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,�, Æ-./ π
sin(π/p) 101�2 (�Æ [1]). 1998 �, 0I2 Hilbert 3���
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K56789- λ < Beta :-. 1999 �, ; [6] ��
 (2) �=���; ;< Debnath [7] �


(2) L
+I2: ;

2 − min{p, q} < λ ≤ 2, 0 <

∞∑
n=0

(
n +

1
2

)1−λ

ap
n < ∞ 	 0 <

∞∑
n=0

(
n +

1
2

)1−λ

bq
n < ∞,
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∞∑

n=0

∞∑
m=0

ambn

(m + n + 1)λ
< kλ(p)

{ ∞∑
n=0

(
n +

1
2

)1−λ

ap
n

} 1
p
{ ∞∑

n=0
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n +

1
2

)1−λ

bq
n
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q

. (3)

,�, Æ-./ kλ(p)(= B(p+λ−2
p , q+λ−2

q )) 01�2. 2003 �, ;� [8] <=>�?@	AM-
BCN6D��EO; ; [9] ��6
+� Hardy–Hilbert P��
: <Q α ≥ e7/6, *

∞∑
n=1

∞∑
m=1

ambn

ln αmn
<

π

sin(π/p)

{ ∞∑
n=1

np−1ap
n

} 1
p
{ ∞∑

n=1

nq−1bq
n

} 1
q

. (4)

,�, Æ-./ π
sin(π/p) 01�2. 2004–2005 �, Mario F Krnic � [10−11] GH6
 (1) 	3�

IR�=ST�I2; ; [12−14] )GH63J�KU>
.

LÆM��N8 (4) �K59O λ > 0 F Beta :-�1�I2
, 3PMV
+Q7R-
∞∑

n=1

∞∑
m=1
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(lnm + ln n + lnα)λ
=

∞∑
n=1

∞∑
m=1

ambn

lnλ αmn
(α ≥ e7/6). (5)

N09:, SGH6KU>
.

0T, UWVX
+AM-

ωλ(r, n, α) :=
∞∑

m=1

lnλ−1 √αn

m lnλ αmn

(
ln

√
αn

ln
√

αm

) 2−λ
r

(r > 1, α ≥ e7/6) (6)

	N8=SKW.

2 YZ'[
4J, \J]8 Beta :-�
+X
 (�Æ [11]):

B(u, v) :=
∫ ∞

0

1
(1 + t)u+v

tu−1dt = B(v, u) (u, v > 0). (7)

^_ 2.1 � r > 1, n ∈ N, α ≥ e7/6 	 2 − r < λ ≤ 2. Y`:- Rλ(r, n, α) 0

Rλ(r, n, α) : = ln1−λ √
αn

(
ln

√
α

ln
√

αn

) 2−λ
r
∫ ln

√
α
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√
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0

u(λ−2)/r

(1 + u)λ
du

−
(

7
12

+
2 − λ
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√

α

)
1

lnλ √
αn

− λ

12 lnλ+1 αn
, (8)

)* Rλ(r, n, α) > 0.
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ef �d3�, *
I : =

∫ ln
√

α

ln
√

αn

0

u(λ−2)/r

(1 + u)λ
du =

r

r + λ − 2

∫ ln
√

α

ln
√

αn

0

1
(1 + u)λ

du1+ λ−2
r

=
r lnλ √

αn

(r + λ − 2) lnλ αn

(
ln

√
α

ln
√

αn

)2+ λ−2
r

+
r2λ

(r + λ − 2)(2r + λ − 2)

∫ ln
√

α

ln
√

αn

0

1
(1 + u)λ

du2+ λ−2
r

>

[
r ln

√
α

lnλ αn
+

r2λ ln2 √α

(2r + λ − 2) lnλ+1 αn

]
lnλ−1 √αn

(r + λ − 2)

(
ln
√

α

ln
√

αn

)λ−2
r

.

g (8) 
, *
Rλ(r, n, α) >

(
r ln

√
α

r + λ − 2
− 7

12
− 2 − λ

12r ln
√

α

)
1

lnλ αn

+
[

r2 ln2 √α

(r + λ − 2)(2r + λ − 2)
− 1

12

]
λ

lnλ+1 αn
. (9)

g r > 1, α ≥ e7/6 	 2 − r < λ ≤ 2, *
r ln

√
α

r + λ − 2
− 7

12
− 2 − λ

12r ln
√

α

=
(12 ln

√
α − 7)r2 ln

√
α + (7 ln

√
α − 1)r(2 − λ) + (2 − λ)2

12r(r + λ − 2) ln
√

α
≥ 0;

r2 ln2 √α

(r + λ − 2)(2r + λ − 2)
− 1

12
≥ 49r2

144(r + λ − 2)(2r + λ − 2)
− 1

12

=
25r2 + 36r(2 − λ) − 12(2 − λ)2

144(r + λ − 2)(2r + λ − 2)
>

25r2 − 12r2

144(r + λ − 2)(2r + λ − 2)
> 0.

.eg (9) 
, * Rλ(r, n, α) > 0. hf.
; f ∈ C4[1,∞), (−1)nf (n)(x) > 0, f (n)(∞) = 0 (n = 0, 1, . . . , 4) 	

∫∞
1

f(x)dx < ∞, )*
(�Æ [12])

∞∑
k=1

f(k) =
∫ ∞

1

f(x)dx +
1
2
f(1) − 1

12
f ′(1)ε (0 < ε < 1). (10)

^_ 2.2 ; r > 1, 1
r + 1

s = 1, n ∈ N, α ≥ e7/6 	 2−min{r, s} < λ ≤ 2, ωλ(r, n, α) g (6)

iY`, )*

ωλ(r, n, α) < kλ(r) := B

(
r + λ − 2

r
,
s + λ − 2

s

)
. (11)

ef � fn(x) 0
fn(x) :=

lnλ−1 √αn

x lnλ αnx

(
ln

√
αn

ln
√

αx

) 2−λ
r

(x > 0),

) fn(x) g*9: (10) 
�jh. \J*
f ′

n(1) = −
(

r ln
√

α + 2 − λ

r ln
√

α lnλ αn
+

λ

lnλ+1 αn

)(
ln

√
αn

ln
√

α

) 2−λ
r

lnλ−1 √αn.

<+>�3�Nij u = ln
√

αx
ln

√
αn

, *∫ ∞

1

fn(x)dx =
∫ ∞

1

lnλ−1 √αn

x(ln
√

αn + ln
√

αx)λ

(
ln
√

αn

ln
√

αx

) 2−λ
r

dx = kλ(r) −
∫ ln

√
α

ln
√

αn

0

u(λ−2)/r

(1 + u)λ
du.
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g (10) 
	=>�?@, *
ωλ(r, n, α) =

∞∑
k=1

fn(k) <

∫ ∞

1

fn(x)dx +
1
2
fn(1) − 1

12
f ′

n(1)

= kλ(r) −
∫ ln

√
α

ln
√

αn

0

u(λ−2)/r

(1 + u)λ
du +

lnλ−1 √αn

2 lnλ αn

(
ln

√
αn

ln
√

α

) 2−λ
r

+
1
12

(
r ln

√
α + 2 − λ

r ln
√

α lnλ αn
+

λ

lnλ+1 αn

)(
ln

√
αn

ln
√

α

) 2−λ
r

lnλ−1 √αn

= kλ(r) − Rλ(r, n, α)
(

ln
√

αn

ln
√

α

) 2−λ
r

lnλ−1 √αn,

kgKW 2.1, (11) 
l8. hf.
k 1 <Q λ = 2, g (11) 
, *

ω(n, α) :=
∞∑

m=1

ln
√

αn

m ln2 αmn
= ω2(r, n, α) < 1. (12)

^_ 2.3 ; p > 1, 1
p + 1

q = 1, α ≥ e7/6, 2−min{p, q} < λ ≤ 2, )< 0 < ε < p + λ− 2, *

J :=
∞∑

n=1

∞∑
m=1

1
mn lnλ αmn

(
1

ln
√

αm

) 2−λ+ε
p

(
1

ln
√

αn

) 2−λ+ε
q

>
1

ε lnε α
B

(
p + λ − 2

p
− ε

p
,
q + λ − 2

q
+

ε

p

)
− O(1). (13)

ef <QmY� y ≥ 1, <+>�3�Nij u = (ln
√

αx)/(ln
√

αy), *∫ ∞

1

(ln
√

αy)λ−1

x lnλ αxy

(
ln
√

αy

ln
√

αx

) 2−λ+ε
p

dx =
∫ ∞

ln
√

α

ln
√

αy

u(λ−2−ε)/p

(1 + u)λ
du

=
∫ ∞

0

u(λ−2−ε)/p

(1 + u)λ
du −

∫ ln
√

α

ln
√

αy

0

u(λ−2−ε)/p

(1 + u)λ
du

>

∫ ∞

0

u(λ−2−ε)/p

(1 + u)λ
du −

∫ ln
√

α

ln
√

αy

0

u(λ−2−ε)/pdu

=
∫ ∞

0

u(λ−2−ε)/p

(1 + u)λ
du − p

p + λ − 2 − ε

(
ln
√

α

ln
√

αy

)λ−2−ε
p +1

,

)nX�
J >

∫ ∞

1

∫ ∞

1

1
xy lnλ αxy

(
1

ln
√

αx

) 2−λ+ε
p

(
1

ln
√

αy

) 2−λ+ε
q

dxdy

=
∫ ∞

1

1
y

(
1

ln
√

αy

)1+ε
[∫ ∞

1

(ln
√

αy)λ−1

x lnλ αxy

(
ln

√
αy

ln
√

αx

) 2−λ+ε
p

dx

]
dy

>

∫ ∞

1

1
y

(
1

ln
√

αy

)1+ε

dy

∫ ∞

0

1
(1 + u)λ

u
p+λ−2−ε

p −1du

− p

p + λ − 2 − ε

(
ln
√

α
)λ−2−ε

p +1
∫ ∞

1

1
y

(
1

ln
√

αy

)λ−2−ε
p +2+ε

dy

=
1

ε lnε α
B

(
p + λ − 2

p
− ε

p
,
q + λ − 2

q
+

ε

p

)
− O(1).
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.e* (13) 
. hf.

3 lmno
p_ 3.1 ; p > 1, 1

p + 1
q = 1, α ≥ e7/6, 2 − min{p, q} < λ ≤ 2, an, bn ≥ 0, ��

0 <
∑∞

n=1
np−1ap

n

lnλ−1 √
αn

< ∞ 	 0 <
∑∞

n=1
nq−1bq

n

lnλ−1 √
αn

< ∞, )*
∞∑

n=1

∞∑
m=1

ambn

lnλ αmn
< kλ(p)

{ ∞∑
n=1

np−1ap
n

lnλ−1 √αn

} 1
p
{ ∞∑

n=1

nq−1bq
n

lnλ−1 √αn

} 1
q

, (14)

,�, Æ-./ kλ(p)(= B(p+λ−2
p , q+λ−2

q )) �1�2. qop, <Q λ = 2, *
∞∑

n=1

∞∑
m=1

ambn

ln2 αmn
<

{ ∞∑
n=1

np−1ap
n

ln
√

αn

} 1
p
{ ∞∑

n=1

nq−1bq
n

ln
√

αn

} 1
q

. (15)

ef qB, grA� Hölder ��
	 (6) 
 (�Æ [16]), *
∞∑

n=1

∞∑
m=1

ambn

lnλ αmn
=

∞∑
n=1

∞∑
m=1

1
lnλ αmn

×
[(

ln
√

αm

ln
√

αn

) 2−λ
pq

(
m

1
q

n
1
p

)
am

][(
ln

√
αn

ln
√

αm

) 2−λ
pq

(
n

1
p

m
1
q

)
bn

]

≤
{ ∞∑

m=1

∞∑
n=1

1
lnλ αmn

(
ln
√

αm

ln
√

αn

) 2−λ
q
(

mp−1

n

)
ap

m

} 1
p

×
{ ∞∑

n=1

∞∑
m=1

1
lnλ αmn

(
ln

√
αn

ln
√

αm

) 2−λ
q
(

nq−1

m

)
bq
n

} 1
q

=

{ ∞∑
m=1

ωλ(q,m,α)
mp−1ap

m

lnλ−1 √αm

} 1
p
{ ∞∑

n=1

ωλ(p, n, α)
nq−1bq

n

lnλ−1 √αn

} 1
q

, (16)

)g (11) 
, . kλ(p) = kλ(q), * (14) 
.

<Q 0 < ε < p + λ − 2, r ãn, b̃n 0
ãn =

1
n

(
1

ln
√

αn

) 2−λ+ε
p

, b̃n =
1
n

(
1

ln
√

αn

) 2−λ+ε
q

(n ∈ N),

)* { ∞∑
n=1

np−1ãp
n

(ln
√

αn)λ−1

} 1
p
{ ∞∑

n=1

nq−1b̃q
n

(ln
√

αn)λ−1

} 1
q

=
∞∑

n=1

1
n(ln

√
αn)1+ε

=
2∑

n=1

1
n(ln

√
αn)1+ε

+
∞∑

n=3

1
n(ln

√
αn)1+ε

<

2∑
n=1

1
n(ln

√
αn)1+ε

+
∫ ∞

e√
α

1
x(ln

√
αx)1+ε

dx

=
2∑

n=1

1
n(ln

√
αn)1+ε

+
1
ε

=
1
ε
(1 + o(1)) (ε → 0+). (17)
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; (14) 
�Æ-./ kλ(p) �01�2, )*sÆ- k (k < kλ(p)), �sÆ-./ kλ(p) jl k

t, (14) 
1uvwl8. qop, g (13) < (17) 
, *
1

lnε α
B

(
p + λ − 2

p
− ε

p
,
q + λ − 2

q
+

ε

p

)
− εO(1) < εJ

< εk

{ ∞∑
n=1

np−1ãp
n

lnλ−1 √αn

} 1
p
{ ∞∑

n=1

nq−1b̃q
n

lnλ−1 √αn

} 1
q

< k (1 + o(1)),

)* kλ(p) ≤ k (ε → 0+). ,xyQ k < kλ(p). .e (14) 
�Æ-./ kλ(p) �1�2. hf.
tk 3.2 s λ = 1 t, (14) il (4) 
. ,uz (14) � (4) 
�r*9- λ �I2.

4 Yvwx
^_ 4.1 ; θ(n) = o(1) (n → ∞), )[ ∞∑

n=2

θ(n)
n(ln

√
αn)1+ε

][ ∞∑
n=2

1
n(ln

√
αn)1+ε

]−1

= o(1) (ε → 0+). (18)

ef . θ(n) = o(1) (n → ∞), ) |θ(n)| ≤ M (n ∈ N), 	<Q{y� ε̃ > 0, |4 N0 > 1,
��<{y� n > N0, |θ(n)| < ε̃

2 . . ∑∞
n=2

1
n(ln

√
αn)1+ε → ∞ (ε → 0+), |4 δ > 0, ��<{

y� 0 < ε < δ, [
N0∑

n=2

|θ(n)|
n(ln

√
αn)

][ ∞∑
n=2

1
n(ln

√
αn)1+ε

]−1

<
ε̃

2
.

)<{y� 0 < ε < δ, *∣∣∣∣∣
[ ∞∑

n=2

θ(n)
n(ln

√
αn)1+ε

][ ∞∑
n=2

1
n(ln

√
αn)1+ε

]−1 ∣∣∣∣∣
≤
[ ∞∑

n=2

|θ(n)|
n(ln

√
αn)1+ε

][ ∞∑
n=2

1
n(ln

√
αn)1+ε

]−1

≤
[

N0∑
n=2

|θ(n)|
n(ln

√
αn)

][ ∞∑
n=2

1
n(ln

√
αn)1+ε

]−1

+

[ ∞∑
n=N0+1

|θ(n)|
n(ln

√
αn)1+ε

][ ∞∑
n=2

1
n(ln

√
αn)1+ε

]−1

<
ε̃

2
+

ε̃

2

[ ∞∑
n=N0+1

1
n(ln

√
αn)1+ε

][ ∞∑
n=2

1
n(ln

√
αn)1+ε

]−1

< ε̃.

hf.
p_ 4.2 ; 0 < p < 1, 1

p + 1
q = 1, α ≥ e7/6, an, bn ≥ 0, �� 0 <

∑∞
n=1

np−1ap
n

ln
√

αn
< ∞ 	

0 <
∑∞

n=1
nq−1bq

n

ln
√

αn
< ∞, )*

∞∑
n=1

∞∑
m=1

ambn

ln2 αmn
>

{ ∞∑
n=1

(
1 +

1
2 ln αn

)
np−1ap

n

ln αn

} 1
p
{ ∞∑

n=1

nq−1bq
n

ln
√

αn

} 1
q

, (19)

,�, Æ-./ 1 �1�2.
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ef g (10) 	 (12) 
, *
1 > ω(n, α) =

∞∑
m=1

ln
√

αn

m ln2 αmn
>

∫ ∞

1

ln
√

αn

x ln2 αnx
dx +

ln
√

αn

2 ln2 αn

=
ln

√
αn

lnαn

(
1 +

1
2 ln αn

)
= 1 + θ(n) (θ(n) = o(1), n → ∞). (20)

gKU�rA� Hölder ��
	 (16) 
 (s λ = 2) (�Æ [13]), *
∞∑

n=1

∞∑
m=1

ambn

ln2 αmn
≥
{ ∞∑

n=1

ω(n, α)
np−1ap

n

ln
√

αn

} 1
p
{ ∞∑

n=1

ω(n, α)
nq−1bq

n

ln
√

αn

} 1
q

. (21)

zg (20), (21) 
, {y} q < 0, * (18) 
.

<Q 0 < ε < p, r ãm 	 b̃n 0: ã1 = b̃1 = 0;

ãm =
1
m

(
1

ln
√

αm

) ε
p

(m ≥ 2), b̃n =
1
n

(
1

ln
√

αn

) ε
q

(n ≥ 2),

)g (18) 
, *{ ∞∑
n=1

(
1 +

1
2 ln αn

)
np−1ãp

n

ln αn

} 1
p
{ ∞∑

n=1

nq−1b̃q
n

ln
√

αn

} 1
q

=

{ ∞∑
n=1

(1 + θ(n))
np−1ãp

n

ln
√

αn

} 1
p
{ ∞∑

n=1

nq−1b̃q
n

ln
√

αn

} 1
q

=

{ ∞∑
n=2

(1 + θ(n))
1

n(ln
√

αn)1+ε

} 1
p
{ ∞∑

n=2

1
n(ln

√
αn)1+ε

} 1
q

=
∞∑

n=2

1
n(ln

√
αn)1+ε

{
1 +

[ ∞∑
n=2

θ(n)
n(ln

√
αn)1+ε

][ ∞∑
n=2

1
n(ln

√
αn)1+ε

]−1} 1
p

=
∞∑

n=2

1
n(ln

√
αn)1+ε

{1 + o(1)} 1
p (ε → 0+). (22)

.e*
∞∑

n=1

∞∑
m=1

ãmb̃n

ln2 αmn
=

∞∑
n=2

∞∑
m=2

1
mn ln2 αmn

(
1

ln
√

αm

) ε
p
(

1
ln

√
αn

) ε
q

=
∞∑

n=2

1
n

(
1

ln
√

αn

)ε ∞∑
m=2

1
m ln2 αmn

(
ln

√
αn

ln
√

αm

) ε
p

<

∞∑
n=2

1
n

(
1

ln
√

αn

)ε ∫ ∞
√

α−1

1
x ln2 αnx

(
ln

√
αn

ln
√

αx

) ε
p

dx

=
∞∑

n=2

1
n

(
1

ln
√

αn

)1+ε ∫ ∞

0

u− ε
p

(1 + u)2
du

= B

(
1 − ε

p
, 1 +

ε

p

) ∞∑
n=2

1
n(ln

√
αn)1+ε

. (23)

;� (19) 
�Æ-./ 1 ��1�2, )|4sÆ- K (K > 1), �s K ~ 1 t, (19) 
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1l8. qop, g (22) 	 (23) 
, *
B

(
1 − ε

p
, 1 +

ε

p

) ∞∑
n=2

1
n(ln

√
αn)1+ε

>

∞∑
n=1

∞∑
m=1

ãmb̃n

ln2 αmn
> K

{ ∞∑
n=1

(
1 +

1
2 ln αn

)
np−1ãp

n

ln αn

} 1
p
{ ∞∑

n=1

nq−1b̃q
n

ln
√

αn

} 1
q

=
∞∑

n=2

1
n(ln

√
αn)1+ε

{1 + o(1)} 1
p ,

)* 1 ≥ K (ε → 0+). ,xyQ K < 1. k (20) 
�Æ-./ 1 �1�2. hf.
tk 4.3 (19) 
nI�

∞∑
n=1

∞∑
m=1

ambn

ln2 αmn
>

{ ∞∑
n=1

np−1ap
n

lnαn

} 1
p
{ ∞∑

n=1

nq−1bq
n

ln
√

αn

} 1
q

. (24)

��
 (19) � (24) 
�=���.

| } ~ �
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