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8 1 Sierpinski 59;6 Sierpinski 5

�� α(= 1 + log 2
log 3 ) : Hausdorff 78� Cauchy ./ F, ,-�9��<��;, Æ-
<�

=0����=. :Æ��>1�?;�./ F @A;, 9>5�<B=��?.�=. @BC
Laplace ./�Æ [9] D�8!, ���?.<B=���.E+�=, ?.�=3�� F ��

>@�. 6����*+A0B�CÆ [8–10].

C K �#DE C ��	� Sierpinski -, 	�?@�A> 1, e2πi/3, e4πi/3. K �BC=�

3 {Sk}5
k=0 �F�G, FD

Skz = εk + (z − εk)/3, εk =
(

3
4

+
(−1)k

4

)
e2kπi/6, k = 0, 1, . . . , 5.

�Æ [11, D
 9.3]GH K � Hausdorff :�> α = 1+ log 2
log 3 ≈ 1.6309. EHH α � K �IFG

� α: Hausdorff78,�IJH α(K) = 1.DK K �H α � Cauchy./ F (z) =
∫

K
dH α(ω)

z−ω .

H T = 1−K, Tj = 1−Kj ,FD Kj = SjK, j = 0, 1, . . . , 5, L T �?@> 0,
√

3eπi/6,
√

3e−πi/6.

C A0 =
⋃∞

n=−∞
(
3n

⋃5
i=1 Ti

)
. 
�� T J �	� Sierpinski K (:7 2). MH T = {z : z ∈

A0 L Re z ≤ 3/2}.
6�H78 H α MN� C �, �I� μ ÆNMNI�78, LMH μ � α : Hausdorff

78��J�K, �L5 μ|K = H α � μ(T ) = 1. �Æ [11] D Hausdorff 78�L:�=H
μ O5OPM.���= μ(3nE) = 3αnμ(E), n ∈ Z. >��� F �P6�=, Q+<B=�
Hα

k (z) =
∫

Ak

dμ(ω)
(z−ω)2 , 0 ≤ k ≤ 5, FD Ak = ekπi/3A0.

:Æ*+��� Hα
k (z) ��.�=, ���:RD
:

qr 1.1 (i) Hα
0 (z) � π/6 < arg z < 11π/6 �Q , �L5

Hα
0 (z) =

∑
n∈Z

3(α−2)n

∫
⋃5

i=1
Ti

dμ(ω)
(3−nz − ω)2

.

(ii) H Dk = {z : π/6 + kπ/3 < arg z < 11π/6 + kπ/3}, L5 Hα
k (z) = e−2kπi/3Hα

0 (e−kπi/3z)
� Hα

k (3z) = 3α−2Hα
k (z), z ∈ Dk, 0 ≤ k ≤ 5.
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>��� F � K W6�� �=����=, Q+<B=�
Hα

1,5(z) = Hα
1 (z) +Hα

5 (z) =
∫

eπi/3A0∪e−πi/3A0

dμ(ω)
(z − ω)2

�XWX��YZ�, FD[�X
:7 3.

o A0

� 3
����
2

,
�����3
���������

2
�

� 3
����
2

,�
�����3
���������

2
�

o

8 2 ;6 Sierpinski Y A0 8 3 Hα
1,5 \]6ZY eπi/3A0 ∪ e−πi/3A0

qr 1.2 ^ x < 0 [, Hα
1,5(x) \ZL Hα

1,5(x) < 0.
C T+

3 = {ω : ω ∈ T3 L Imω ≥ 0}, ���=� Hα
k (z) ���57��=.

qr 1.3 ]) z1−α >*[��, �^ z ∈ R
+ [, z1−α )IW�, L3 ∀ z0 ∈ Dk, 5∫ 3z0

z0
z1−αHα

k (z)dz = Ce−
αkπi

3 +απi, FD[�^_�`� Dk D�\a z0 � 3z0 �_`b�,

C =
2π(1 − α)
sin(απ)

∫
T+
3 ∪T4∪T5

cos(α argω)
|ω|α dμ(ω) ∈ (1.29085, 1.29175).

�C C �a*, �\c F (z) � |z| < 1 d�b]�[+��.

2 s^tu
C Ψ(t) =

∫
A0

e−tωdμ(ω), t > 0 � μ � A0 �� Laplace ./. � μ(3E) = 6μ(E) c A0 �

ÆdeMH
Ψ(t) =

∞∑
n=−∞

1
6n

∫
⋃5

i=1
Ti

e−t3−nωdμ(ω), t > 0. (1)

H Φ0(t) �Æ [9, (3.5) e] DK. )Æ [9] D (3.5) e� j = 0, K �	� Sierpinski - K, ,
)�.f_/�� Φ0(t) = tαΨ(t). �Æ [9] D�`� 3.5 �ga 3.4, Gb��

Ψ(t) =
∞∏

k=1

q(3kt)
∞∏

k=0

q(3−kt)
6

, (2)

FD
q(t) = 1 + 2e−t/2 cos

(√
3t
6

)
+ 2e−t cos

(√
3t
3

)
+ e−t. (3)
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c�Æ [9] D��
 3.3 GH, Φ0(t) � R
+ �\ZL Φ0(3t) = Φ0(t), e"MH Φ0(t) � R

+ �

5h. f

M = max
1/3≤t≤1

Φ0(t) = sup
t∈R+

Φ0(t), m = min
1/3≤t≤1

Φ0(t) = inf
t∈R

+
Φ0(t). (4)

vr 2.1 H C = 2(2π/
√

3)2−α, L^ x < 0 [, 5
(−x)2−αHα

1,5(x) = −C
∫ +∞

0

Φ0

(
− 2πt√

3x

)
t1−αe−πt/

√
3 sin

(
π

6
− πt

)
dt := −Cψ(x).

wx gD x < 0, � μ �OPM.�� A0 �CWX�3h�, GH
Hα

1,5(x) = 2Re
∫

A0

dμ(ω)
(x− ωeπi/3)2

= 2Re
(

e−2πi/3

∫
A0

dμ(ω)
(ω − xe−πi/3)2

)
. (5)

i��i[�j, 5∫
A0

( ∫ +∞

0

|te−t(ω−xe−πi/3)|dt
)
dμ(ω)

=
∫

A0

( ∫ +∞

0

tet(x/2−Re ω)dt

)
dμ(ω) =

∫
A0

(
1

x/2 − Reω

∫ +∞

0

tdet(x/2−Reω)

)
dμ(ω)

=
∫

A0

1
(Reω − x/2)2

dμ(ω) < +∞.

dk� Fubini D
, G�∫ +∞

0

Ψ(t)tetxe−πi/3
dt =

∫
A0

( ∫ +∞

0

tet(xe−πi/3−ω)dt

)
dμ(ω) =

∫
A0

dμ(ω)
(ω − xe−πi/3)2

,

e"� (5) e, GH
Hα

1,5(x) = −2Re
∫ +∞

0

Ψ(t)teπi/3+txe−πi/3
dt = −2

∫ +∞

0

Ψ(t)tetx/2 cos
(
π

3
−

√
3tx
2

)
dt

= −C(−x)α−2
∫ +∞

0

Φ0

(
− 2πt√

3x

)
t1−αe−πt/

√
3 sin

(
π

6
− πt

)
dt,

FD C = 2(2π/
√

3)2−α. �
�\.
vr 2.2 H m � M � (4) eDK, L 0.4858 < m < M < 0.4890.
wx H q(t) � (3) eDK, C

f(t) = tα
3∏

k=1

q(3kt)
4∏

k=0

q(3−kt)
6

. (6)

f(t)��l(=�,
�Xm [1/3,1]��=�7e:7 4 (2n 3j).i�Matlab� “fminbnd”
gCGb��=� f(t) �Xm [1/3,1] ��)[of>

0.4880 < f(t) < 0.4905. (7)

kga* ∏∞
k=4 q(3

kt). � (3) eMH 1 − 3e−t/2 ≤ q(t) ≤ 1 + 5e−t/2, dk 1 − 3e−3k/6 ≤
q(3kt) ≤ 1 + 5e−3k/6, 1/3 ≤ t ≤ 1. C g(x) = log(1 − 3e−x/6) + d1x

−5, d1 > 0. ^ x ≥ 81 [, 5
g′(x) =

1
2(ex/6 − 3)

(
1 − 10d1(ex/6 − 3)

x6

)
≤ 1

2(ex/6 − 3)

(
1 − 10d1(e27/2 − 3)

816

)
.

) d1 = 816/(10 · (e27/2 − 3)), L g′(x) ≤ 0, x ≥ 81. c� g(∞) = 0, G�

−d1x
−5 ≤ log(1 − 3e−x/6), x ≥ 81.

h
Gi� d2 = 816/(6 · (e27/2 + 5)), l� log(1 + 5e−x/6) ≤ d2x
−5, x ≥ 81. �b�1�, G�

e−d′
1 = e−d1

∑∞
k=4

3−5k ≤
∞∏

k=4

q(3kt) ≤ ed2

∑∞
k=4

3−5k

= ed′
2 , (8)
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FD d′i = di/(315 · (35 − 1)), i = 1, 2.
REa* ∏∞

k=5(q(3
−kt)/6). �j�^ 0 ≤ x ≤ 1/243 [, 5
4√
3

cos
(
π

6
−

√
3

3
x

)
+

2ex/2

√
3

cos
(
π

6
−

√
3

6
x

)
≥ 3,

mb) c = e−1/243/3, G�

(6e−2cx − q(x))′ = e−x

(
1 − 12ce(1−2c)x +

4√
3

cos
(
π

6
−

√
3

3
x

)
+

2ex/2

√
3

cos
(
π

6
−

√
3

6
x

))

≥ 4e−x(1 − 3ce(1−2c)x) ≥ 4e−x(1 − 3ce(1−2c)/243)

> 4e−x(1 − 3ce1/243) = 0.

kd> 6 − q(0) = 0, mb5 q(x) ≤ 6e−2cx, 0 ≤ x ≤ 1/243, e"5
q(3−kt) ≤ 6e−2c/3k+1

, k ≥ 5, 1/3 ≤ t ≤ 1.

�Æ [9, (5.10) e], 5 q(3−kt) ≥ 6e−2/3k+1
. C�

6e−2/3k+1 ≤ q(3−kt) ≤ 6e−2c/3k+1
, k ≥ 5, 1/3 ≤ t ≤ 1,

e"

e−1/35 ≤
∞∏

k=5

q(3−kt)
6

≤ e−c/35
. (9)

8p (2) � (6)–(9) e, ,) Matlab *3G�

0.4858 < 0.4880e−d′
1−1/35

< Φ0(t) < 0.4905ed′
2−c/35

< 0.4890.

\q.
vr 2.3 H ψ(x) :�
 2.1 mN, m � M � (4) eDK. C

β =
∫ 1/6

0

t1−αe−πt/
√

3 sin
(
π

6
− πt

)
dt, γ =

∫ 7/6

1/6

t1−αe−πt/
√

3 sin
(
πt− π

6

)
dt,

L ψ(x) > mβ −Mγ, x < 0.
wx C tn = t + n + 1/6, λn =

∫ 1

0
t1−α
n e−πt/

√
3 sin(πt)dt. MH λn > λn+1 > 0. ^ x < 0

[, 3 ψ(x) l�rb.f_/I, 5
ψ(x) =

( ∫ 1/6

0

+
∫ 7/6

1/6

)
Ψ0

(
− 2πt√

3x

)
t1−αe−πt/

√
3 sin

(
π

6
− πt

)
dt

+ e−π/(6
√

3)
∞∑

n=1

(−1)n−1e−nπ/
√

3

∫ 1

0

Ψ0

(
− 2πtn√

3x

)
tn

1−αe−πt/
√

3 sin(πt)dt

> mβ −Mγ + (m−Me−π/
√

3)e−π/(6
√

3)
∞∑

k=1

e−(2k−1)π/
√

3λ2k−1. (10)

��
 2.2 GH m−Me−π/
√

3 > 0. kd>Ims� ∑∞
k=1 e−(2k−1)π/

√
3λ2k−1 no, mb� (10)

e5 ψ(x) > mβ −Mγ. ?I�+\c�.

3 yzn{|
qr 1.1 owx �.f_/c μ ��=, 5

Hα
0 (z) =

∫
A0

dμ(ω)
(z − ω)2

=
∑
n∈Z

∫
3n

⋃5

i=1
Ti

dμ(ω)
(z − ω)2

=
∑
n∈Z

3(α−2)n

∫
⋃5

i=1
Ti

dμ(ω)
(3−nz − ω)2

.
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C E �#DE C ��p�q�, �L E ⊂ D0 = {π/6 < arg z < 11π/6}. MHt�
��� N, ^ n > N [, 3 ∀ z ∈ E, 5 dist(3−nz,

⋃5
i=1 Ti) > 1

2dist(0,
⋃5

i=1 Ti) =
√

3
6 . C

d = dist(E,A0) > 0, L3 ∀ z ∈ E, 5
|Hα

0 (z)| ≤
∑
n∈Z

3(α−2)n

∫
⋃5

i=1
Ti

dμ(ω)
|3−nz − ω|2

=
∫
⋃5

i=1
Ti

dμ(ω)
|z − ω|2 +

N∑
n=1

3(α−2)n

∫
⋃5

i=1
Ti

dμ(ω)
|3−nz − ω|2

+
∞∑

n=N+1

3(α−2)n

∫
⋃5

i=1
Ti

dμ(ω)
|3−nz − ω|2 +

∞∑
n=1

3−αn

∫
⋃5

i=1
Ti

dμ(ω)
|z − 3−nω|2

<
5

6d2

(
1 +

∞∑
n=1

3−αn

)
+

N∑
n=1

3(α−2)n

∫
⋃5

i=1
Ti

dμ(ω)
|3−nz − ω|2 + 10

∞∑
n=N+1

3(α−2)n

< C(E) < +∞,

FD C(E) �prC E �J�. �E�M(esc Hα
0 (z) � D0 �p�q��t3�qno.

kd> Hα
0 (z) �s�ÆND�u�mu� D0 �Q , mb Hα

0 (z) � D0 �Q .
(ii) � Ak = ekπi/3A0, i�.f_/c μ ��=M\�D
8�.
�k, r �s�D
�\c.
qr 1.2 owx �D
 1.1, MH Hα

1,5(z) �tvDEQ , e" Hα
1,5(x) ^ x < 0 [�\

Z�. ,) Mathematica *3� β > 0.4930, γ < 0.3115. 8p�
 2.2 GH ψ(x) > mβ−Mγ >

0.0870, Æ"��
 2.1 GH, ^ x < 0 [, Hα
1,5(x) < 0. \q.

qr 1.3 owx 3 ∀ z0 ∈ Dk, �vuD
MwH[�^_�\a z0 � 3z0 �v�x. C
z0 = aeiθ, z = teiθ, L ∫ 3z0

z0

z1−αHα
k (z)dz = eiθ(2−α)

∫ 3a

a

t1−αHα
k (teiθ)dt. (11)

�D
 1.1, 5∫ 3a

a

t1−αHα
k (teiθ)dt = e−

2kπi
3

∫ 3a

a

t1−αHα
0 (e−

kπi
3 teiθ)dt

= e−
2kπi

3

∫ 3a

a

t1−α

( ∑
n∈Z

3(α−2)n

∫
⋃5

i=1
Ti

dμ(ω)

(3−nte(θ− kπ
3 )i − ω)2

)
dt

= e−
2kπi

3

∑
n∈Z

∫
⋃5

i=1
Ti

( ∫ 3−n+1a

3−na

y1−αdy

(ye(θ− kπ
3 )i − ω)2

)
dμ(ω)

= e−
2kπi

3

∫
⋃5

i=1
Ti

( ∫ +∞

0

y1−αdy

(ye(θ− kπ
3 )i − ω)2

)
dμ(ω)

= e−2θi

∫
⋃5

i=1
Ti

( ∫ +∞

0

y1−αdy

(y − ωe( kπ
3 −θ)i)2

)
dμ(ω). (12)

�Æ [12, 159 w] �w�D
, 5∫ +∞

0

y1−αdy

(y − ωe( kπ
3 −θ)i)2

=
2πi

1 − e−2απi
Re s

z=ωe(
kπ
3 −θ)i

z1−α

(z − ωe( kπ
3 −θ)i)2

=
πi(1 − α)e−

αkπi
3 +αθi

ωα sin(απ)e( 1
2−α)πi

=
π(1 − α)e−

αkπi
3 +αθi+απi

ωα sin(απ)
,
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Cx (12) e, �∫ 3a

a

t1−αHα
k (teiθ)dt =

π(1 − α)e−
αkπi

3 +(α−2)θi+απi

sin(απ)

∫
⋃5

i=1
Ti

ω−αdμ(ω). (13)

kd> ⋃5
i=1 Ti �y�CWX3h, mb∫

⋃5

i=1
Ti

ω−αdμ(ω) = 2Re
∫

T+
3 ∪T4∪T5

ω−αdμ(ω) = 2
∫

T+
3 ∪T4∪T5

cos(α argω)
|ω|α dμ(ω). (14)

8p (11), (13) � (14) e, � ∫ 3a

a

t1−αHα
k (teiθ)dt = Ce−

αkπi
3 +απi,

?z
C =

2π(1 − α)
sin(απ)

∫
T+
3 ∪T4∪T5

cos(α argω)
|ω|α dμ(ω). (15)

REa*J� C �	x. kga* ∫
T5

|ω|−α cos(α argω)dμ(ω). )BC=�3 σjz = zj +
(z − zj)/3, j = 1, . . . , 6, FD z1 = 1, z2 = 1 + i

√
3/6, z3 = 1 + i

√
3/3, z4 = 3/4 + i

√
3/4, z5 =

1/2+ i
√

3/6, z6 = 3/4+ i
√

3/12.MH T5 �BC=�3 {σj}6
j=1 �F�G,L T5 =

⋃6
j=1 σj(T5).

C Λ = {J = (j1, . . . , jk) : js ∈ {1, . . . , 6}, s = 1, . . . , k}, σJ = σj1 ◦ · · · ◦ σjk
, |J | = k ÆN J

�y8, k ∈ N
+. �rb�BC�3M5 T5 =

⋃6
j=1 σj(T5) =

⋃
|J|=k σJ (T5). 3p� J ∈ Λ, C

τJ �z{ σJ (T5) �1xI	K�X
�Ey (:7 5).

0.4 0.5 0.6 0.7 0.8 0.9 1
0.488

0.4885

0.489

0.4895

0.49

0.4905

0.491

zJΣJ �T5�

8 4 f(t) zZ| [1/3, 1] {\}|8{ 8 5 |;Y}ZY σJ(T5)

MH τJ = σJ (σ2z5), �L^ ω ∈ σJ (T5) [, |ω − τJ | ≤ 3−k−1. f zn = an + ibn, n =
1, 2, . . . , 6. � zn �DK, MH a1 = a2 = a3 = 1, a4 = a6 = 3/4, a5 = 1/2, b1 = 0, b2 = b5 =√

3/6, b3 =
√

3/3, b4 =
√

3/4, b6 =
√

3/12. �j� J ∈ Λ, � σj �DKG�
τJ = σJ (σ2z5) = σJ

(2
3
z2 +

1
3
z5

)
= 2

k∑
s=1

(1
3

)s

zjs +
(1

3

)k(2
3
z2 +

1
3
z5

)

= 2
k∑

s=1

(1
3

)s

ajs +
5
6

(1
3

)k

+
(

2
k∑

s=1

(1
3

)s

bjs +
√

3
6

(1
3

)k
)
i. (16)

H[�
∫

T5
|ω|−α cos(α argω)dμ(ω) � k }~6>

∑
|J|=k

∫
σJT5

cos(α arg τJ )
|τJ |α dμ(ω) = 6−k−1

∑
|J|=k

cos(α arg τJ )
|τJ |α := c

(k)
1 . (17)
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~�> ∣∣∣∣
∫

T5

cos(α argω)
|ω|α dμ(ω) −

∑
|J|=k

∫
σJT5

cos(α arg τJ )
|τJ |α dμ(ω)

∣∣∣∣

=
∣∣∣∣

∑
|J|=k

Re
∫

σJT5

ω−αdμ(ω) −
∑
|J|=k

Re
∫

σJT5

τJ
−αdμ(ω)

∣∣∣∣

≤ α
∑
|J|=k

∫
σJT5

∣∣∣∣
∫ ω

τJ

ξ−α−1dξ

∣∣∣∣dμ(ω)

≤ 18−k−1α
∑
|J|=k

|σJz5|−α−1 := δ
(k)
1 . (18)

~�C (17) � (18) e, H[�
∫

T4
|ω|−α cos(α argω)dμ(ω) �

∫
T3

|ω|−α cos(α argω)dμ(ω) � k

}~6�~��A> c
(k)
2 , c

(k)
3 � δ

(k)
2 , δ

(k)
3 . C

c(k) =
2π(1 − α)
sin(απ)

(c(k)
1 + c

(k)
2 + c

(k)
3 /2), δ(k) =

2π(1 − α)
sin(απ)

(δ(k)
1 + δ

(k)
2 + δ

(k)
3 /2),

) k = 7, ,) Mathematics *3� c(7) = 1.291298 . . . , δ(7) = 0.00043107 · · · . � (15), (17) �
(18) eMH c(7) − δ(7) < C < c(7) + δ(7), dk5

1.29085 < C < 1.29175.
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