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1 ;<���
� M ������ Kähler ��, E � M �	��
�. ��� Hitchin–Kobayashi 	�


��
 [1−6]�	��
����� (Polystable) ����� E ��� Hermitian–Einstein �

 H, ����� Hermitian–Einstein ��

√−1ΛFH = λIdE , (1.1)

�� FH ��
 H �������, Λ �� M � Kähler �����, λ ��� E ��� �
���. Bradlow [7−8] ��	��
� E �� 	��� φ ∈ Γ(E) �!�, �	�	 (E,φ).
Bradlow ������ Kähler ���, !"#��� Vortex ��

ΛFH −
√−1

2
φ ⊗ φ∗H + τ

√−1
2

Id = 0, (1.2)
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�� φ∗H �	(�
 H � φ �"), τ �*��. ,�- [8] �#$#	��
� E � τ -
��+�,, �-.�	�� E ���* Hermite �
�� Vortex �� (1.2) �%&'./
(�	���� τ - ��+/( (� φ = 0 0, (1.2) 1)2� Hermitian–Einstein ��). *3
Garcia–Prada [9] �	�	 (E1, E2, φ) �, 45#��� Coupled Vortex ��

√−1ΛFH1 +
1
2
φ ◦ φ∗H = τ1IdE1 ,

√−1ΛFH2 −
1
2
φ∗H ◦ φ = τ2IdE2 ,

(1.3)

�� E1, E2 6 M �7+	��, φ � E2 /, E1 �	�89. 80, Garcia–Prada ����
����45�� (1.3) -���+�:1��+2.�	��3.

�/0�,4���������125;�Æ,#�3<6=4,��5�6����7
>?, �- [10] �, Donaldson 7,���5�6 Kähler ��� Hermitian–Einstein �� (1.1)
Dirichlet �7>?�<-@*+. 8A, Zhang �- [11] 8 Donaldson ��1=4,9��6
*:� Hermite ���!�, �B9C7,� Dirichlet �7>?�<-@*+, D45/EF
;<� Hermite ���	��
�� Hermitian–Einstein �
���+>?. G- [11] �H=,
>-�*: Hermite ���?45@ Hermitian–Einstein ��A*:� Coupled Vortex ���
Dirichlet >?, �
7,:

:; � M̄ ���5�� Hermite ��,  BC�6 ∂M ,E1, E2 � M ��7+	��

�, φ : E2 → E1 �*	�89, 	(��6 ∂M �#� Hermite �
 ϕ = (ϕ1, ϕ2), �� ϕ1, ϕ2

&Æ� E1, E2 <=��6 ∂M �� Hermite �
, >��@*� Hermite �
 H = (H1,H2),
I7 H �� Coupled Vortex ��� Dirichlet �6/(⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

√−1ΛFH1 +
1
2
φ ◦ φ∗H = τ1IdE1 ,

√−1ΛFH2 −
1
2
φ∗H ◦ φ = τ2IdE2 ,

Hi |∂M= ϕi, i = 1, 2.

(1.4)

D�J�-.�KEL��F345�� Dirichlet >?�-���@*+. M?��D>
?�=@��A, 4(��A�<B+CGND+, <7H0.��+I;*-.��A�J0
.��+�@*+I8*-.=@���-OP,�� Coupled Vortex ��� Hermite �
.

2 @EAB
� (M,g) ���K n Q Hermite ��, E = E1 ⊕ E2 � M �F6 r �	��
�. L ω

� Kähler ��, �, Λ �� ω ���, �	( α ∈ Ω1,1(M,E), >
Λα = 〈α, ω〉. (2.1)

� H = (H1,H2) �	��
� E = E1 ⊕ E2 �� Hermite �
, 	��
L6 ∂̄E , >��M
G�
�� AH . RSN	�O eα (1 ≤ α ≤ r), Hermite �
 H �H�TI (Hαβ̄)1≤α, β≤r, P
L6 H, Hαβ̄ = H(eα, eβ). U��, K�
��<6JQ

AH = H−1∂H, (2.2)

���� 
FH = ∂̄AH = ∂̄(H−1∂H). (2.3)

*K-L���MJQ (∂H)H−1, N�4(�
RQO�
�V�
�R8SP.
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� H, K �� E �7+ Hermite �
, � H = Kh, �� h = K−1H ∈ Ω0(M,End (E)) �
H��, 	( K �5")�. [TU-

AH − AK = h−1∂Kh; (2.4)

FH − FK = ∂̄(h−1∂Kh). (2.5)

� M �RSNKVM3 {zi}m
i=1 (W�- [11]), �,X��	� Laplace \W

�̃f = −2
√−1Λ∂̄∂f = 2gij̄ ∂2f

∂zi∂z̄j
, (2.6)

�� (gij̄) ��
TI gij̄ �]TI. �
8KY� Beltrami–Laplacian \WL6 �. 7XZ*
+*[�^&\W

(�̃ −�)f = 〈V,∇f〉g, (2.7)

�� V ��,��� M ���
\. � Hermite �� (M,g) � Kähler �0], 	� Laplace
\W �̃ �KY� Laplace � *�.

:C 2.1 (Coupled Vortex ��) � M � Hermite ��, E = E1 ⊕ E2 � M ��	��

�, φ � E2 /, E1 	�89, τ = (τ1, τ2) ∈ R2. H = (H1,H2) � Hermite �
, �� Hi �

Ei ���
. �
^ H �� Coupled Vortex ��, _`����
√−1ΛFH1 +

1
2
φ ◦ φ∗H = τ1IdE1 ,

√−1ΛFH2 −
1
2
φ∗H ◦ φ = τ2IdE2 , (2.8)

�� i = 1, 2, φ∗H � φ 	( H �5").

3 YD Coupled Vortex Z[\EFGH
�� Hermite �
 H = (H1,H2), _a7 H(0) = K, � h(t) = (h1(t), h2(t)) �*	589

� hi = K−1
i Hi. 8 H(t), h(t) PL6 H,h. �
�� (2.8) �=@��

H−1
1

∂H1

∂t
= −2

(√−1ΛFH1 +
1
2
φ ◦ φ∗H − τ1IdE1

)
,

H−1
2

∂H2

∂t
= −2

(√−1ΛFH2 −
1
2
φ∗H ◦ φ − τ2IdE2

)
,

(3.1)

�� i = 1, 2. D��`a(���=@��
∂h1

∂t
= −2

√−1Λ∂̄E1∂K1h1 + 2
√−1Λ(∂̄E1h1h

−1
1 ∂K1h1) − 2

√−1h1ΛFK1

+2τ1h1 − h1φh−1
2 φ∗Kh1,

∂h2

∂t
= −2

√−1Λ∂̄E2∂K2h2 + 2
√−1Λ(∂̄E2h2h

−1
2 ∂K2h2) − 2

√−1h2ΛFK2

+2τ2h2 + φ∗Kh1φ,

(3.2)

��9,b� (2.5) �c`�

φ∗H = h−1
2 φ∗Kh1. (3.3)

�b���<B+CGND]��A [1], hi(t) 	� Hi �5")�, t > 0, 4( hi(0) =
IdEi . L

Θ2 =
∣∣∣√−1ΛFH1 +

1
2
φ ◦ φ∗H − τ1IdE1

∣∣∣2
H1

+
∣∣∣√−1ΛFH2 −

1
2
φ∗H ◦ φ − τ2IdE2

∣∣∣2
H2

. (3.4)

I8 3.1 � H(t) = (H1(t),H2(t)) �L��� (3.1) �-, >(
�̃ − ∂

∂t

)
Θ2 ≥ 0, (3.5)
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� (
�̃ − ∂

∂t

)
Tr(θ1 + θ2) = 0, (3.6)

��, L

θ1 =
√−1ΛFH1 +

1
2
φ ◦ φ∗H − τ1IdE1 , θ2 =

√−1ΛFH2 −
1
2
φ∗H ◦ φ − τ2IdE2 . (3.7)

J^ 4_d�e\,  
∂

∂t
θ1 =

√−1Λ∂̄E1

(
∂H1

(
h−1

1

dh1

dt

))
− 1

2
φh−1

2
dh2
dt φ∗H +

1
2
φφ∗Hh−1

1

dh1

dt
,

∂

∂t
θ2 =

√−1Λ∂̄E2

(
∂H2

(
h−1

2

dh2

dt

))
+

1
2
h−1

2

dh2

dt
φ∗Hφ − 1

2
φ∗Hh−1

1

dh1

dt
φ,

(3.8)

�
�̃|θi|2Hi

= 2Re 〈−2
√−1Λ∂̄Ei∂Hiθi, θi〉Hi + Re 〈[2√−1ΛF 1,1

Hi
, θi], θi〉Hi

+2|∂Hiθi|2Hi
+ 2|∂̄Eiθi|2Hi

.
(3.9)

B9 (3.8), (3.9) �, <67,(
�̃ − ∂

∂t

)
Θ2 = 2

2∑
i=1

|∇θi|2Hi
+ {|φ∗Hθ1|2 − 2 < θ2φ

∗H , φ∗Hθ1 > +|θ2φ
∗H |2}

+ {|φθ2|2 − 2〈θ1φ, φθ2〉 + |θ1φ|2} ≥ 0.

�W (3.6) <4 (3.8), (3.9) �_d7,.
I8 3.2 � H(t) = (H1(t),H2(t)) �L��� (3.1) �-, >��HY� C1, I7(

�̃ − ∂

∂t

)
|φ|2H ≥ 2|∂Hφ|2 + C1|φ|4H − {|τ2 − τ1|}|φ|2H . (3.10)

J^ 4_d�e\,  (
�̃ − ∂

∂t

)
|φ|2H = 2|∂Hφ|2H + 2|φφ∗H |2 + 2(τ2 − τ1)|φ|2, (3.11)

��, �
9,# ∂̄E∗
2⊗E1φ = 0 � (3.2) �. c*��, �
<6U-

|φφ∗H |2H1
≥ 1

r2
|φ|4H2

, (3.12)

�� r2 � E2 �F. 4����W, <67,(
�̃ − ∂

∂t

)
|φ|2H ≥ 2|∂Hφ|2 + C1|φ|4H − {|τ2 − τ1|}|φ|2H . (3.13)

d�3, fd Hermite �
e.� Donalson “fg”.

:C 3.3 	(�
� E �h`7+ Hermite �
 H, K, i

σ(H,K) = TrH−1K + TrK−1H − 2rank E. (3.14)

a;, σ(H,K) ≥ 0, `gQj���� H = K. N0, <68 σ kQ*+�
, lÆh, _
*V Ht b C0 ��OP, H, ���� SupMσ(Ht,H) −→ 0.

� H = (H1,H2), K = (K1,K2) �7+ Hermite �
. �,`
2.� Donaldson fg6

σ(H,K) =
2∑

i=1

σ(Hi,Ki). (3.15)

L h = (h1, h2), �� hi = K−1
i Hi. ? −√−1Λ �9, (2.5) ��, � Ei ��Ri,  

Tr(
√−1hi(ΛF 1,1

Hi
− ΛF 1,1

Ki
)) = −1

2
�̃Trhi + Tr(−√−1Λ∂̄Eihih

−1
i ∂Kihi). (3.16)
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� H(t), K(t) �L��� (3.1) �-, 9���b�, <7(
�̃ − ∂

∂t

)
(Trh1(t) + Trh2(t)) = 2

2∑
i=1

Tr(−√−1Λ∂̄Eihih
−1
i ∂Kihi)

+ Tr(h1φh−1
2 φ∗Kh1 − h1φφ∗K) + Tr(h2φ

∗Kφ − φ∗Kh1φ)

= 2
2∑

i=1

Tr(−√−1Λ∂̄Eihih
−1
i ∂Kihi)

+ Tr(h1φh−1
2 φ∗Kh1 − 2h1φφ∗K + h2φ

∗Kφ). (3.17)

cm� (
�̃− ∂

∂t

)
(Trh−1

1 (t)+Trh−1
2 (t)) = 2

2∑
i=1

Tr(−√−1Λ∂̄Eih
−1
i hi∂Hih

−1
i )

+ Tr(h−1
1 φφ∗K − 2h−1

2 φ∗Kφ + h−1
2 h−1

2 φ∗Kh1φ). (3.18)

c*��, [TU-
Tr(h1φh−1

2 φ∗Kh1 − 2h1φφ∗K + h2φ
∗Kφ) ≥ 0; (3.19)

Tr(h−1
1 φφ∗K − 2h−1

2 φ∗Kφ + h−1
2 h−1

2 φ∗Kh1φ) ≥ 0. (3.20)

B9���b��- [1, 5] ���5
Tr(−√−1Λ∂̄Eihih

−1
i ∂Kih) ≥ 0, T r(−√−1Λ∂̄Eih

−1
i hi∂Hih

−1) ≥ 0, (3.21)

7,���n?:

I8 3.4 � H(t), K(t) �L��� (3.1) �-, >(
�̃ − ∂

∂t

)
σ(H(t),K(t)) ≥ 0. (3.22)

Kd 3.5 � H, K �7+ Hermite �
, �� Coupled Vortex �� (2.8), >
�̃σ(H,K) ≥ 0. (3.23)

4 ��\LM
� M̄ ��� Hermite ��, 5 <e�6 ∂M . Hermite �
BC, ���6��<oj

�. 	��
� E = E1 ⊕ E2 �,� M̄ �, �
?KEL��F3-.e.�J.

	(� ∂M �, #��7 ϕ, �
�����=@��⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

H−1
1

∂H1

∂t
= −2

(√−1ΛFH1 +
1
2
φ ◦ φ∗H − τ1IdE1

)
,

H−1
2

∂H2

∂t
= −2

(√−1ΛFH2 −
1
2
φ∗H ◦ φ − τ2IdE2

)
,

Hi(t)|t=0 = Ki,

Hi|∂M = ϕ,

(4.1)

�� K = (K1,K2) �h`_aBC� Hermite �
���6/(. L hi(t) = K−1
i Hi(t), >=
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@�� (4.1) `a(⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂h1

∂t
= −2

√−1Λ∂̄E1∂K1h1 + 2
√−1Λ(∂̄E1h1h

−1
1 ∂K1h1)

− 2
√−1h1ΛFK1 + 2τ1h1 − h1φh−1

2 φ∗Kh1,

∂h2

∂t
= −2

√−1Λ∂̄E2∂K2h2 + 2
√−1Λ(∂̄E2h2h

−1
2 ∂K2h2)

− 2
√−1h2ΛFK2 + 2τ2h2 + φ∗Kh1φ,

h(0) = Id,

h|∂M = Id.

(4.2)

4( (4.2) �<B+CGND]��A, 4MGNDJ5<7H0.��+.
I8 4.1 	(%&f� ε > 0, ��A (3.1) �H0. 0 ≤ t < ε  BC- H(t) =

(H1(t),H2(t)).
� H(t) �=@�� (3.1) �-, � hi = K−1

i Hi, i = 1, 2, >∣∣∣ ∂

∂t
(lg Trhi)

∣∣∣ =
∣∣∣Tr(∂hi

∂t )
Trhi

∣∣∣ = 2
∣∣∣Trhiθi

Trhi

∣∣∣ ≤ 2|θi|Hi (4.3)

� ∣∣∣ ∂

∂t
(lg Trh−1

i )
∣∣∣ ≤ 2|θi|Hi , (4.4)

�� θi 4 (3.7) �#$.
:; 4.2 ���A (3.1) �H0. 0 ≤ t < T �BC-� H(t) = (H1(t),H2(t)), >�

t → T 0, H(t) b C0 ��OP, H(T ), H(T ) �pg�, <oj�.
J^ 	(#� ε > 0, 4� t = 0k�pg+, �
<6h,*+ δ, I7	( 0 < t, t′ < δ,

sup
M

σ(H(t), H(t′)) < ε,

>4n? 3.4 �lm7iJ, <7	(C � t, t′ > T − δ,

sup
M

σ(H(t),H(t′)) < ε,

Nq.# Hi(t) �*�� Cauchy jV, ��pgOP,l<�
 Hi(T ), i = 1, 2. nrn? 3.1,
ko |θi|Hi �*� 6�. 4 (4.3), (4.4) �<k σ(Hi(t),Ki(t)) �*� 6�, C6 Hi(T ) �
<oj��
.

Em�- [1, lJ 19] � [12, lJ 4.3.2] ��45*0, [TU-��lJ�
N; 4.3 � H(t), 0 ≤ t < T �AK Hermite �� M �K�
� E ��*mpW�

Hermite �
, ���� Dirichlet �6/(. _� t → T 0, H(t) b Co ��OP,pg�

H(T ), ��, _ supM |ΛF 1,1

H | 	( t �*� 6�, > H(t) � C1 �*� 6, �� Lp
2 (	(h

` 1 < p < ∞) �*� 6.
:; 4.4 h`#�_a Hermite �
 K, >=@�� (3.1) J0. 0 ≤ t < ∞ ��@*�

- H(t).
J^ M?-��+. n? 4.1 q-#-�H0.��+. �0.� 0 ≤ t < T �, - H(t)

��. 4�J 4.2, � t → T 0, H(t) b Co ��OP,pg�
 H(T ). 4s�45ko |θi|Hi

 6, ��� t ��. n4n? 3.2,  (
�̃ − ∂

∂t

)
|φ|2H ≥ 2|∂Hφ|2 + C1|φ|4H − |τ2 − τ1| |φ|2H .
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r� |φ|2H �M×[0, T )�� (x0, t0)skR,lm7,�� 0 < t0 < T , x0 ∈ M . _ |φ|2(x0, t0) >
|τ2−τ1|

C1
, >� (x0, t0) �tou,  (

�̃ − ∂

∂t

)
|φ|2 ≥ 0,

N�L\W�lm7iJvt. C67,
|φ|2 ≤ max

{
|φ|2K ,

|τ2 − τ1|
C1

}
. (4.5)

uS supM |ΛF 1,1
Hi

|2Ki
�Rbw( t S 6�, �� i = 1, 2. C6, 4lJ 4.3 Hi(t) � C1 ��

� 6, ��� Lp
2(1 < p < ∞) ��( t �*� 6�. p6=@�� (3.2) �( hi �*[v�

�wx�, 2<6�9 Hamilton ��F [13] 7,�Hi(t) → Hi(T ) C∞ OP, i = 1, 2, �-<6
pg�qE T 0Æ. xy=@�� (3.1) �- H(t) 2J0.��.

��-@*+. � H′(t) �5 c8_a Hermite �
 K �=@�� (3.1) �cz*+-,
nrn? 3.4, 7, (

�̃ − ∂

∂t

)
σ(H(t),H′(t)) ≥ 0,

� σ(H,H′)|t=0 = 0, 4lm7iJ,  σ(H(t),H′(t)) ≡ 0, � H(t) ≡ H′(t). @*+-y.

7�:;rJ^ 	(� ∂M #�7 ϕ, ��=@�� (3.1), nr�J 3.4, ko�� (3.1)
�-����@*. d�3, �
.-. H(t) OP,�� Coupled Vortex ��� Hermite �

. 4_de\, 	( End(Ei) ���� θi,  |∇Hθi|2H ≥ |∇|θi|H |2.

B9 (3.5) � (
�̃ − ∂

∂t

)
Θ2 = 2Θ

(
�̃ − ∂

∂t

)
Θ + 2|∇Θ|2 ≥ 2

2∑
i=1

|∇θi|2Hi
,

uS

2Θ
(
�̃ − ∂

∂t

)
Θ ≥ 2

( 2∑
i=1

|∇θi|2Hi
− |∇Θ|2

)
≥ 2

2∑
i=1

(|∇θi|2Hi
− |∇|θi|Hi |2) ≥ 0,

7, (
�̃ − ∂

∂t

)
Θ ≥ 0. (4.6)

�
M?- M �� Dirichlet >? (z- [14, { 5 s, n? 1.8]){
�̃v = −Θ(x, 0),

v|∂M = 0.
(4.7)

i

ω(x, t) =
∫ t

0

Θ(x, s)ds − v(x).

4 (4.6), (4.7) �� Hi ����6/(, 7,�	( t > 0, Θ(x, t) � M ��6�t{. [TU
- ω(x, t) �� ⎧⎪⎪⎪⎨⎪⎪⎪⎩

(
�̃ − ∂

∂t

)
ω(x, t) ≥ 0,

ω(x, 0) = −v(x),

ω(x, t)|∂M = 0.

(4.8)
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n4lm7iJ, 	(h` x ∈ M , 0 < t < ∞,  ∫ t

0

Θ(x, s)ds ≤ sup
y∈M

v(y), (4.9)

i t1 ≤ t ≤ t2, h̄i(x, t) = H−1
i (x, t1)Hi(x, t), [TU-

h̄−1
i

∂h̄i

∂t
= −2θi, (4.10)

uS ∂
∂t log tr(h̄i) ≤ 2|θi|Hi .

u����W, <7

tr(H−1
i (x, t1)Hi(x, t)) ≤ r exp

(
2
∫ t

t1

|θi|Hids

)
. (4.11)

cmh|e tr(H−1
i (x, t)Hi(x, t1). 7,

σ(H(x, t),H(x, t1)) ≤ 2r
(

exp
(

2
∫ t

t1

|θi|Hids

)
− 1

)
. (4.12)

4 (4.9), (4.12) �<k�� t → ∞, H(t) b C0 ��OP(pg�
 H∞. n9lJ 4.3,
H(t) � C1 � 6, ��� Lp

2 (1 < p < ∞) ��( t *� 6. c*��, |θi|Hi �*� 6�.
>MG�|uH>+J5q-#�� C∞ ���, ��WV Ht → H∞. 4 (4.9) �, H∞ 2�.
}����6/(� Hermite �
. @*+<4=5 3.5 �lm7iJ7,. e.�J-y.

OP vw}x~*~��, yz��#{�|w}v.
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