, F5 .�6�B0�7;

F0 =

⎛
⎝F1 0 F2

F3 −F1 0
0 F2 −F1

⎞
⎠ .
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�5$A� x ∈ �2, y ∈ �2, ]5∥∥∥∥∥∥
⎛
⎝ F1 F2

F3 0
0 F1

⎞
⎠(

x
y

)∥∥∥∥∥∥
2

= ‖F1x + F2y‖2 + ‖F3x‖2 + ‖F1y‖2 ≥ ‖x‖2 + ‖y‖2 =
∥∥∥∥

(
x
y

) ∥∥∥∥
2

,

∥∥∥∥
(

F ∗
1

F ∗
2

)
x

∥∥∥∥
2

=
∥∥∥∥

(
F1

F2

)
x

∥∥∥∥
2

= ‖F1x‖2 + ‖F2x‖2 = ‖x‖2,

^�7 ⎛
⎝F1 F2

F3 0
0 F1

⎞
⎠ ;

(
F ∗

1

F ∗
2

)

.�"6��. 6�h#e:�
Ker F0 = {0} ; R(F0) = �2 � �2 � �2,

hAwH�7 F0 �#3�, =�hx� F3 )�,-�.
7 1 �<* [3] G�: 3 �>)�)�Q.
y 2 9% X1,X2 � X3 .�6@y��,

F =

⎛
⎝ 1 0 0

−1 −1 0
0 0 1

⎞
⎠ .

ij F �#3�, #�
�−1 0

0 −1

�
)�,-�, = F LY�: 14 �4<, ^]�: 14 A#

dN�#3�.
7 2 G� F >* [1] Gyzz={6$F, hx��l8�: 14 $F0N�#3�'(.

z{ Kt{|}|~zn�}~��A?.
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