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)�
, B(X) **+� C �!"# Banach �� X �
+$%,&'��g�
 Ba-

nach ��, X∗ ** X 
-,��, K(X) ** B(X) 
�%-��g�
��
(. X �
.

/��0Æ I. R **.� , Z **)�+$, N ***)�+$.

+/,1, --�2 Banach ���
&'�� (
�3%,), 0'.
���1%���

�, 45-0����, /2345%0+�Æ. 64 Σ1
e 
 Banach ��6�
17

���

�� ( �� [6]), �48%Æ29�:�
&'�� (176%,&'��) 
0'.�0��

%;<17'. )�=38��4��

Y.hij > X 6�9 Σ1
e 
 Banach ��, T ∈ B(X), ?<

(1) T 
0 σ(T ) 
:56�; λT , @ T − λT I 6<)'��, A σe(T ) = {λT }.
(2) B λT � (1) 

CD, 7 T − λT I 6EF��, =A λT 6 C 
@ T − λT I ÆEF�

�
6�
;. 17�, σ(T ) >6%"?>68�9GH� λT 
19:;� {λn}∞n=1 ��. =

A, σ(T )\{λT } 

I�;@6 σ(T ) 

AJ;, A<=
0>? E(λ, T ) @6%"@
.

(3) T 6�����.

A2���KL� Σ1
e 
 Banach ���%,&'��M%17
0'.�0��, :
�

� (1) � (2) 6)�BN��
BC.

Y.hik > X 6�9 Σ1
e 
 Banach ��, (T,D(T )) 6 X 
�9M%<�
C�?

ρ(T ) = C\σ(T ) 
&'��. ?<

(1) σ(T ) >6�9%"? (�O6�?), >68PD+QR C∞ = C ∪ {∞} 

�9GH
;���.

(2) B σ(T ) 6 C 
�9%,!"�?, 7 T ∈ B(X),

:
�� (1) E� Σ1
e 
 Banach ���&'�� (
�3%,) 
0��, �� (2) E�DE�

��F��6%,��
�9D�FG.

:H, )�9� Σ1
e 
 Banach ���S� C0 T� C0 IT
&'��%;<17'. )�

GL� Σ1
e 
 Banach ��� C0 T
S�H T I6%,&'��, =A, �� C0 T6�JUK

J
, ?<-V9 k ∈ N, (T − λT I)k 6-��, KA (T − λT I)k 6%"@��LA�L σ(T )

6%"?.

4- Σ1
e 
 Banach ��� C0 IT, ��%L
M. )�W�KL Σ1

e 
 Banach ��� C0

IT
S�H
Æ6%,
, KAE�DE���XM C0 IT
S�H
0��.

lm 1.1[1] Banach �� X NÆ6
���
, �� X 
O**�Y9!"#F���

M � N 
NZO�. 
�����
0Æ I.

lm 1.2[1] Banach �� X NÆ6�	
���
, �� X 
I9!"#F���@6


���
. �	
�����
0Æ H.I.

lm 1.3[9] Banach �� X NÆ6[�	
���
, �� X 
I9 QS- ��@6
�

��
, D\ X 
 QS- ��6P Y/Z, :
 Z ⊂ Y ⊂ X, A dim (Y/Z) = ∞. [�	
���

��
0Æ Q.H.I.

lm 1.4[7] Banach �� X NÆ6[
���
, �� X 
I9!"#[��@6
�

��
. [
�����
0Æ Q.I.
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8�� [7–8] ,

I. ⊃
{

H.I.
Q.I.

}
⊃ Q.H.I.

=A:
WXY5�@6WXY. +/Z H.I., Q.I. � Q.H.I. NÆ6M%VE
���'.


G–M 
��. 5�� [9] 
 Ferenczi GL��� [1] 
���
 H.I. �� XGM �d
[n�
� X∗

GM YX@6�\
 Q.H.I. ��. 5�� [7] 
%��KL H.I. � Q.I. ]�^
XY.

lm 1.5[6] Banach �� X NÆ6�9 Σ1
e 
��, ��-I�9 T ∈ B(X), T 
)'0

σe(T ) 6_;?, :
 σe(T ) = {λ ∈ C : λI − T /∈ Φ(X)}, Φ(X) Æ X �
 Fredholm ��
.

Σ1
e 
 Banach ��
0Æ Σ1

e.

8�� [6] ,

I. ⊃ Σ1
e ⊃

{
H.I.
Q.I.

}
⊃ Q.H.I.

=A:
WXY5�@6WXY. Σ1
e 
��6
�����, d%��'.�B`19, Y �

� [6].

lm 1.6[10] > X Æ Banach ��, T (t) ∈ B(X), {T (t)}t≥0 NÆ6�9 C0 IT (a

efZIT), �� T (0) = I, -X[ t, s ≥ 0, % T (t + s) = T (t)T (s), A-X[ x ∈ X, %

limt→0+ T (t)x = x. 0

D(A) =
{

x ∈ X : lim
t→0+

(T (t)x − x)/t :5
}

,

3\ Ax = limt→0+(T (t)x − x)/t, Dg3\5 D(A) �
&'�� A NÆ C0 IT {T (t)}t≥0


S�H. Dg {T (t)}t≥0 b0Æ {etA}t≥0. N C0 IT {T (t)}t≥0 6�]%,
, ��:5b�

M > 0, @�-X[ t ≥ 0, % ‖T (t)‖ ≤ M . ��-I9 t0 ≥ 0, @% limt→t0 ‖T (t) − T (t0)‖ = 0,

7N C0 IT {T (t)}t≥0 6�]fZ
.

lm 1.7[10] > X Æ Banach ��, T (t) ∈ B(X), {T (t)}t∈R NÆ6�9 C0 T, ��

T (0) = I, -X[ t, s ∈ R, % T (t + s) = T (t)T (s), A-X[ x ∈ X, % limt→0 T (t)x = x. 0

D(A) =
{
x ∈ X : lim

t→0
(T (t)x − x)/t :5

}
,

3\ Ax = limt→0(T (t)x− x)/t, Dg3\5 D(A) �
&'�� A NÆ C0 T {T (t)}t∈R 
S

�H. Dg {T (t)}t∈R b0Æ {etA}t∈R.

lm 1.8[10] > X, Y 6Y9+cd&'��, T Æ X 
� Y 

�9&'��, D(T ) ⊂
X. �� R(T ) = Y , A T 
h�� T−1 :5=A6�9%,&'��, 7N T Æ*7��, :


 D(T ) ** T 
3\ , R(T ) ** T 
: .

lm 1.9[10] > X 6�9+cd&'��, T 6 D(T ) ⊂ X � X 

�9&'��,

λ ∈ C, �� λI − T 6*7��, 7N λ 6 T 
�9*7;, KN R(λ, T ) = (λI − T )−1 Æ T


C���. ��+� λ 
6 T 
*7;, 7N λ Æ T 
0;. +QR� T 
*7;+$0Æ

ρ(T ), Z ρ(T ) NÆ T 
*7;? (>C�?). +QR� T 
0;+$0Æ σ(T ), Z σ(T ) NÆ

T 
0.

lm 1.10[11] > Ω ⊂ C, en : z −→ zn, z ∈ Ω, n ≥ 0, F 6�983\5 Ω �
VL+:

����
 Banach ��, A@ en ∈ F (n ≥ 0). > X 6�9 Banach ��, T ∈ B(X) NÆM
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% F ��^�, ��:5�9 Banach ��Mi Φ : F −→B(X), @� Φ(e0) = I � Φ(e1) = T .

lm 1.11[5] > X 6�9 Banach ��, N T ∈ B(X) Æ<)'��, ��-X[ A ∈
B(X), T + A ∈ Φ(X). X �<)'��+$0Æ In (X).

lm 1.12[5] > X 6�9 Banach ��, N T ∈ B(X) Æ Riesz �� (EF��), ��-

X[ 0 �= λ ∈ C, T − λI ∈ Φ(X). X � Riesz ��+$0Æ R(X).

8�� [5] , Banach �� X �<)'��+$���9��
(, =A In (X) ⊂ R(X).

2 opaqrs
tu 2.1[6] > X 6�9 Σ1

e 
 Banach ��, 7 B(X) = {λI + S : λ ∈ C, S ∈ In (X)},
D\ In (X) ** X �<)'��
(.

lu 2.2 > X 6�9 Σ1
e 
 Banach ��, T ∈ B(X), ?<

(1) T 
0 σ(T )
:56�; λT , @ T −λT I 6<)'��, A σe(T ) = {λT }. DgZ λT

NÆ T 
j_:.

(2) B λT � (1) 

CD, 7 T − λT I 6EF��, =A λT 6 C 
@ T − λT I ÆEF�

�
6�
;. 17�, σ(T ) >6%"?>68�9GH� λT 
19:;� {λn}∞n=1 ��. =

A, σ(T )\{λT } 

I�;@6 σ(T ) 

AJ;, A<=
0>? E(λ, T ) @6%"@
.

(3) T 6�����.

vw 8�
 2.1, :5 λT ∈ σ(T ), @ S = T − λT I 6<)'��. `Æ<)'��@6

EF��, �� T − λT I 6EF��, �= σe(T − λT I) = {0}, a σe(T ) = {λT }. B μ ∈ C A

R = T − μI a6EF��, 7 R − S = (λT − μ)I 6EF�� ( �� [11, 3
 3.5 � 3.12]).

D8b� μ = λT , �=KL (1) � (2) 
 λT 
6�'. 8EF��
0
� [11] a, (2) �J.

8 (2) , σ(T ) 60+
fc
, ��8�� [12, 3
 1.19 �� 1.20] , (3) �J. Ge.

�2�, >&'�� T (
�3%,) 3\5 X 
�9��� D(T )�, 83
 2.2 ����

�45-�� T 
0 σ(T ) ⊂ C 
��.

lu 2.3 > X 6�9 Σ1
e 
 Banach��, (T,D(T ))6 X 
�9M%<�C�? ρ(T ) =

C\σ(T ) 
&'��, ?< σ(T ) >6�9%"? (�O6�?), >68PD+QR C∞ = C ∪
{∞} 

�9GH;���.

vw 64 ρ(T ) �= ∅, &'�� (T,D(T )) 86F��. B D(T ) = X, 78Fde3
,

T 6%,
, �=83
 2.2 ,, σ(T ) >6�9%"?>68�9GH� λT 
19:;���

(D\ λT 6 T 
j_:). B D(T ) �= X, 7fk μ ∈ ρ(T ), @ R(μ, T ) = (μI − T )−1 ∈ B(X).

Mg83
 2.2 , R(μ, T ) 
0

σ(R(μ, T )) = {μn}∞n=1 ∪ {λR(μ,T )},
:
 μn 6 R(μ, T ) 
19:, λR(μ,T ) 6 R(μ, T ) 
j_:. 80hl3
 ( � [13, III. 6.15])

f�mg3 D(T ) �= X, %

σ(R(μ, T )) = {0} ∪ {(μ − λ)−1 : λ ∈ σ(T )}.
83
 2.2 ,%,&'�� R(μ, T ) 
6�
j_: λR(μ,T ) ÆiÆ 0. h7 0 86�h��

R(μ, T ) 
�919:. D6
�O
. `Æ�� R(μ, T ) 
19:-=- (T,D(T )) 
19:,
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�� μn = (μ− λn)−1, :
 λn Æ T 
19:. �=L μn −→ 0 = λR(μ,T ) g, λn −→ ∞. Ge.

xy 2.4 `Æ�� R(μ, T ) 
19:-=- (T,D(T )) 
19:, ��83
 2.2 , σ(T )


i/��9;j@6 T 
M%%"k�
19:. �� T 6!,��, ?< σ(T ) 
�%;

@6 T 
M%%"k�
19:.

8F��
0hl3
�3
 2.2, Ja���45-F��6%,��
�9D�FG.

lu 2.5 >X 6�9 Σ1
e 
 Banach��, (T,D(T ))6X 

�9&'��,A ρ(T ) �= ∅.

B σ(T ) 6 C 
�9%,!"�?, 7 T ∈ B(X).

xy 2.6 :5V9 Σ1
e 
 Banach ��

�9Fj3�� T , @ σ(T ) = C, Dg σ(T )

86�9!,!"?. n.�, > X 6�9M% Schauder B {en}∞n=0 
 H.I. �� (��, k X

Æ�� [1] 
���
�� XGM ). o Y = span{en}∞n=1, a Y 6 {en}∞n=1 
F&'l, ?< Y

a6�9 H.I. ��, L4 Y Æ�9 Σ1
e 
��. Xk C 

�9jp�� {λn}∞n=1. 3\ Y 



�9&'�� T Æ

T

( ∞∑
n=1

αnen

)
=

∞∑
n=1

λnαnen,

:3\ Æ

D(T ) =
{ ∞∑

n=1

αnen ∈ Y :
∞∑

n=1

λnαnen ∈ Y

}
.

 mnG�� (T,D(T )) 6Fj3
, A σ(T ) = C.

q�k�, B (T,D(T ))6 Σ1
e 
 Banach �� X � C0 IT {etT }t≥0 
S�H, 73
 2.2

����lq ( 4R
3
 2.8). =3o2�4�
. -.� a < b, 0 Sa,b = {λ ∈ C : a ≤
Re λ ≤ b}, :
 Re λ ** λ ∈ C 
.m, Imλ ** λ ∈ C 
pm.

tu 2.7 > {λn}∞n=1 6 Sa,b 

�9��, @ limn→∞ |Imλn| = +∞. ?<:5 t > 0,

@ {etλn}∞n=1 %!"�9r;.

vw 
ng>-X[ n ≥ 1 % o ≤ Imλn. o J = [0, 1], k [0, 2π] 

�9jp��

{qm}∞m=1. > {An}∞n=1 **)9?z Bm,k = {reis : s ∈ qm + [0, k−1], ea ≤ r ≤ eb}, m,k ∈ N.

q2GL:5 t > 0 ��9�� {λn(k)}∞k=1
, @ etλn(k) ∈ Ak (k ≥ 1), ?<�
 2.7 8�J.

3k n(1) ∈ N, @� A1 ⊂ {reis : s ∈ (Imλn(1))J, ea ≤ r ≤ eb}. > J1 ⊂ J 6�9Fs

�, @ A1 = {reis : s ∈ (Imλn(1))J1, ea ≤ r ≤ eb}. 8otp, ���� {λn}∞n=1 
�9��

{λn(k)}∞k=1 ��9Fs�� J ⊃ J1 ⊃ J2 ⊃ · · ·, @�

Ak = {reis : s ∈ (Imλn(k))Jk, ea ≤ r ≤ eb}, k ≥ 1.

Xk t ∈ ⋂
k≥1 Jk, ?< etλn(k) ∈ Ak, k ≥ 1. Ge.

lu 2.8 > X 6�9 Σ1
e 
 Banach ��, (T,D(T )) 6 X � C0 IT {etT }t≥0 
S�

H. ?< σ(T ) >6%"? (�O6�?), >68�9�� {λn}∞n=1 ��, :
�� {λn}∞n=1 >

GH�V9 λ ∈ C, >ur limn→∞ Re λn = −∞. 17�, B�� (T,D(T )) S��9 C0 T, ?

< σ(T ) 6 C 

�9%,�?.

vw 8�� [10, 1.5.4] ,:5 w∈ R, @ {λ ∈ C : Re λ ≥ w} ⊂ ρ(T ). 83
 2.3 ,, σ(T )

>6�9%"? (�O6�?), >68PD+QR C∞ = C ∪ {∞} 

�9GH;���. `
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�4Rq2GLL σ(T ) 68�9!,�� {λn}∞n=1 ��g, % limn→∞ Re λn = −∞. Xk

a, b ∈ R A a < b. g> M = Sa,b ∩ σ(T ) 6�9!"?. 8�
 2.7, :5 t > 0, @� etM %!

"�9r;. 8�� [10, 2.2.3] 
0XY3
 etσ(T ) ⊂ σ(etT ) ,, σ(etT ) a%!"�9r;. 4

etT ∈ B(X), Ds3
 2.2(2) vq. `�, Sa,b ∩ σ(T ) I6%"?, �= limn→∞ Re λn = −∞.

17�, �� (T,D(T )) S��9 C0 T, ?<:5 w > 0, @ σ(T ) ⊂ S−w,w ( � [10, 1.5.4

� 22 t]). 8�m�, σ(T ) 6�9%,?. Ge.

-- C0 T
S�H, %�4rs
��.

lu 2.9 > X 6�9 Σ1
e 
 Banach ��, (T,D(T )) 6 C0 T {etT }t∈R 
S�H, 7

T ∈ B(X).

vw 83
 2.2, -I9 t ∈ R, �� etT 6�h
, A σ(etT ) 6/���?. `�-I9

t ∈ R, ; 0 5 ρ(etT ) 
!,fc�u
. 8�� [14, w� 3.1] ,, �� T 6%,
LA�L

σ(T ) 6%,?. 83
 2.8 a, T ∈ B(X). Ge.

> X 6�9 Banach ��. N T ∈ B(X) S��9 (Æ6�]fZ
) k ∈ N t�JUKJ


 C0 T {etT }t∈R, ��L |t| → ∞ g, ‖etT ‖ = o(|t|k). N C0 T {etT }t∈R 6�JU%,
, �

�%V9 k ∈ N, L |t| → ∞ g, ‖etT ‖ = o(|t|k). Dg, 8�� [12, 160 t] , σ(T ) ⊂ iR.

tu 2.10 > X 6�9 Banach ��, T ∈ B(X), A σ(T ) = {0}. B C0 T {etT }t∈R %K

Jt k ∈ N, ?< T k = 0.

�
 2.10 6�� [14, 3
 3.5] 
17CD.

> X 6�9 Banach ��. �M�� [15], l∞(X) **%, X- :;�+$cv�x,d�

u=�
 Banach ��, pc(X) ** l∞(X) 
w-;� (aI9��@:5GH��
;�) +

$�g�
F���, Xpc **[�� l∞(X)/pc(X). -I9 T ∈ B(X), xv� Xpc �
�9

%,&'�� Tpc ∈ B(Xpc), :3\Æ

Tpc({xn}∞n=1 + pc(X)) = {Txn}∞n=1 + pc(X),

:
 {xn}∞n=1 ∈ l∞(X). ?<&'hl φ : B(X) → B(Xpc), T → Tpc ur4�'.:

(i) ‖φ‖ ≤ 1.

(ii) Ker φ = K(X), :
 K(X) ** X �
-����.

(iii) L T 6EF��g, σ(Tpc) = {0}.
lu 2.11 > X 6�9 Σ1

e 
 Banach ��, T ∈ B(X). B C0 T {etT }t∈R %KJt

k ∈ N, 7 (T − λT I)k 6-��. 17�, �� C0 T {etT }t∈R 6�]%,
, ?< T − λT I 6

-��.

vw > S = T − λT I. `Æ λT ∈ σ(T ) ⊂ iR, �� C0 T {etS}t∈R a%KJt k ∈ N,

=A S 69EF��. > Xpc Æ���m
��, Spc ∈ B(Xpc) Æ S ∈ B(X) �xv�
�

�. y4 etSpc = (etS)pc. `�, 8�m'. (i) , Spc aS��9KJtÆ k ∈ N 
 C0 T. 8

'. (iii) � σ(Spc) = {0}. 8�
 2.10 � Sk
pc = 0, �=8'. (ii) � Sk = (T − λT I)k 6-�

�. `Æ�]%,
 C0 TÆ6KJtÆ 1 
 C0 T. ��, 17�, L C0 T {etT }t∈R 6�]%

,g, T − λT I 6-��. Ge.

lu 2.12 > X 6�9 Σ1
e 
 Banach ��, T ∈ B(X). B C0 T {etT }t∈R %KJt

k ∈ N, 74�w�6/w
.
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(1) σ(T ) 6%"?.

(2) (T − λT I)k 6%"@��.

vw (1) ⇒ (2) > σ(T ) = {λT } ∪ {λ1, . . . , λn}. > P 6 T 
AJ0; {λT } �-=
0
>?, ?< T (PX) ⊂ PX, A σ(T |PX) = {λT }. `Æ8 T |PX S�
 C0 T%KJt k, ��8

�
 2.10 , (T − λT I)k|PX = 0. z`Æ dim (Ker P ) < ∞ A T (KerP ) ⊂ Ker P , �� T |Ker P

6%"@��. 5 X = PX ⊕ Ker P � (T − λT I)k �**���y{|U

(T − λT I)k =
(

(T − λT I)k|PX 0
0 (T − λT I)k|Ker P

)
=

(
0 0
0 (T − λT I)k|Ker P

)
,

�= (T − λT I)k 6%"@��. x (1) ⇒ (2) �J.

(2) ⇒ (1) y4�J. Ge.

> X 6�9 Banach ��. 8�� [12] ,, �9�h�� T ∈ B(X) NÆ6 k ∈ N t�J

U%,
, ��L n ∈ Z, |n| −→ ∞ g, ‖Tn‖ = o(|n|k). 17L X 6�9 Σ1
e 
 Banach ��

g, -�9�h�� T ∈ B(X), `Æ σ(T ) 6��
, ��z}cb
 Dunford ��^�, ��

3\�� A = log eT , �={|T {T n}n∈Z I��}�� C0 T {etA}t∈R. =A�h�� T 6

k t�JU%,
LA�L C0 T {etA}t∈R 6 k t�JU%,
. 8�� [12] ,, ���9��

T ∈ B(X)S��9 k ∈ Nt�JUKJ
 C0 T {etT }t∈R (aL |t| −→ ∞g, ‖etT ‖ = o(|t|k)),

?< T %�9fZ
 Ck+2(iR) ��^�. Mg�, �� T ∈ B(X) 6�h
=A6 k ∈ N t

�JU%,
, ?< T %�9fZ
 Ck+2(Γ) ��^�, :
 Γ = {z ∈ C : |z| = 1}. `�8
3
 2.11 �4~�Dg
��y�� X 6�9 Σ1

e 
 Banach ��, T ∈ B(X) M%�9fZ


 Cm(C) ��^�, ?<�6hÆ:5V9 r ∈ N, @� (T − λT I)r 6-��? :
fZ


Cm(C) ��^�
3\ �� [16]. 4R
��6-D9��~3
z{.

lu 2.13 > X 6�9 Σ1
e 
 Banach ��, B-V9)� m ≥ 0, T ∈ B(X) %�9fZ

Cm(C) ��^�, 7 (T − λT I)m+1 6-��.

vw > Φ : Cm(C) −→ B(X) 6 T 
�9fZ Cm(C) ��^�. o Ψ : φ −→ Φ(φ) +

K(X), φ ∈ Cm(C), 7 Ψ 6 Cm(C) � Calkin �� B(X)/K(X) 
�9fZ��Mi. 8u?

3
 ( �� [17, 3
 2.15]), �

supp (Ψ) = σ(T + K(X)) = σe(T )) = {λT }.
> (B(X)/K(X))∗ ** B(X)/K(X) 
fZ-,��. -I9 ξ ∈ (B(X)/K(X))∗, hl

φ −→ 〈Ψ(φ), ξ〉 6�9t�
|} m 
~\��Au?Æ {λT }, :
 φ ∈ Cm(C). `�, 8�

� [16–17] ,

〈Ψ(φ), ξ〉 =
∑

|α|≤m

aα(Dαφ)(λT ), φ ∈ C∞(C) ∼= C∞(R2),

:
�� aα ∈ C ��- ξ 4s φ !5. �=-I9 ξ ∈ (B(X)/K(X))∗,

〈(T − λT I)m+1 + K(X), ξ〉 = 〈Ψ((IC − λT )m+1), ξ〉 = 0,

:
 IC ** C �
./��, a IC(z) = z, z ∈ C, �� (T − λT I)m+1 ∈ K(X). Ge.

Lotz 5�� [18] 
�GL: 5M% Dunford–Pettis '.
 Grothendieck ���
 C0 IT


S�HÆ6%,
. )�3
 2.9 GL�5 Σ1
e 
 Banach ���
 C0 T
S�HÆ6%,



788 ) � � ( d e f 50�


. `��42�: 5 Σ1
e 
 Banach ���
 C0 IT
S�H6hÆ%,? �4��KL{�

6h3
.

{ 2.14 > X 6�9M% Schauder B {en}∞n=0 
 H.I. �� (��, k X Æ�� [1] 
�

��
�� XGM ). o Y = span{en}∞n=1, a Y 6 {en}∞n=1 
F&'l, ?< Y a6�9 H.I.

��, L4 Y Æ�9 Σ1
e 
 Banach ��. 5 Y �3\�� T Æ

T

( ∞∑
k=1

αkek

)
=

∞∑
k=1

(−kαk)ek,

:3\ Æ

D(T ) =
{ ∞∑

k=1

αkek ∈ Y :
∞∑

k=1

(−kαk)ek ∈ Y

}
.

8�� [19, 3
 1.5.2] ,, (T,D(T )) S��9 C0 IT. 4y4 T 6 D(T ) �
!,��.
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