
�50��4� � � � � ��� Vol.50, No.4

2007�7� ACTA MATHEMATICA SINICA, Chinese Series Jul., 2007

����: 0583-1431(2007)04-0721-08 �	
��: A

� Abel ��

����������

���

Æ������ �	 430062
E-mail: ghliu@hubu.edu.cn


��

�������������� �� 100080
E-mail: yjma@mmrc.iss.ac.cn

� � ������ !"#, $"%&'())*+,-��./ Abel 0�12
�34��56��7�.

��� 56�; ./ Abel 0�; 2�34�
MR(2000)  !"# 20E34, 20F16, 20F18
$%"# O152

On Soluble Groups Whose Maximal Abelian Quotients are Locally Cyclic

He Guo LIU

Department of Mathematics, Hubei University, Wuhan 430062, P. R. China
E-mail: ghliu@hubu.edu.cn

Yu Jie MA

KLMM, Institute of Systems Science, Chinese Academy of Sciences,
Beijing 100080, P. R. China
E-mail: yjma@mmrc.iss.ac.cn

Abstract By using automorphism groups of locally cyclic groups, some structures of
soluble groups with finiteness conditions and locally cyclic maximal abelian quotients
are given.

Keywords soluble group; maximal abelian quotient; locally cyclic group
MR(2000) Subject Classification 20E34, 20F16, 20F18
Chinese Library Classification O152

0 &'
� G ��, G′ �	��
(�. )* G ��� Abel ���� G/G′ ���, +	


Gab := G/G′ � G �,� Abel ��. �* G ��-��
G = γ1(G) � γ2(G) � · · ·

���: 2006-04-27; ����: 2006-12-30

����: ��.�����/0�� (10371032, 10301032); ��1���2��3�� (2004CB318000)

4�4��� (GZ310); �5�Æ�����Æ����6�2����/0��



722 � � �  7 8 9 50�

� , !:;<!�"�
Gab ⊗ Gab ⊗ · · · ⊗ Gab︸ ︷︷ ︸

i

−→ γi(G)/γi+1(G),

*�:#$��%&, Gab = G/G′ �'"(=)#:>*+$% G �,Æ(=, &'- [1–2].

((), *#$� G �,� Abel �� Gab = G/G′ �?+�., G @A%�?+�. B�A
�,-�/0, 12&C.#$3�/0��
14�-�(��?+5D234567E6.

7:.B�,-�/0898:;<. --=��.9:?+��<;�7<, �A>=FF
?@A>��,� Abel ���9:?+��&?�67B@;.

1 GHIJKL
MN 1 � G �#$�, Gab = G/G′ �9:?+�, O G′ = 1, A G @�9:?+�.

PQ B N = γ3(G) = [G,G,G], 	� G �(=(�. B G = G/N , C. G′ = G′/N ,

Gab = G/G′ ∼= Gab = G/G′ �9:?+�, DC G′ � G �-�(�. DE G �F�RG x

E y, 〈xG′, yG′〉/G′ �?+�, A!: z ∈ G, HF x ∈ zmG′, y ∈ znG′ �I>J m E n. S
TG G′ � G �-�(�, 〈z, G′〉 � Abel �. BU xy = yx, G � Abel �, G′ = 1, .	

γ3(G) = N = G′. V G �#$�, HF G′ = 1, BI6 G �9:#$�.

�K��LI6%M 1 �9:#$��3JN�.

W 1 EO?+ 2- � A = Z2∞ CK A �LP<; α, α M A ���RN�BQR, α �

2 O�. )C;X G = 〈α〉 � A, O G �9:#$ 2- �, G′ = A, Gab = G/G′ ∼= 〈α〉 � 2 O�.

PQ � G �DTF?RJ�(� H = 〈g1, g2, . . . , gn〉, * H � A ., H �F??+ 2-

�. * H 3� A �(�., . G = HA = AH Y
H/H ∩ A ∼= HA/A = G/A ∼= 〈α〉

� 2 O�, H ∩ A @�F?RJ�, H ∩ A �F??+ 2- �, .	 H �F? 2- �, )CFG G

�9:#$ 2- �.

S! G′ � A, PZ, � A �DTR x, �
(
[x, α] = x−1xα = x−1x−1 = x−2 ∈ G′.

STG A � 2- &Q�, A � G′, .	 G′ = A, DC G/G′ ∼= 〈α〉 � 2 O�.

MN 2 �� G �,� Abel �� Gab = G/G′ �?+ p- �, O G′ �,� Abel ��

G′
ab = G′/G′′ � p- &Q�.

PQ 3R� G′′ = 1, DC G′ 	= 1, SO&[ G/G′′ TT G. B N = G′p = 〈xp |x ∈ G′〉,
N � G�(=(�. UU N � G′ �\(�, G′/N �V2 Abel p-�, BU!: M/N < G′/N ,

HF G′/M � p O�. ]� |G : G′| = pn, G =
⋃

1� i�pn G′gi � G W* G′ �VXY?, � G

�DTRG g, g &CW� g = xgi �I� x ∈ G′ CKI� 1 � i � pn, *�
Mg = Mxgi = Mgi � G′gi = G′ � G.
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+C, M : G ]�a

MG =
⋂

g∈G

Mg =
⋂

1� i�pn

Mgi .

STG�� Mgi : G′ ]�`J�� p, DC G′ � Abel �, &Y
G′/MG = G′/

⋂
1� i�pn

Mgi �
∏

1� i�pn

G′/Mgi

�F?V2 Abel p- �, .	 G/MG �F? p- �, DC G/MG �,� Abel ��

G/M/(G/MG)′ = G/MG/G′/MG
∼= G/G′

�?+ p- �. bc%M 1 Y, G/MG �?+�, ^Z G′ � MG, Bda_e, `CHF G′ = N ,

A G′ � p- &Q�.

�K67A3,� Abel ��� p O��9:#$�, B�
(��F?�O?+ p- ��

bE.

W 2 EO?+ p- � A1 = A2 = · · · = Ap−1 = Zp∞ , A = A1 ⊕ A2 ⊕ · · · ⊕ Ap−1 CK A �

<;
α : A = A1 ⊕ A2 ⊕ · · · ⊕ Ap−1 −→ A1 ⊕ A2 ⊕ · · · ⊕ Ap−1 = A

(a1, a2, . . . , ap−1) −→
(
−

∑
1≤i≤p−1

ai, a1, . . . , ap−2

)
.

)C;X G = 〈α〉 � A, O G′ = A � p- &Q�, Gab = G/G′ ∼= 〈α〉 � p O?+�.

PQ bc- [3]Y A�<�+ End (A) ∼= Mp−1(Zp),B] Zp � p-f>J+, Mp−1(Zp)

� Zp +a: p − 1 OgcdJ�+, S! α �Æ�gc�⎛
⎜⎜⎜⎜⎜⎜⎜⎝

−1 1 0 · · · 0 0
−1 0 1 · · · 0 0
−1 0 0 · · · 0 0
...

...
...

...
...

...
−1 0 0 · · · 0 1
−1 0 0 · · · 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

,

A� A �DTR (a1, a2, . . . , ap−1), F

α(a1, a2, . . . , ap−1) = (a1, a2, . . . , ap−1)

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

−1 1 0 · · · 0 0
−1 0 1 · · · 0 0
−1 0 0 · · · 0 0
...

...
...

...
...

...
−1 0 0 · · · 0 1
−1 0 0 · · · 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

.

befE α �(="cd� λp−1 + λp−2 + · · · + λ + 1, *�) Cayley–Hamilton %MY
αp−1 + αp−2 + · · · + α + 1 = 0,
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.	 αp = 1, α � A � p O<;. � A �DT�4R (a, a, . . . , a), 	g α ��
(
[(a, a, . . . , a), α] = −(a, a, . . . , a) + (a, a, . . . , a)α

= (−a, −a, . . . ,−a) + (−(p − 1)a, a, . . . , a)

= (−pa, 0, . . . , 0) ∈ G′.

STG A � p- &Q@, F A1 � G′. U), .

[(0, 0, . . . , 0, ap−1), α] = (−ap−1, 0, . . . , 0, −ap−1),

[(0, 0, . . . , ap−2, 0), α] = (−ap−2, 0, . . . ,−ap−2, ap−2),
...

[(0, a2, . . . , 0, 0), α] = (−a2, −a2, a2, . . . , 0, 0),

[(a1, 0, . . . , 0, 0), α] = (−2a1, a1, 0, . . . , 0, 0)

Y Ap−1, Ap−2, . . . , A2 � G′, .	

A = A1 ⊕ A2 ⊕ · · · ⊕ Ap−1 � G′.

V G/A ∼= 〈α〉 � p O?+�, G′ � A, +C G′ = A �&Q�.

MN 3 �� G �,� Abel �� Gab = G/G′ �?+ p- �, O G′ eFF? p- ��.

PQ h� H � G′, G′/H �F? p- �, O� G �DTRG x, F Hx � G′x = G′, DC

G′/Hx @�F? p- �. B HG =
⋂

x∈G Hx, HG � G. V |G : H| = |G : G′| · |G′ : H| < ∞, i

|G : HG| < ∞. *�)
G′/HG = G′/

⋂
x∈G

Hx �
∏
x∈G

G/Hx

Y, G′/HG �F? p- �, f	 G/HG @�F? p- �; VSTG G/HG �,� Abel ��

G/HG/(G/HG)′ ∼= G/G′ �?+ p- �, bc%M 1 Y, G/HG �?+ p- �, G′ � HG, _e.

+C G′ eFF? p- ��.

hi 1 � P �F?j�&? p- �, 	�,� Abel �� Pab = P/P ′ �?+�, Ojk
P ′ = 1 (A P �?+�), jk P ′ �F?�O?+ p- ��bE.

PQ h� P ′ 	= 1,)A>Y P ′ �&?� Cernikov p-�,M P ′ �F?flB� R, R char

P ′, DC P ′/R �F? p- �, )%M 3 Y, HF R = P ′, +	 P ′ �F?�O?+ p- ��bE.

MN 4 � G �F?j�&?�, g G �,� Abel �� Gab = G/G′ �O?+ p- �, O
G′ = 1, A G @�O?+ p- �.

PQ 3R� G′′ = 1, A G′ � Abel �. B G′ �h(�� T , 	� G �(=(�, G′/T

�F?j�ih Abel �, � G′/T � 0- j� r, O)- [4] Y
Aut (G′/T ) � Aut (G′/T ⊗Z Q) ∼= Aut (Q ⊕ Q ⊕ · · · ⊕ Q) ∼= GLr(Q).

kj G/G′ : G′/T +�lmd[, F
G/G′/CG/G′(G′/T ) � Aut (G′/T ) � GLr(Q).
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bc Schur �nk%M: GLr(Q) �h(��F?�, VSTG G/G′ �O?+ p- �, HF
CG/G′(G′/T ) = G/G′, A G′/T � G/T �-�(�. .	 G/T � Abel �, G′ � T , A G′

�h�.

g G′ 	= 1, G′ �B Sylow (��bE, DE G′ �mln Sylow r- (� R, G′ = R ⊕ S, B
] S � G′ � Hall r′- (�, S char G. 7:kj G/S, ) G/G′ E G′/S �� Cernikov �Y,

G/S @� Cernikov �, *� G/S �F?fl F/S : G/S -=FF?`J, DC F/S �F?
�O?+��bE, BU G′ � F , G/S � Abel �, G′ � S, _e. BI6HF G′ = 1, A G �

O?+ p- �.

MN 5 � G �F?j�&?�, g G �,� Abel �� Gab = G/G′ ;*FMJo�
Q, O G′ = 1, A G ;*FMJo� Q.

PQ 3R� G′′ = 1, A G′ � Abel �. B G′ �h(�� T , T char G, G′/T �F?j
�ih Abel �, � G′/T � 0- j� r, O

A := G′/T ⊗Z Q ∼= Q ⊕ Q ⊕ · · · ⊕ Q ( rc ),

])- [4] Y
Aut (G′/T ) � AutA ∼= GLr(Q),

kj G/G′ : G′/T +�lmd[, befE G/G′ od)d[: A = G′/T ⊗Z Q +. +C
G/G′/CG/G′(A) � Aut (A) ∼= GLr(Q).

STG G/G′ ;*FMJo�, CK GLr(Q) �h(�Hm�F?�, &Yjk CG/G′(A) =

G/G′, jk CG/G′(A) = 1. :pAp%&, G/G′ ln)d[: G′/T +, G/T �-�(� G′/T

q9:?+� G/G′ �5D, G/T � Abel �, ^Z G′ � T � Abel h�. :prp%&, G/G′

q0)d[: A +, s G/G′ td GLr(Q) �(�, )* G/G′ ∼= Q, +	)- [5, 2 r%M 3]

Y, G/G′ � GLr(Q) �&Cn4u(�, *�&� G/G′ � GLr(Q) �+n4(�. kj�K<
!���

α : G/G′ −→ GLr(Q) −→ Q∗ ⊕ Q∗ ⊕ · · · ⊕ Q∗

⎛
⎜⎜⎜⎝

a1 ∗ ∗ ∗
a2 ∗ ∗

. . . ∗
ar

⎞
⎟⎟⎟⎠ −→

⎛
⎜⎜⎜⎝

a1

a2

. . .
ar

⎞
⎟⎟⎟⎠ −→ (a1, a2, . . . , ar),

Ker α = G/G′ ∩ Tr1(Q), Tr1(Q) �s�4oRG� 1 �a*+n4cdJ��, DC

G/G′/Kerα ∼= Imα � Q∗ ⊕ Q∗ ⊕ · · · ⊕ Q∗.

c- [6] Y
Q∗ ∼= Z2 ⊕

( ⊕
p∈P

Z

)
,

B- P Ipa*GJ, ]) G/G′ �&Q@&Y G/G′ = Kerα, A G/G′ � Tr1(Q), BU G/G′

#$)d[: A +, @#$)d[: G′/T +, +C G/T �#$�, DC.A>Y, G/T �,�
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Abel �� G/T/(G/T )′ = G/G′ �9:?+�, bc%M 1 Y, G/T �9:?+�, G′ � T �

Abel h�.

7:tY G′ � Abel h�, h� G′ 	= 1, E G′ �mln Sylow p- (� P E Hall p′- (
� R, G′ = P ⊕ R, DC R char G. B G := G/R, C. G′ = G′/R ∼= P � Abel p- �,

G/G′ ∼= G/G′ ∼= Q. ���<!J n, B Ωn(G′) = {x ∈ G′ | pnx = 0}, 	2�� G �(=(�,

DC G′ �B> Ωn(G′) �DX. befE G/G′ ln)d[:F? Abel p- � Ωn(G′) +, G/G′

ln)d[: G′ +, A G′ � G �-�(�, G � G′ �9:?+5D, G = G/R � Abel �,

G′ � R, _e. BUHF G′ = 1, A G ∼= Q.

MN 6 �� G �,� Abel �� Gab = G/G′ �?+ p- �, O G(2)/G(3) 3�mln�?
+ p- �.

PQ h� G(2)/G(3) �mln�?+ p- �, �vw&q G(3) = 1, A G(2) � pn O?+
�, kj G : G(2) +�lmd[, &F

G′/CG′(G(2)) � Aut G(2) ∼=

⎧⎪⎪⎨
⎪⎪⎩

Zp−1 ⊕ Zpn−1 , p�rGJ,
1, p = 2, n = 1,
Z2, p = 2, n = 2
Z2 ⊕ Z2n−2 , p = 2, n � 2,

)%M 3 Y, G′ eFF? p- ��, iu)F G′/CG′(G(2)) � Zp−1, ]STG G/G′ �F??+
p- �, &CfE G/CG′(G(2)) � Abel �, A G′ � CG′(G(2)), BTs; G(2) � G′ �-�(�.

E G′ �DTm-�R g, S! g /∈ G(2), kj�K<!���
α : G′ −→ G(2),

x −→ [g, x].

c�%MY, G′/Kerα ∼= Imα � G(2) �?+ p- �, ])%M 3 Y, HF G′/Kerα = 1,

G′ = Kerα, BU g � G′ �-�R, _e. +C G(2)/G(3) A%3�mln�?+ p- �.

MN 7 �h� G �,� Abel �� Gab = G/G′ �?+ p- �, O G(2)/G(3) 3�O?+
p- �.

PQ h� G(2)/G(3) �O?+ p- �, 3R� G(3) = 1, C. G(2) ∼= Zp∞ . kj G : G(2)

+�lmd[, )- [7] &F, * p �rGJ.

G′/CG′(G(2)) � Aut G(2) ∼= Aut (Zp∞) ∼= Z∗
p
∼= Zp−1 ⊕ (1 + pZp),

B- Z∗
p � p- f>J+ Zp �x
yz�, + G �h�, G′/CG′(G(2)) � Zp−1. i?+ p-

� G/G′ t{lmln)d[: G′/CG′(G(2)) +, G′/CG′(G(2)) � G/CG′(G(2)) �-�(�,

G/CG′(G(2)) � Abel �, G′ � CG′(G(2)), A G(2) � G′ �-�(�, .	 G′ �#$�, G′ �

B Sylow p- (� P g Hall p′- (� R �b|, A G′ = P × R, DC G(2) � P .

* p = 2 ., bc- [7] Y
G′/CG′(G(2)) � Aut G(2) ∼= Aut (Z2∞) ∼= Z∗

2 = Z2 ⊕ (1 + 22Z2),

B- Z∗
2 � 2- f>J+ Z2 �x
yz�. )A>Y G′/CG′(G(2)) � Z2, V)%M 3 Y G′ eF

F? 2- ��, BUHF G′ = CG′(G(2)), A G(2) � G′ �-�(�, G′ �#$�. C. G′ �B

Sylow 2- (� P g Hall 2′- (� R �b|, A G′ = P × R, C G(2) � P .
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) R∩G(2) = 1 Y, R ∼= R ·G(2)/G(2) � G′/G(2) � Abel p′- �. V)%M 2 Y, G′/G(2) �

p- &Q�, BU G′/G(2) � p- vGYw P/G(2) @� p- &Q�, P/G(2) �O?+ p- ��bE.

DE x, y ∈ P , !: P/G(2) �Y? P/G(2) = M/G(2) ⊕ N/G(2), HF M/G(2) �F?�O?+
p- ��bE, DC x, y ∈ M . V M �F?j�#$ p- �, B-�: M ]=FF?`J, *�
M H� Abel �, .	 P @� Abel �, G′ = P ×R � Abel �, G(2) = 1, _e, i G(2)/G(3) u

%3�O?+ p- �.

vK;<wI>,� Abel ���9:?+��&?��@;, )C&C<!)xx7B�
yz�}{�|: �
(��9:?+���=FyU�@;? �*#$�, 12&CFGU�
�@<.

MN 8 �#$� G ��
(� G′ �9:?+�, O
(i) * G′ �ih�., G′ � G �-�(�;

(ii) * G′ �&Qh�., G′ � G �-�(�.

PQ 12u}E6� G �DTRG x, G′ � H = 〈G′, x〉 �-�(�.

(i) * xG′ � G/G′ �i?OR., befE H � G �ih(�, H �+-����+(
��ih�, STG G′ � H, G′ g H �-� Z(H) �~ Z(H) ∩ G′ 	= 1. V G′ �9:?+�,

G′/Z(H)∩G′ ∼= Z(H) ·G′/Z(H) � H/Z(H)�ih�, HF G′ � Z(H)∩G′, G′ � H �-�(
�. * xG′ � G/G′ �F?OR., H/G′ = 〈xG′〉 �F??+�. B π = {GJ p |G′p = G′},O

Aut (G′) = Z2 ⊕
( ⊕

p∈π

Z

)
,

i* H lm)d[: G′ +., H/CH(G′) � Z2. h� H/CH(G′) = Z2, O�b| H/CH(G′) �

G′ = 〈x,G′〉,B- x� G′ �LP<;, A xM G′ ���RN�BQR, B.&CfE 〈x,G′〉
3�#$�. ]STG H/CH(G′) � G′ = 〈x,G′〉 ∼= H/C〈x〉(G′), 	�#$�, BA_eI6
H = CH(G′), G′ H� H �-�(�.

(ii) * G′ �&Qh�., G′ �B Sylow (��bE, G′ = ⊕G′
p, B- G′

p �O?+ p- �.

zE G′ � H �-�(�, u}E�� G′
p � H �-�(�, AE6 K := 〈G′

p, x〉 � Abel �

A&. h� G′
p 3� K �-�(�. kj K : G′

p +�lmd[, bc- [7] Y

K/CK(G′
p) � AutG′

p
∼= Aut (Zp∞) ∼= Z∗

p =
{

Z2 ⊕ (1 + 22Z2), p = 2,
Zp−1 ⊕ (1 + pZp), p�rGJ,

B- Z∗
p � p- f>J+ Zp �x
yz�, Z2 � 2- f>J�. )*

K/CK(G′
p) � G′

p = 〈x,G′
p〉 ∼= K/C〈x〉(G′

p)

�#$�, +	 〈x〉 ∼= K/CK(G′
p) A%�i??+�, A C〈x〉(G′) = 1, K ∼= 〈x〉 � G′

p, B- 〈x〉
�i??+�. g xia � K �-�R, i �>J, a ∈ G′

p, O xia E a �~* CK(G′
p), .	

xi ∈ CK(G′
p), Hm i = 0, BI6 K �-� Z(K) � G′

p. UU Z(K) = G′
p, O K/Z(K) ∼= 〈x〉,

K �B-��?+5D, K H� Abel �, _e. )CFG Z(K) < G′
p, A Z(K) � G′

p �F?
(�. B |Z(K)| = pn, K �#$3� c, O K �#`J exp(K) >Q p cn, B�3&)�, +C
G′

p H� K �-�(�.
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W 3 � n � 2, E 2n+1 OrK*�

D2n = 〈x, y |x2 = y2n

= 1, yx = y−1〉,
	��
(� D′

2n = 〈 y2 〉 3� D2n �-�(�. B��LI6*#$� G ��
(� G′ �

F??+�., G′ 3A%� G �-�(�.

MN 9 �9:#$� G ��
(� G′ �ih�9:?+�, O G′ � G �-�(�, G

�#$3� 2 �#$�.

PQ S!u}E6 G′ � G �-�(�. DE g ∈ G′, x ∈ G, 12{E H := 〈g, x〉 �
Abel �. /0+, . G �9:#$@Y H � 2- RRJ�#$�, H ���(���F?RJ
�, .	 G′ ∩ H � G′ �F?RJ(�, .A>Y G′ ∩ H �i??+�, V.

H/G′ ∩ H ∼= HG′/G′ = 〈g, x〉G′/G′ = 〈x〉G′/G′

YH/G′∩H �?+�,bc%M 8�3{�M&F, G′∩H �H �-�(�,.	H� Abel �.

MN 10 � G �9:#$�, B�
(� G′ �&Q� 2- <)�9:?+�, O G′ � G

�-�(�, G �#$3� 2 �#$�.

PQ )A>Y, G′ �B Sylow p- (� P �bE, G′ = ⊕P , B- P �O?+ p- �, p �

rGJ. )- [7] Y, * G lm)d[: P +.

G/CG(P ) � Aut P ∼= Aut (Zp∞) ∼= Z∗
p = Zp−1 ⊕ (1 + pZp).

B] Z∗
p � p- f>J+ Zp �x
yz�, *�) G �9:#$h�Y, G/CG(P ) = 1, G =

CG(P ), P � G �-�(�, f	 G′ � G �-�(�, G �#$3� 2 �#$�.

�K��LI6, *9:#$� G ��
(� G′ �O?+ 2 - �., G′ 3A%� G �-
�(�.

W 4 EO?+ 2 - � A = Z2∞ KBLP<; α, α M A ���RNJBQR, α � A �

2 O<;, )C;X G = 〈α〉 � A, &CfE G �9:#$�, 	 G′ = A 3� G�-�(�.
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