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Abstract The classification of primes in the doubly stochastic circulant matrices is now
explored. Since any nxn doubly stochastic circulant matrix has a unique representation
as a polynomial of degree n — 1 in the shift operator w,, the classification problem of
primes in the doubly stochastic circulant matrices can be reduced to the solution of
an equation over a doubly stochastic circulant matrix. By this means, the problem of
deciding whether an n x n doubly stochastic circulant matrix A of order 3 is a prime is
completely solved. A class of primes in the n x n doubly stochastic circulant matrices
of order 4 is also presented.
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1 ES5EY

ACRHAM T 0SS : N = {0,1,2,...} FRAKKES, N, = {0,1,...,n}, R? =
{z]z = (x1,...,20)" 2 > 0,0 =1,2,...,n}, ST ={z € RY|> ! o =1}. Mk a e R}
Ak ATRZIER, WK o HAE K, 188 n(e) = k. B o € RY WIETTRH TRCH
i(a) = {i1,i2,. .., ix}. PHEFAERE

ai Qp Qp—1 -+ Q2
a2 a1 429 s as
A =
Apn—1
(29 Ap—1 ce az ai

EH circ(a), A a = (a1,...,a,)" J& A IS5 JHIFHE A = circ(a) BIRLEUE LR n(a).
#rac ST, M A=circ(a) € DSCY*", DSC™ KRk n W EHIAGERRLFE. XHER A IEAEEL n,
TE RSN AU R

k

00 -~ 0 1
10 00

wh=| 0 1 00 "penN,_,={01,.. ,n-1}
00 - 10

T2 H S BE AT LAE B B R R T E S

EX 1.1 & Ac DSC ", HA

(1) A RE—DAL

(2) # A= BC, B,C € DSCV*™, | B 8 C Z&—H8AL, ABLFK A JEAUBEH LG R )
L.

2 FEER

RIS KRG, AR(ES R YL SR, B Markov AR SZBH R A — A4
PREEAL R ST LB MBI SF RS S A B B AR — DIEZAERS (BN IR 1 #8
WUEA]) J&— N8 R G, X2 R G000 S Al A B A AT A 2 B 2 P BB A U By
FH ) 3 B 0] 0 2 5K 28 AR G A /M, B S A T VA 45 S IR AR iy — 28 i, RV
FE a2 M. 3¢ [2-3] 44 T IERE MR B OUHER, s ) T IR RE R R TR LA
FMULARRIRZE. (HRE—HFFSIBE] T IRAE, BRI [4] A A Fr o€ 3C [5-6] BFFE 1 A /R Y
I X BEHIEPIE M R TCR 2028, 3C [4] 4ath T i —2egh R

(1) ¥ A € DSCP™ E—AEACEL n (XUEENEERERE, M A A2 BEHLIE A M
RIT.

(2) Bt A€ DSCY™"(n > 3) Be—MEANRE 2 AXHEYIIEFIERE, U A X IEFE
FHIERTC.

(3) & A = circ(a) € DSC" E—PEANEL 3 < n(a) < 4, n(a) <n KA,
XH a =wkcirc(ay, ..., an(,0,...,0)" € ST, k € Ny_y (Bl a BIESCEAHLE), N

(a) A XUFEAIEFRAE PR 3R T2 HAY

(i) 24 n(a) = 3 B}, a3 < dayag; (ii) 24 n(a) =4, n > 6 B, ajas > asas.
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(b) %4 n(a) =4, n =5, A RNEXBEHIGEIREREF TR TC.

IAEFRATE SRR X R (A8 #7114 @ € S BYIETCRAARANAY, a3 2 S HEHLIEER
HPE A = circ(a) 2 EERIT? 53 T TF45R.

FIE 2.1 FAHE o = J(a1,a9,0,...,0,ax,0,...,0) € St, n(a) =3, 1€ Np_1, n>5
(A o AIETCEAELE, B n > 5), M

(1) #F k # 23, M A = circ(a) JEREHUIEERAE A 2T

(2) # k = 22 (BB n HEED, W A = circ(a) REABEHUIGERRE AR 2024 HALYS
ai < dajas.

FIE 2.2 KFE a = wi(a1,0,...,0,a;,0,...,0,a;,0,...,0)" € S7, n(a) =3, k € N1,
n>6 (A o FAERAIESTTREAFR, F n > 6), N

(1) % j#2i — 1, i+ j#n +2,2j —i #n+1, M A = circ(a) JEXHEHIFERE M T,

(2) #7 j = 2i—1, i+j = n+2, 2j—i = n+1 ZXFE AL (Bl i = 241, j = 241, 3 | n),
28 =L, A = cire(a) RWBEYLIEFREE PRI 024 HAY o? < 4ajaj, af < 4a,a;, a? <
4aia;.

B j=20—1,i+j#n+2,2j—iF#n+1, M A= circ(a) EXFEHIFFIEEREH R IT
L HAY a? < daya;.

(4 Fi+j=n+2,j#2—-1,2j—i#n+1, M A= circ(a) EXXHEVIEHE A T
2 HAY af < 4aja;.

G)# 2 —i=n+1,i+j#n+2,j#2i—1, N A= circ(a) EXXEHFTREREH R IT
B HAY of < daya;.

3 [4] 2T —4M: A = circ(a) € DSC’_?_XQ, Hr a = (a1,0,a3,0,0,a6,0,0,0)" € 59 ,n(a) =
3, BXBENLIEPRAEFE AT R TT (BB a1, a3, a6 HUTAE 0 1EXY). BUFE i EFE 2.2 BIWT A E X A
FREIERA.

WAtk a € ST, n(a) = 3, H a BIESTTRAFN, W o HAEH 2.1 A1 2.2 PryFEIE,
PEHISC [4] EgAEZRAE R 2.1 F 2.2, AT e T HIEAGEL 3 09 n K EHLIE
W MR RZ T, A a € ST, n(a) = 4, H o BIETCEARHLE, MAAWT 4 FiEE:

(1) a = w¥(ay,az,as,0,...,0,a;,0,...,0), k € N,,_1, n > 6;

(2) a = wk(ay,as,0,...,0,a;,a;+1,0,...,0), k € Ny_1, n > 6;

(3) a =wk(ay,as,0,...,0,a;,0,...,0,a;,0,...,0), k € N1, n > T;

( ) a=uw(a1,0,...,0,a;,0,...,0,a;,0,...,0,a5,0,...,0),l € Ny_q,n >8.

% A = circ(a) € DSC™" a € S, n(a) = 4, H a PIETEARMAR, Hift o A B2 &
§§‘4f¢5@ﬂéfﬁ,ﬁﬁé&%iﬁliﬂﬁiAA»f%%§£%%§75~ZEF];E a A LS 1 FEPER, B3I T 4R

EH 2.3 #HE a = wk(ar,a0,a3,0,...,0,0,,0,...,0)" € S?,n(a) =4,k € N,_1,n > 6,
M| A = circ(a) JEABENIE R FEFE) R IT

3 FRERVIEEA

I3 3.1 (€ [4, 5| B.6]) & A € DSCP" A = Y7 jawit a = (ar,...,a0)" €
St n(a) > 2, BAT PIEKSE
(1) FEME A RXBELIEPRRE M R R 0T
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(2) RFFAEMT b,c € ST, n(b), n(c) > 2, {fi a = circ(b)c AL

38 3.2 (3¢ [4, 5| B.8)]) &M a € ST ,n(a) > 2. ZHFFERIE b,c € S, n(b),n(c) > 2,
fif a = circ(b)e WAL, W i(a) = Uj_; .~ i(w] ).

THERE 2.1, SeiFan R o3,

5|3 3.3 W a = w,(a1,a2,0,...,0,a;,0,...,0)" € ST, n(a) =3, € Ny—y, n > 5, |

(1) # k = 22 MFFELERE b,c € ST, n(b),n(c) > 2, fii a = circ(b)e L2 HIY of >
4aias.

(2) #F k # 253, MRTEAER L b, c € S, n(b),n(c) > 2, fii a = circ(b)c B

JEBR  RAFFEIIE b, c € ST, n(b),n(c) > 2, fifl a = circ(b)e BL. HTFIHE 3.2 J a = circ(b)c
YT b 15 o HIAFRRHE, UESIE (n(b), (c)) B FIE: (2,2). A%kt T o > 0.693180 3.2,
N i(b) Ci(a) = {1,2,k}, NI i(b) BIRTREIESRA: {1,2}, {1, Kk}, {2, k}.

BRI i) = {1,2}, by b
by by
circ(b) = by by
0 by by

SYRIARTFAERIR ¢, a = cire(b)e L.
& I 4 i(b) = {1, k}, WIATRER

by 0 - by 0 - 0
0 by - 0 bi :
circ(b)=1 0 b1 by,
b O by - 0
0 b : .
0 0 -« b, 0 0 - by

It ¢ FUAERARPRA RTREALE S i(c) = {1k}, H k= (n — k) + 3, Bl k = 222, M| a = circ(b)c,
EMT a1 = bicr, ag = bpcy, ar, = brer + bicy, FFMT a1 = bier,a = b = (L —b1)(1— 1) (A
HETA brer +bick = (1—b)er+bi(1—c1) =1=bier —(1=b1)(1—¢1) = 1—ay —az = ax),
EFMT

b101:a1,61+01:1+a1—a2. (11)

BT

22— (14a;—ag)z4+a; =0 (1.2)
A= (14a1 —a2)* —4a; = (2a1 + ay)? — 4a; = 4a? +dayay, + a3 —4da; = ai +4ay (a1 +a, —1) =
a? — daras, FIL, ZAFAERIE bc € ST, n(b),n(c) > 2, i a = circ(b)e KL, M af > dajas.
Rz, & ai > 4arag, M A > 0, 7 (1.2) {CHIFM, EIFFAESEL br, e i (1.1) BOL
bicy =a; >0,by+ci =14+a; —as =2a; +ap >0, U by,c; > 0. XH biey = a; < 1, WAARY;
wWh<l,1—c¢ = %= >0,c1 < L. RIFFAEm iR b, c € ST, n(b),n(c) > 2, ff a = circ(b) .
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B 1L 35 i(b) = {2, k}, MIFTRERY

by - b
by 0 0 :
0 b

cire(b) = 0 ) be
b by - 0
0 by :

[t e MAERMBARI T REALESE: i(c) = {Lk -1}, Hk—1=(n—k) +2, Bl k = 22 Bl
a = circ(b)e, 1% a1 = bpcgp_1, az = bacy, ap = bycy + bacy_1, [FEN 1T —FER]LIGERE 7R &
b,c € S, n(b),n(c) > 2, fi a = circ(b)e L, M HALY a? > 4a;as.

EHE 2.1 B93E8R I 3.0 FI5IRE 3.3 SLRIEAE.

THEERERE 2.2, SR g

53 3.4 &M o = wk(ay,0,...,0,4;,0,...,0,a;,0,...,0)" € ST, n(a) =3,k € N,_,
n > 6,

(1) %5 j = 2i—1, i+j = n+2, 2j—i = n+1 ZRAAH AR (B = 241, j = 2241, 3 | n),
W25 =BT, FFERR b, c € ST, n(b),n(c) > 2, fiff a = cire(b)e AL, 24 HAY of > 4aia;,
5 a? > dajaj, B a? > daqa;.

2 FHj=2—1i+j#n+22j—i#n+1, WFEERE b,c € ST, n(b),n(c) > 2, ff
a = cire(b)c AL, 24 HALY af > daja;.

B)FHi+j=n+2j#2i—1,2j—i#n+1, WFENE b c e ST, nb),n(c) > 2, #
a = circ(b)c AL, 24 HALY o > 4a,a;.

W) F 2 —imntlitjAnt2 42— 1 AR be € ST, n(b)n() > 2,
a = circ(b)e BOL, 24 HALY o > 4aya;.

B RAFAERIE b, c € S7,n(b), n(c) > 2, fif a = circ(b)e AL HEIFE 3.2 K a = circ(b)c
KT b5 e BRPREE, (LFHE (n(b),n(c) BITTE:(2, 2). AR—BHE, B e > 0. H15[HE
3.2, M i(b) Ci(a) = {1,4,5}, NI i(b) HYRTRERESRA: {1,i}, {1, 7}, {4, 5}

BRI #i(b) ={1,i}, W

(1)%’“j=i+(i—1), Bl j =25 —1, )HEUI

0
0 b :
0
b; b1
circh)=1 0 b :
0
0 b;
0 0
0 0
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2 i(c) = {1,i}, a = circ(b)c FEHTF
ayp =bici, a; = bjci +bici, aj = bcy.
[F512E 3.3 500 T BUER—HEATIE: FAFEmEE b, ¢ € ST, n(b),n(c) > 2, {if a = circ(b)c WAL, 4
HALY af > 4a1a;.
Q) Fj=m—-i)+2,8li+j=n+2 M

by - by - 0
0 ) .
0 0 by
b; 0 0
0 )
cire(b) = .

0 -

0 .- by - 0
0 . .
0 .- by 0 .- by

4 i(e) = {1,5}, a = circ(b)e FH T
ay = bicy + bicj, a; = bic1, a; = bic;.
[FI5I7E 3.3 0L 11 AUERA—BERTIE: FAEREE b c € 57, n(b),n(c) > 2, {# a = cire(b)e ML, %
HAYY af > da;a;.
BRI #i(b)={1,5}, M () FHi=m—-7+28itj=n+2 M
by - b;

0

0 --- by

cire(b) =

0 - b 0
B i(e) = {1,i}, a = circ(b)c T

a1 =bici +bjci, a; =bicy, a; = bicr.
A5 138 3.3 #5100 1T BUERH—FEF[HIE: fFAEM I b, c € ST, n(b), n(c) > 2, f# a = circ(b)c AL, 4
HALY a? > da;a;.
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2 Fj=m—j+1)+i, B 2j—i=n+1,
by .- 0 b - o --- 0
. . . . .

cire(b) =

by oo e by - 0

B i(e) = {1,}, a = circ(b)c T
ar =bicy, a; = bjCj, a; = bjCl +b1Cj.

[ 512 3.3 1500 1T fYUER—FER[IE: FEEM T b,c € ST, n(b),n(c) > 2, f# a = circ(b)e ML, 4
HAY of > 4aya;.

B L 27 i(b) = {5}, M

() #Fn—j+2=j—i+1, B2 —i=n+1,1M

cire(b) =

B i(c) = {1,n — j + 2}, a = circ(b)c FhTF
a; = bjcn_j+2, a; = bicl, a; = bjcl + bicn_j+2.

A5 138 3.3 1500 1T FIER]—FERTUE: fEFEM IR b, c € ST, n(b),n(c) > 2, ff a = circ(b)c ML, 4
HAY af > daya;.
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Q) FEn—i+2=m—7+1)+i, Bl j=2i—1, N

0o - b; b; 0

0 . )

0 b;

b; b; 0
cire(b) = 0

0 b;

b 0

0

0 bj 0 -+ b 0 - 0

B i(e) = {1,n —i+ 2}, a = circ(b)c T
a1 = biCn—it2, a; =bicr +bjcn_it2, a; =bjcy.

13158 3.3 48 11 AEWT—RERTIE: (AEFTE b € ST, n(b), n(c) > 2, 1 a = cire(b)e KL, %
HAYY af > 4aya;.

EIE 2.2 §YIFBH 5[ 3.1 fI5 IR 3.4 SEEI A,

EIE 2.3 B RAAAERE b, c € ST, n(b),n(c) > 2, a = circ(b)e ML HFIHE 3.2 )
0 = circ(b)e T b 5 ¢ IRBREE BOW (n(b),n(c)) FITTRERLR: (3,2) 1 (2,2). Rttt {8
Boer > 0. f51F 3.2, M i(b) Ci(a) = {1,2,3,i}.

BRI & (n(b),n(c) = (3,2), M i(b) BIFTREESEA {1,2,3},{1,2,i},{1,3,i},{2,3,i}. B
H cire(b), GYFIANFFAERIEL b, c € ST, n(b), n(c) > 2, i a = cire(b)e B

WERIL 2 (n(B). m(c))=(2,2), W1 i(5) i TREHEEEAT {1, 2}, {1, 3}, {1, 7}, {2, 3}, {2, i}, {3. i}
G cire(b), MHFAFAER L b,c € ST, n(b), n(c) > 2, ffl a = circ(b)c L.

53 3.1 %, A = circ(a) A EVIGIH FEF I E T
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