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"d |G/N | = n. #& Zp∞ , '	Y�����($�. ��%���	Z		eX
Y�. �
���)�($� 〈x〉 ��, *&+',(, ���
��	X]	 n, �� |〈x〉/〈xn〉| = n.

-.)*/	+
� (Fundamental group of graph) 	,0. ��,0-12� [1] W./.

fg 1.1 0 Γ = (V,E) ���13/ (Graph), '	2345� V , 645� E. ��4
�23 v ∈ V �5��� Gv, ��4�6 e ∈ E 6�5��� Ge, 7 αe, βe �8789:, 3
9'�: Ge ;</6 e 	;�23�5	�W=. > T � Γ	<=? (Maximal tree of Γ). @
>/ Γ 	+
� (Fundamental group of graph Γ) G ?�ABC@D (Presentation) EF,�G

	GAHBGeneratorC�E� Gv 	GAH, IDE te, e ∈ E, G ,0FJ (Relation) �E� Gv

	,0FJ, IEK&B	FJ

t−1
e αe(ge)te = βe(ge), ge ∈ Ge,

1G���
? T W	6 e � te = 1.

A� [1], ��[�/	+
�L/	<=/ T 	MN)F, �7	<=/E./	+
�
��7H	.

O Γ � loop, ��?./I HNN- JP (HNN-extension) 	,0

��
��

P � e

&K Γ �QL, M�;�23, �R6S

P Qe

?./N0hAO (Generalized free product) 	,0.

&K Γ ���?, ,5P?./I?O (Tree product) 	,0.

��/	+
�-1A1B	QT./�-../ Γ 	<=? T , A��?	?O./�
�� A, URIi HNN- JP (S� [1]). �� HNN- JP G = 〈A, t; t−1Ht = K〉, ��-1.
/ G 	��78V G = 〈t〉, '���)�($�. WT��+
�	X
Y�Z		XU?j
YZVW?O	*&.

��N0hAO1G?O, 1[#X���'�	��\kY-Z\k, S� [2–3]. ��
��������	�, ]U��-1^/_�	Z	��	X
Y�, -���
�\��4
��X]	 n, ����X
Y�`.'	Z	+'?� n. [& G = 〈a, b; a2 = b2 = 1〉 =
〈a; a2 = 1〉 ∗ 〈b; b2 = 1〉, '�;� 2 \($�	hAO, '�����	, ����a	 3, �]
2 N � G "d |G/N | = 3 (^b, ��� a3 ∈ N, b3 ∈ N . �� a2 = b2 = 1 ∈ N , �� a, b ∈ N ,
�`. |G/N | = 1, _`). �� G ?���"d��E��	Ra.

��N0hAO, � [4] ./&B	b��

lm 1.2[4] > A,B ���GA	)cdc�, U e A,B 	($Y�, b G = A ∗U B d

�)�($f�.

ef��,g, &Kg5Y�Bamalgamted subgroup)�($�	;���GA	)cdc
�	N0hAOd�)�($f�, h7���
X]	 n, ���X
Y� N � G "d |G :
N | = n.
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r 1 2� [4] W, ilnmn/1BC��[Y�o����	�pÆd��
Z	eX
]		X
Y�: G = 〈a, b; a2 = b3〉. �� G = 〈a〉〈a2〉=〈b3〉〈b〉, efqg 1.2, ��[�'d�(
$f�, WT'	[Y�����([.


�:�N0hAO	*&rN/?OK=, ./I&B	b��
fm 1.3 > G=(G1, G2, . . . , Gn; Hij=Hji) � G1, G2, . . . , Gn 	?O, ÆW G1, G2 . . . , Gn

����GA	)cdc�, Hij ��($�, 7s���
 j �= k, Hij ∩ Hik = 1, b G d�)

�($f�.
2� [4] W, ��hA�	N0hAO6iI��, ./I�
lm 1.4 > A,B �hA�, U �($�, b G = A ∗U B 6d�)�	($f�.
7�6-1:'rN/?O	*tK=. ����
fm 1.5 > G=(G1, G2, . . . , Gn; Hij=Hji) � G1, G2, . . . , Gn 	?O, ÆW G1, G2 . . . , Gn

��hA�, Hij ��($�, 7s���
 j �= k, Hij ∩ Hik = 1. b G d�)�($f�.
���s)�($� (Poly-infinite cyclic group), ��6./Iou	\k.
lm 1.6 > G = A ∗H B, ÆW A,B ��s)�($�, H �($�, b G d�)�($

f�.
tu A� A,B ��s)�($�, ��]2Tp

1 = A0 � A1 � · · · � Am = A, 1 = B0 � B1 � B2 � · · · � Bn = B,

"d Ai+1/Ai, Bj+1/Bj ��)�($�.
��qv�Bn−1 ∩ H = 1 = Am−1 ∩ H.
�� m = n = 1 wUAr. s> m > 1. �� H = HAm−1/Am−1

∼= H/(H ∩ Am−1). &K
H ∩ Am−1 �= 1, A� H �($�, -. H ���($�. �� A/Am−1 �)�($�, _`.
7�-1�� n > 1 	*t.

efN0hAO	\k, ]2789:

π : G −→ G = A/Am−1 ∗H B/Bn−1,

ÆW H = HAm−1/Am−1 = HBn−1/Bn−1. efqg 1.2, ]2 L � G, "d G/L �)�($�.
0 L � L 2 G W	xV, ��� L � G, �s G/L e)�($�.

ou	����

fm 1.7 > G=(G1, G2, . . . , Gn; Hij=Hji) � G1, G2, . . . , Gn 	?O, ÆW G1, G2 . . . , Gn

���s)�($�, Hij ��($�, 7s���
 j �= k, Hij ∩ Hik = 1, b G d�)�($

f�.
��g5Y���($�	N0hAO, ��VWBC	*&�
fm 1.8 > A,B ���GA	)cdc�, H ≤ Z(A) ∩ Z(B), b G = A ∗H B d�)�

($f�.
tu > A,B	otZuem,n,��H ≤ Zm−1(A), H ≤ Zn−1(B). WTH∩Zm−1(A) =

H = H ∩ Zn−1(B), h7]2789:

π : G −→ G = A/Zm−1(A) ∗ B/Zn−1(B).

v
/ A,B �)c	dc�, WT A/Zm−1(A), B/Zn−1(B) ��)c	��GA	vwx�.
Aqg 1.2 -.b�.
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2 wxyz{
-.��)*,g 1.3 	\o.
tu ��� n yyzz.
�� n = 2 	*&, '?���	qg 1.2. BCVW n ≥ 3 	*&. ���
��	?�

�, �]2{��23jY{|	��23,1, �|s>��23�5	�?� Gn, 7}�L
��23,1	23E�5	�?� Gn−1. ��0 En−1 ?�A G1, G2, . . . , Gn−1 EGA	�.
A?O	,0, ��-1[� En−1 ?�A� G1, G2, . . . , Gn−1 E./	?O. ��Azzs>,
]2 N � En−1, "d G/N �)�($�. 0 H = Hn−1,n = Hn,n−1, ��� G = En−1 ∗H Gn.
0 H = 〈h〉.

&K h ∈ N , b� N ∩ H = H = Gn ∩ H. ��efN0hAO	\k, ��[�]278
9: 1.2,

π : G −→ G = En−1/N ∗H Gn/Gn,

ÆW H = HN/N = HGn/Gn. v
/TS H = 1, Gπ = G = En−1/N ���)�($�. �
�TSb�Ar.

BCs> h �∈ N . 0 M = 1, ��� N ∩H = 1. ^b H = 〈h〉N/N ∼= 〈h〉/〈h〉 ∩N , �� H

���($�, �L En−1 = En−1/N �)�($�_`. E1��� N ∩ H = 1 = M ∩ H. 7
�AN0hAO	\k, ]2789:

π : G −→ G = En−1/N ∗H Gn/M,

ÆW H = HN/N = HM/M ∼= H. efqg 1.2, ��N0hAO G, ]2 L � G, "d G/H �

)�	($�. 0 L � L 2 G W	xV, ��� L � G, �s G/L �)�($�.
��,g 1.5, 1.7, ��	\o}~L,g 1.3 ou, 7���� n yyzz. 2zz	9Q

W,v
/7�� En−1/N ���)�($�, ��-1�~qg 1.4, qg 1.6�A,g	\o.
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