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1 RSTUV
��
������� : N = {0, 1, 2, . . .} ��W����, Nn = {0, 1, . . . , n}, Rn

+ =
{x |x = (x1, . . . , xn)t, xi ≥ 0, i = 1, 2, . . . , n}, Sn

+ = {x ∈ Rn
+|

∑n
i=1 xi = 1}. ��� a ∈ Rn

+

� k ������, �� a ��� k, � n(a) = k. �� a ∈ Rn
+ �������� 

i(a) = {i1, i2, . . . , ik}. !��"

A =

⎛
⎜⎜⎜⎜⎜⎜⎝

a1 an an−1 · · · a2

a2 a1 an · · · a3

...
. . . . . . . . .

...

an−1
. . . . . . . . .

...
an an−1 · · · a2 a1

⎞
⎟⎟⎟⎟⎟⎟⎠

� circ(a), #X a = (a1, . . . , an)t � A ����. !��" A = circ(a) ����$ n(a).
� a ∈ Sn

+, � A = circ(a) ∈ DSCn×n
+ ,DSCn×n

+ �� n �%&�!��". �'(��)� n,
�$*� ���"

ωk
n =

⎛
⎜⎜⎜⎜⎜⎝

0 0 · · · 0 1
1 0 · · · 0 0
0 1 · · · 0 0
...

...
. . .

...
...

0 0 · · · 1 0

⎞
⎟⎟⎟⎟⎟⎠

k

, k ∈ Nn−1 = {0, 1, . . . , n − 1}

�+ !%&�!��"X����$.
YZ 1.1 ,�" A ∈ DSCn×n

+ , ��
(1) A "���*�#

(2) � A = BC, B,C ∈ DSCn×n
+ , � B $ C ��*�, -%� A �%&�!��"X�

��.

2 [\]^
.&_'/01'X, �2`()�&�3456, 7* Markov 89�3456+���

2&�01�3456,.:�-.X�ab;�c�. ���<=01 (>?/d@+0!1
A�`) ���2301, B401�3456.567C+89DX�b;�E� [1]. FGE
��e;56�:;B�01�<H=, f=>56?@ �<=A�X��456, B��"
X���7456 [1]. � [2–3]  !C��"X���DI, J !C��"X���E�Fg
+E�KL4. GH�IMJNKCLO, hK� [4] M�PQR. � [5–6] MJCÆN�"X�
��. �%&�!��"X���74, � [4]  !C�+��@O:

(1) , A ∈ DSCn×n
+ ���P��� n �%&�!��", � A "�%&�!��"X�

��.
(2) , A ∈ DSCn×n

+ (n ≥ 3) ���P��� 2 �%&�!��", � A �%&�!��"

X���.
(3) , A = circ(a) ∈ DSCn×n

+ ���P��� 3 ≤ n(a) ≤ 4, n(a) < n �%&�!��",
BQ a = ωk

ncirc(a1, . . . , an(a), 0, . . . , 0)t ∈ Sn
+, k ∈ Nn−1 (B a ����SR), �

(a) A �%&�!��"X���STTS
(i) S n(a) = 3 U, a2

2 < 4a1a3; (ii) S n(a) = 4, n ≥ 6 U, a1a4 > a2a3.
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(b) S n(a) = 4, n = 5 U, A "�%&�!��"X���.

4._`W�a!Bb�56]��� a ∈ Sn
+ ����"�SR�, �^c�%&�!�

�" A = circ(a) �_���? `KC��@O.

Yk 2.1 ,�� a = ωl
n(a1, a2, 0, . . . , 0, ak, 0, . . . , 0)t ∈ Sn

+, n(a) = 3, l ∈ Nn−1, n ≥ 5
(d a ����"SR, da n ≥ 5), �

(1) � k �= n+3
2 , � A = circ(a) �%&�!��"X���;

(2) � k = n+3
2 (aU n  Æ�), � A = circ(a) �%&�!��"X���STTS

a2
k < 4a1a2.

Yk 2.2 ,�� a = ωk
n(a1, 0, . . . , 0, ai, 0, . . . , 0, aj , 0, . . . , 0)t ∈ Sn

+, n(a) = 3, k ∈ Nn−1,
n ≥ 6 (d a �'b����1"SR, da n ≥ 6), �

(1) � j �=2i − 1, i + j �=n + 2, 2j − i �= n + 1, � A = circ(a) �%&�!��"X���.

(2)� j = 2i−1, i+j = n+2, 2j−i = n+1efX�c�de (B i = n
3 +1, j = 2n

3 +1, 3 | n),
��effde, A = circ(a)�%&�!��"X���STTS a2

i < 4a1aj , a2
1 < 4aiaj , a2

j <

4a1ai.

(3) � j = 2i − 1, i + j �= n + 2, 2j − i �= n + 1, � A = circ(a) �%&�!��"X���
STTS a2

i < 4a1aj .

(4) � i + j = n + 2, j �= 2i − 1, 2j − i �= n + 1, � A = circ(a) �%&�!��"X���
STTS a2

1 < 4aiaj .

(5) � 2j − i = n + 1, i + j �= n + 2, j �= 2i − 1, � A = circ(a) �%&�!��"X���
STTS a2

j < 4a1ai.

� [4] gC��F: A = circ(a) ∈ DSC9×9
+ , #X a = (a1, 0, a3, 0, 0, a6, 0, 0, 0)t ∈ S9

+, n(a) =
3, �%&�!��"X��� (g' a1, a3, a6 A^h 0 ��). 4.h�. 2.2 Bic�B�F
g��i�.

,�� a ∈ Sn
+, n(a) = 3, T a ����"SR, � a l��. 2.1 + 2.2 X�bmjk, d

ah� [4] X�SE@O+�. 2.1 + 2.2, _`lmnjkCclP��� 3 � n �%&�!

��"�_����56. ��� a ∈ Sn
+, n(a) = 4, T a ����"SR, ���� 4 mjk:

(1) a = ωk
n(a1, a2, a3, 0, . . . , 0, ai, 0, . . . , 0), k ∈ Nn−1, n ≥ 6;

(2) a = ωk
n(a1, a2, 0, . . . , 0, ai, ai+1, 0, . . . , 0), k ∈ Nn−1, n ≥ 6;

(3) a = ωk
n(a1, a2, 0, . . . , 0, ai, 0, . . . , 0, aj , 0, . . . , 0), k ∈ Nn−1, n ≥ 7;

(4) a = ωl
n(a1, 0, . . . , 0, ai, 0, . . . , 0, aj , 0, . . . , 0, ak, 0, . . . , 0), l ∈ Nn−1, n ≥ 8.

, A = circ(a) ∈ DSCn×n
+ , a ∈ Sn

+, n(a) = 4, T a ����"SR, ��� a ��F� 2 n
� 4 m�kf, -%Ooc� A �_���. ��� a ��F� 1 m�kf, `K��@O:

Yk 2.3 ,�� a = ωk
n(a1, a2, a3, 0, . . . , 0, ai, 0, . . . , 0)t ∈ Sn

+, n(a) = 4, k ∈ Nn−1, n ≥ 6,
� A = circ(a) �%&�!��"X���.

3 [\]^opq
rk 3.1 (� [4, p. B.6]) , A ∈ DSCn×n

+ , A =
∑n

i=1 aiω
i−1
n , a = (a1, . . . , an)t ∈

Sn
+, n(a) ≥ 2, �o�bm,n:

(1) �" A �%&�!��"X���;
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(2) "o.�� b, c ∈ Sn
+, n(b), n(c) ≥ 2, q a = circ(b)c de.

rk 3.2 (� [4, p. B.8.]) ,�� a ∈ Sn
+, n(a) ≥ 2. �o.�� b, c ∈ Sn

+, n(b), n(c) ≥ 2,
q a = circ(b)c de, � i(a) =

⋃n
j=1,cj>0 i(ωj−1

n b).
�+rs�. 2.1, tr��p..
rk 3.3 ,�� a = ωl

n(a1, a2, 0, . . . , 0, ak, 0, . . . , 0)t ∈ Sn
+, n(a) = 3, l ∈ Nn−1, n ≥ 5, �

(1) � k = n+3
2 , �o.�� b, c ∈ Sn

+, n(b), n(c) ≥ 2, q a = circ(b)c deSTTS a2
k ≥

4a1a2.
(2) � k �= n+3

2 , �"o.�� b, c ∈ Sn
+, n(b), n(c) ≥ 2, q a = circ(b)c de.

st ,o.�� b, c ∈ Sn
+, n(b), n(c) ≥ 2, q a = circ(b)c de. hp. 3.2 p a = circ(b)c

qu b/ c���=,Tvrs (n(b), (c))���`: (2, 2). "w�t=,u, c1 > 0.hp. 3.2,
� i(b) ⊂ i(a) = {1, 2, k}, vw i(b) �ixyz�: {1, 2}, {1, k}, {2, k}.

uv I � i(b) = {1, 2}, �

circ(b) =

⎛
⎜⎜⎜⎜⎜⎝

b1 b2

b2 b1

b2 b1

. . . . . .
0 b2 b1

⎞
⎟⎟⎟⎟⎟⎠

{w"o.�� c, q a = circ(b)c de.
uv II � i(b) = {1, k}, �ix�

circ(b) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

b1 0 · · · bk 0 · · · 0

0 b1 · · · 0 bk · · · ...
...

...
. . .

...
...

. . .

0 b1 bk

bk 0 b1 · · · 0

0 bk

...
. . .

...
...

...
. . .

...
...

0 0 · · · bk 0 0 · · · b1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

�� c �hxx��ix�y�: i(c) = {1, k}, T k = (n − k) + 3, B k = n+3
2 . � a = circ(b)c,

,nu a1 = b1c1, a2 = bkck, ak = bkc1 + b1ck, ,nu a1 = b1c1, a2 = bkck = (1− b1)(1− c1) (d
h|`i` bkc1 + b1ck = (1− b1)c1 + b1(1− c1) = 1− b1c1 − (1− b1)(1− c1) = 1−a1 −a2 = ak),
,nu

b1c1 = a1, b1 + c1 = 1 + a1 − a2. (1.1)

rsy)
z2 − (1 + a1 − a2)z + a1 = 0 (1.2)

� = (1+a1 −a2)2 − 4a1 = (2a1 +ak)2 − 4a1 = 4a2
1 +4a1ak +a2

k − 4a1 = a2
k +4a1(a1 +ak − 1) =

a2
k − 4a1a2, da, �o.�� b, c ∈ Sn

+, n(b), n(c) ≥ 2, q a = circ(b)c de, � a2
k ≥ 4a1a2.

zz, , a2
k ≥ 4a1a2, � Δ ≥ 0, y) (1.2) T�3{, Bo.3� b1, c1 q (1.1) de. d

b1c1 = a1 > 0, b1 + c1 = 1 + a1 − a2 = 2a1 + ak > 0, � b1, c1 > 0. }d b1c1 = a1 < 1, �i"|
, b1 < 1, 1 − c1 = a2

1−b1
> 0, c1 < 1. Bo.�� b, c ∈ Sn

+, n(b), n(c) ≥ 2, q a = circ(b)cde.
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uv III � i(b) = {2, k}, �ix�

circ(b) =

�
��������������������

0 0 · · · bk · · · b2

b2 0 0
. . .

...

0 b2

...
...

...
0 bk

bk b2 · · · 0

0 bk

...
. . .

...
...

...
. . .

0 0 · · · bk 0 · · · b2 0

�
��������������������

�� c �hxx��ix�y�: i(c) = {1, k − 1}, T k − 1 = (n − k) + 2, B k = n+3
2 . ~!

a = circ(b)c, ` a1 = bkck−1, a2 = b2c1, ak = bkc1 + b2ck−1, �j} II �biors : o.��
b, c ∈ Sn

+, n(b), n(c) ≥ 2, q a = circ(b)c de, STTS a2
k ≥ 4a1a2.

Yk 2.1 {st hp. 3.1 +p. 3.3 eBi`.

�+rs�. 2.2, tr��p..

rk 3.4 ,�� a = ωk
n(a1, 0, . . . , 0, ai, 0, . . . , 0, aj , 0, . . . , 0)t ∈ Sn

+, n(a) = 3, k ∈ Nn−1,
n ≥ 6, �

(1)� j = 2i−1, i+j = n+2, 2j−i = n+1efX�c�de (B i = n
3 +1, j = 2n

3 +1, 3 | n),
��effde, o.�� b, c ∈ Sn

+, n(b), n(c) ≥ 2, q a = circ(b)c de, STTS a2
1 ≥ 4aiaj ,

$ a2
i ≥ 4a1aj , $ a2

j ≥ 4a1ai.

(2) � j = 2i − 1, i + j �= n + 2, 2j − i �= n + 1, �o.�� b, c ∈ Sn
+, n(b), n(c) ≥ 2, q

a = circ(b)c de, STTS a2
i ≥ 4a1aj .

(3) � i + j = n + 2, j �= 2i − 1, 2j − i �= n + 1, �o.�� b, c ∈ Sn
+, n(b), n(c) ≥ 2, q

a = circ(b)c de, STTS a2
1 ≥ 4aiaj .

(4) � 2j − i = n + 1, i + j �= n + 2, j �= 2i − 1, �o.�� b, c ∈ Sn
+, n(b), n(c) ≥ 2, q

a = circ(b)c de, STTS a2
j ≥ 4a1ai.

st ,o.�� b, c ∈ Sn
+, n(b), n(c) ≥ 2, q a = circ(b)cde. hp. 3.2p a = circ(b)c

qu b / c ���=, Tvrs (n(b), n(c)) ���`:(2, 2). "w�t=, u, c1 > 0. hp.
3.2, � i(b) ⊂ i(a) = {1, i, j}, vw i(b) �ixyz�: {1, i}, {1, j}, {i, j}.

uv I � i(b) = {1, i}, �
(1) � j = i + (i − 1), B j = 2i − 1, �

circ(b) =

�
��������������������

b1 0 · · · 0 · · ·
0 b1 · · ·

... · · ·
...

. . .
0
bi · · · b1 · · ·
0 bi

...
...

. . .
0
0 · · · bi · · ·
0 · · · 0 · · ·
...

...
0 · · · 0 · · ·

�
��������������������
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~ i(c) = {1, i}, a = circ(b)c ,nu

a1 = b1c1, ai = bic1 + b1ci, aj = bici.

�p. 3.3 j} II �rs�bir: o.�� b, c ∈ Sn
+, n(b), n(c) ≥ 2, q a = circ(b)c de, S

TTS a2
i ≥ 4a1aj .

(2) � j = (n − i) + 2, B i + j = n + 2, �

circ(b) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

b1 · · · bi · · · 0

0
. . .

...
...

...
0 · · · 0 · · · bi

bi · · · 0 · · · 0

0
...

...
...

. . .

0
. . .

0 · · · b1 · · · 0

0
...

. . .
...

...
0 · · · bi 0 · · · b1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

~ i(c) = {1, j}, a = circ(b)c ,nu

a1 = b1c1 + bicj , ai = bic1, aj = bicj .

�p. 3.3 j} II �rs�bir: o.�� b, c ∈ Sn
+, n(b), n(c) ≥ 2, q a = circ(b)c de, S

TTS a2
1 ≥ 4aiaj .

uv II � i(b) = {1, j}, � (1) � i = (n − j) + 2, B i + j = n + 2, �

circ(b) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

b1 · · · bj · · ·
0

. . .
... · · ·

...
0
0 · · · b1 · · ·
0

...
...
0
bj · · ·
0

. . . 0 · · ·
...

...
0 · · · bj 0 · · ·

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

A i(c) = {1, i}, a = circ(b)c ,nu

a1 = b1c1 + bjci, ai = b1ci, aj = bic1.

�p. 3.3 j} II �rs�bir: o.�� b, c ∈ Sn
+, n(b), n(c) ≥ 2, q a = circ(b)c de, S

TTS a2
1 ≥ 4aiaj .
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(2) � j = (n − j + 1) + i, B 2j − i = n + 1, �

circ(b) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

b1 · · · 0 bj · · · 0 · · · 0

0
. . .

...
. . .

...
...

...
0
0 · · · · · · bj

0
...

...
0 bj

bj · · · · · · b1 · · · 0

0
. . .

...
. . .

...
...
0 · · · bj · · · 0 · · · b1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

A i(c) = {1, j}, a = circ(b)c ,nu

a1 = b1c1, ai = bjcj , aj = bjc1 + b1cj .

�p. 3.3 j} II �rs�bir: o.�� b, c ∈ Sn
+, n(b), n(c) ≥ 2, q a = circ(b)c de, S

TTS a2
j ≥ 4a1ai.

uv III � i(b) = {i, j}, �
(1) � n − j + 2 = j − i + 1, B 2j − i = n + 1, �

circ(b) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 · · · bj · · ·
0

...
...
0
bi · · · 0 · · ·
0

. . .
...

...
. . .

0
bj · · · bi · · ·
0

. . .
...

...
0 · · · bj 0 · · ·

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

A i(c) = {1, n − j + 2}, a = circ(b)c ,nu

a1 = bjcn−j+2, ai = bic1, aj = bjc1 + bicn−j+2.

�p. 3.3 j} II �rs�bir: o.�� b, c ∈ Sn
+, n(b), n(c) ≥ 2, q a = circ(b)c de, S

TTS a2
j ≥ 4a1ai.
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(2) � n − i + 2 = (n − j + 1) + i, B j = 2i − 1, �

circ(b) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 · · · bj · · · bi · · · 0

0
...

. . .
...

. . .
...

...
...

0 bi

bi · · · · · · bj · · · 0

0
. . .

...
. . .

...
...

. . .
0 bj

bj · · · 0

0
. . .

...
...
0 · · · bj 0 · · · bi 0 · · · 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

A i(c) = {1, n − i + 2}, a = circ(b)c ,nu
a1 = bicn−i+2, ai = bic1 + bjcn−i+2, aj = bjc1.

�p. 3.3 j} II �rs�bir: o.�� b, c ∈ Sn
+, n(b), n(c) ≥ 2, q a = circ(b)c de, S

TTS a2
i ≥ 4a1aj .

Yk 2.2 {st hp. 3.1 +p. 3.4 eBi`.
Yk 2.3 {st ,o.�� b, c ∈ Sn

+, n(b), n(c) ≥ 2, q a = circ(b)c de. hp. 3.2 p
a = circ(b)c qu b / c ���=, �� (n(b), n(c)) �ix`� (3, 2) + (2, 2). "w�t=, u
, c1 > 0. hp. 3.2, � i(b) ⊂ i(a) = {1, 2, 3, i}.

uv I � (n(b), n(c)) = (3, 2), � i(b) �ixyz� {1, 2, 3}, {1, 2, i}, {1, 3, i}, {2, 3, i}. ~
! circ(b), {w"o.�� b, c ∈ Sn

+, n(b), n(c) ≥ 2, q a = circ(b)c de.
uv II � (n(b), n(c))=(2, 2),� i(b)�ixyz� {1, 2}, {1, 3}, {1, i}, {2, 3}, {2, i}, {3, i}.

~! circ(b), J{w"o.�� b, c ∈ Sn
+, n(b), n(c) ≥ 2, q a = circ(b)c de.

hp. 3.1 w, A = circ(a) �%&�!��"X���.
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