
� 29 � � 1 Æ � � � � � � Vol. 29 No. 1
2006 � 1 � ACTA MATHEMATICAE APPLICATAE SINICA Jan., 2005

����Besov����

Sobolev���	
� ∗

��
(������	��
��� 300074)

(E-mail: xuguiqiao@eyou.com)

� � ���	
����Æ Besov ���Æ Sobolev ��� n- �������
��

��� ���Æ Besov �� Sobolev �� n- ��
MR(2000) ���� 41A63; 41A44

���� O174.41

1 ��

� Lp(T d), T = (−π, π] (1 ≤ p ≤ ∞)����� 2π �� Lp ���� k ∈ N , h ∈ Rd.
��� f ∈ Lp(T d),

∆k
hf(x) =

k∑
l=0

(−1)l+k

(
k

l

)
f(x + lh) (1.1)

� f(x) �� x � � h � k !"#� f � k !$%� Ωk(f, t)p &��

Ωk(f, t)p =: sup
|h|≤t

‖∆k
hf‖p. (1.2)

Pustovoitov N N[1] '���( '! [2] #)"#*��+$, HΩ
q (T d)' BΩ

pθ(T
d).

- Ω(t) = ω(t1 · · · td) %( [1] ' [2] #)&'* HΩ
q (T d) ' BΩ

pθ(T
d) � Kolmogorov n-

./�0(1 ω(|t|) 2)* ω(t1 · · · td) +,3-�./(01"#2�4��� Besov
,�

� � k ∈ N, Ω(t) ∈ Φ∗
k, 1 ≤ θ ≤ ∞, 1 ≤ p ≤ ∞. 5 f ∈ BΩ

pθ(T
d), 3 f 4!5

67
(1) f ∈ Lp(T d);
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(2) ‖f‖bΩ
pθ

(T d) < ∞, EF

‖f‖bΩ
pθ

(T d) =

⎧⎪⎪⎨
⎪⎪⎩

{∫ +∞

0

(Ωk(f, t)p

Ω(t)

)θ dt

t

}1/θ

, 1 ≤ θ < ∞,

sup
t>0

Ωk(f, t)p

Ω(t)
, θ = ∞.

G.�� BΩ
pθ(T

d) EHF$

‖f‖BΩ
pθ

(T d) := ‖f‖p + ‖f‖bΩ
pθ

(T d)

G�G.EF���- Ω(t) = tα %( BΩ
pθ(T

d) H���� Besov �� Bα
pθ(T

d). I

SΩ
pθ(T

d) :=
{
f ∈ Lp(T d) : ‖f‖BΩ

pθ
(T d) ≤ 1

}
.

3 r ∈ N , 1 ≤ p ≤ ∞, J�� Sobolev �� W r
p = W r

p (T d) K4!F$

‖f‖r
p := ‖f‖p +

d∑
j=1

∥∥∥∂rf

∂xr
j

∥∥∥∥∥
p

�)L� 2π ��+$IHMF$JG�G.EF���
NK%O&'* Besov P+$,��� Lp(T d) F� Kolmogorov n- ./�&�1

MQL%MNR+$� Fourier O$P'%�QRL2(01SR+$� de la Vallee
Poussin'%L2(TU Nikolskii[3] VS+$���TUW Pinkus[4] VS./XV�T
U('W&'* SΩ

pθ(T
d) � W r

q F� Gel’fandn- ./WG. n- ./�01�TY�
�( � k ∈ N, Ω(t) ∈ Φ∗

k, 1 ≤ q, p ≤ ∞, Ω(t)/tα Z[\]X(Y α > r +
d max

(
3 1

2 − 3
p , 1

2 + 3
q , 1

p − 1
q

)
, J

(1) dn

(
SΩ

pθ(T
d), W r

q

) �

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Ω(n−1/d)nr/d, 1 ≤ q ≤ p ≤ ∞,

Ω(n−1/d)nr/d, 2 ≤ p ≤ q ≤ ∞,

Ω(n−1/d)nr/d+1/p−1/2, 1 ≤ p ≤ 2 ≤ q ≤ ∞,

Ω(n−1/d)nr/d+1/p−1/q, 1 ≤ p ≤ q ≤ 2.

(2) dn
(
SΩ

pθ(T
d), W r

q

) �

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Ω(n−1/d)nr/d, 1 ≤ q ≤ p ≤ ∞,

Ω(n−1/d)nr/d, 1 ≤ p ≤ q ≤ 2,

Ω(n−1/d)nr/d+1/2−1/q, 1 ≤ p ≤ 2 ≤ q ≤ ∞,

Ω(n−1/d)nr/d+1/p−1/q, 2 ≤ p ≤ q ≤ ∞.

(3) d′n
(
SΩ

pθ(T
d), W r

q

) �

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

Ω(n−1/d)nr/d, 1 ≤ q ≤ p ≤ ∞,

Ω(n−1/d)nr/d+1/p−1/q, 1 ≤ p ≤ q ≤ 2 or 2 ≤ p ≤ q ≤ ∞,

Ω(n−1/d)nr/d+1/p−1/2, 1 ≤ p ≤ 2 ≤ q ≤ ∞, p′ ≥ q,

Ω(n−1/d)nr/d+1/2−1/q, 1 ≤ p ≤ 2 ≤ q ≤ ∞, p′ ≤ q,

EF 1/p + 1/p′ = 1/q + 1/q′ = 1, A � B Z[^�_\`S d, p, Ω, θ, k �a$ C ]b
B/C ≤ A ≤ CB.

- r = 0 %(MQTYH� SΩ
pθ(T

d) � Lq(T d) ^�./cX�
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2 )*�+
� m ∈ N , �

Vm(t) = 1 + 2
m∑

k=1

A!”coskt + 2
2m∑

k=m+1

((2m − k)/m) cos kt

� de la Vallée Poussin f�Ka de la Vallée Poussin f&��

Vm(x) :=
d∏

j=1

Vm(xj).

� f ∈ Lp(T d),I Vmf := f ∗Vm � f � de la Vallée Poussin'�de la Vallée Poussin
'�gb"&��

Φ0f := V1f, Φsf := V2sf − V2s−1f, s = 1, 2, · · · .

,cS [5] �de(01)
,( 1 � k ∈ N, Ω(t) ∈ Φ∗

k, f ∈ BΩ
pθ(T

d), J f � Lp(T d) fh���^i���

O$

f =
∞∑

s=0

Φs, (2.1)

Y

‖f‖BΩ
pθ

(T d) �

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

{ ∑
s∈Z+

( ‖Φs‖p

Ω(2−s)

)θ
}1/θ

, 1 ≤ θ < ∞,

sup
s∈Z+

‖Φs‖p

Ω(2−s)
, θ = ∞.

(2.2)

,( 2 � k ∈ N, Ω(t) ∈ Φ∗
k, 1 ≤ q < p ≤ ∞, Ω(t)/tα Z[\]X(Y α >

d(1/q − 1/p), J BΩ
qθ(T

d) ⊂ BΩ1
pθ (T d), EF Ω1(t) = Ω(t)/td(1/q−1/p) Y ∀ f ∈ BΩ

qθ(T
d),

‖f‖
B

Ω1
pθ

(T d)
<< ‖f‖BΩ

qθ
(T d).

- gjh Ω1(t) ∈ Φ∗
k. - 1 ≤ θ < ∞ %(K"P 1, ∀ f ∈ BΩ

qθ(T
d),

{ +∞∑
s=0

( ‖Φs‖q

Ω(2−s)

)θ
}1/θ

<< ‖f‖BΩ
qθ

(T d).

K"P 1 W Nikolskii 3ki

‖f‖
B

Ω1
pθ

(T d)
<<

{ +∞∑
s=0

( ‖Φs‖p

Ω1(2−s)

)θ
}1/θ

<<

{ +∞∑
s=0

(‖Φs‖q2ds(1/q−1/p)

Ω1(2−s)

)θ
}1/θ

=
{ +∞∑

s=0

( ‖Φs‖q

Ω(2−s)

)θ
}1/θ

<< ‖f‖BΩ
qθ

(T d).
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- θ = ∞ %(K"P 1 W

Ω−1
1 (2−s) =

2−ds(1/q−1/p)

Ω(2−s)
, ‖Φs(f)‖p << 2ds(1/q−1/p)‖Φs(f)‖q,

ib ‖f‖
B

Ω1
p∞(T d)

≤ ‖f‖BΩ
q∞(T d). "P 2 dÆ�

� 1 ≤ p ≤ ∞, lmp � Rm EHF$

‖x‖lmp =
( m∑

k=1

|xk|p
)1/p

, p < ∞.

- p = ∞ %j.lF$�I B(lmp ) �� lmp �\kl�

� Tm ��VS�2mn xj , j = 1, · · · , d �! ≤ m �KmnoKoi,p�3
1 ≤ p ≤ ∞, J��2 f ∈ Tm

‖f‖p ≈ m−d/p
( ∑

k∈Pm

|f(hk)|p
)1/p

. (2.3)

- p = ∞%j.lF$(EF Pm :=
{
k ∈ Zd : −2m ≤ kj < 2m, j = 1, · · · , d}

, h = π/2m

(p [6]).
,( 3 � p < q, Ω(t)/tα Z[\]X( α > d(1/p − 1/q), Y sn �� dn, dn q d′n

F���2r(J

sn

(
SΩ

pθ(T
d), W r

q

)
<<

∞∑
k=0

Ω(2−k)2rk+dk(1/p−1/q)snk

(
B(l2

(k+3)d

p ), l2
(k+3)d

q

)
, (2.4)

EF nk �4! ∑∞
k=0 nk ≤ n �stq$�

- ruvVS n- ./�wrst [4].
R L(X, Y ) ��K X 1 Y �gbuv�,p�
A) R sn(T ; X ; Y ) ��x

{
Tx : ‖x‖ ≤ 1

}
� Y F�wx n- ./�� Ti ∈

L(X, Y ), i = 1, 2, J

sn+m(T1 + T2; X ; Y ) ≤ sn(T1; X ; Y ) + sm(T2; X ; Y ). (2.5)

B) � T1 ∈ L(X, Z), T2 ∈ L(Z, Y ). J T = T2T1 ∈ L(X, Y ), Y

sn(T ; X ; Y ) ≤ sn(T2; Z; Y )‖T1‖(X,Z), (2.6)

EF
‖T1‖(X,Z) = sup

x �=0
‖T1x‖Z

/‖x‖X .

K� f ∈ BΩ
pθ(T

d), f =
+∞∑
k=0

Φkf ib

sn

(
SΩ

pθ(T
d), W r

q

) ≤
∞∑

k=0

snk

(
Φk; BΩ

pθ(T
d); W r

q

)
.
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01yd� k ∈ Z+,

snk

(
Φk; BΩ

pθ(T
d); W r

q

)
<< Ω(2−k)2rk+dk(1/p−1/q)snk

(
B(l2

(k+3)d

p ), l2
(k+3)d

q

)
.

01#yV/ Φk : BΩ
pθ(T

d) → T2k+1 ∩ W r
q z^7 Φk = SkL−1

k ILkΦ̃k, EF Φ̃k �K

BΩ
pθ(T

d) 1 Lp(T d) �V/ Φkf , K"P 1 ib

‖Φ̃k‖(BΩ
pθ

(T d),Lp(T d)) << Ω(2−k). (2.7)

Lk ��K T2k+1 ∩ Lp(T d) 1 l2
(k+3)d

p �z^V/
Lk(f) =

{
f
( π

2k+2
m

)}
m∈Pk

,

K (2.3) i{
‖Lk‖(T2k+1∩Lp,l2

(k+3)d
p )

<< 2kd/p. (2.8)

I ��K l2
(k+3)d

p 1 l2
(k+3)d

q �zkV/( L−1
k ��K l2

(k+3)d

q 1 T2k+1 ∩ Lq �z^V/

L−1
k ({am}m∈Pk

) =
∑

m∈Pk

am

2(k+3)d

d∏
j=1

V2k+1

(
xj − mjπ

2k+2

)
.

XVib

∥∥∥∥{ ∑
m∈Pk

am

2(k+3)d

d∏
j=1

V2k+1

( njπ

2k+2
− mjπ

2k+2

)}
n∈Pk

∥∥∥∥
l2

(k+3)d
q

<< ‖{am}m∈Pk
‖

l2
(k+3)d

q
. (2.9)

K [6] {� f ∈ T2k+1 , L−1
k Lk(f) = f . K (2.3) W (2.9) {

‖L−1
k ‖(

l2
(k+3)d

q ,T2k+1∩Lq

) << 2−kd/q. (2.10)

Sk ��K T2k+1 ∩ Lq 1 T2k+1 ∩ W r
q �zkuv�K Bernstein 3kiib

‖Sk‖(T2k+1∩Lq,T2k+1∩W r
q ) << 2rk. (2.11)

K (2.5) 1 (2.11) ib"P 3.

3 0+Æ12
345
(1) de� 1 ≤ p, q ≤ +∞,

d′n
(
SΩ

pθ(T
d), W r

q

)
<< Ω(n−1/d)nr/d+(1/p−1/q)+ . (3.1)

K ‖f‖p << ‖f‖q (p ≤ q) W"P 2 {_0( p = q Hi�I 2m � n1/d Y Tm(f, x) =
f ∗V2m(x), J Tm �K BΩ

pθ(T
d) 1 T2m+1 ∩W r

p �gbG.V/( dim (T2m+1 , W r
p ) << n,

Y

f(x) − Tm(f, x) =
+∞∑

j=m+1

Φj(x). (3.2)
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� 1 < θ < +∞, f ∈ SΩ
pθ(T

d), K"P 1 {

‖f − Tmf‖p ≤
+∞∑

j=m+1

‖Φj(f)‖p <<
{ +∞∑

j=m+1

‖Φj(f)‖θ
p

Ωθ(2−j)

} 1
θ
{ +∞∑

j=m+1

Ωθ′
(2−j)

} 1
θ′

<<‖f‖BΩ
pθ

(T d)Ω(2−m)
{ +∞∑

j=1

2−jαθ′} 1
θ′

<< Ω(2−m) << Ω(n−1/d).
(3.3)

� 1 ≤ l ≤ d, K Bernstein 3ki

∥∥∥∂r(f − Tmf)
∂xr

l

∥∥∥
p
≤

+∞∑
j=m+1

2rj‖Φj(f)‖p

<<
{ +∞∑

j=m+1

‖Φj(f)‖θ
p

Ωθ(2−j)

} 1
θ
{ +∞∑

j=m+1

2rjθ′
Ωθ′

(2−j)
} 1

θ′

<<‖f‖BΩ
pθ

(T d)Ω(2−m)
{ +∞∑

j=1

2j(r−α)θ′} 1
θ′ 2rm

<<Ω(2−m)2rm << Ω(n−1/d)nr/d. (3.4)

,cijh� θ = 1, ∞, (3.3), (3.4) G{�K (3.3), (3.4) ib (3.1).
(2) ^|de

dn

(
SΩ

pθ(T
d), W r

q

)
<<

{
Ω(n−1/d)nr/d, 2 ≤ p ≤ q ≤ ∞,

Ω(n−1/d)nr/d+1/p−1/2, 1 ≤ p ≤ 2 ≤ q ≤ ∞.
(3.5)

K ‖f‖t ≤ ‖f‖s (1 ≤ t ≤ s ≤ ∞) ib� 2 ≤ p ≤ q ≤ ∞,

dn

(
SΩ

pθ(T
d), W r

q

) ≤ dn

(
SΩ

2θ(T
d), W r

∞
)
,

Y� 1 ≤ p ≤ 2 ≤ q ≤ ∞,

dn

(
SΩ

pθ(T
d), W r

q

) ≤ dn

(
SΩ

pθ(T
d), W r

∞
)
.

}|_~de� 1 ≤ p ≤ 2,

dn

(
SΩ

pθ(T
d), W r

∞
)

<< Ω(n−1/d)nr/d+1/p−1/2.

I 2m � n1/d, YI

nk =

⎧⎪⎨
⎪⎩

2(k+3)d, 0 ≤ k ≤ m,

2(2m−k)d, m < k < 2m,

0, 2m < k,

(3.6)

J
m∑

k=0

2(k+3)d +
2m−1∑

k=m+1

2(2m−k)d << n. � 0 ≤ k ≤ m, d2(k+3)d

(
B(l2

(k+3)d

p ), l2
(k+3)d

q

)
= 0, Y
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� 2m ≤ k, d0

(
B(l2

(k+3)d

p ), l2
(k+3)d

∞
)

= 1. � m < k < 2m, K [4] {

d2(2m−k)d

(
B(l2

(k+3)d

p ), l2
(k+3)d

∞
)

<< 2−(m−k/2)d
(
1 + ln

2(k+3)d

2(2m−k)d

)3/2

<<2−(m−k/2)d(k − m)3/2. (3.7)

K (3.5) W (3.7) ib

dn

(
SΩ

pθ(T
d), W r

∞
)

<<
2m−1∑

k=m+1

Ω(2−k)2rk+dk/p2−(m−k/2)d(k − m)3/2

+
∞∑

k=2m

Ω(2−k)2rk+dk/p. (3.8)

K Ω(2−k) << Ω(2−m)2α(m−k) (k ≥ m) ib

2m−1∑
k=m+1

Ω(2−k)2rk+dk/p2−(m−k/2)d(k − m)3/2

<<Ω(2−m)2rm−md(1/2−1/p)
2m−1∑

k=m+1

2−(α−r−d/p)(k−m)(k − m)3/2

<<Ω(n−1/d)nr/d+1/p−1/2. (3.9)
∞∑

k=2m

Ω(2−k)2rk+dk/p << Ω(2−m)
∞∑

k=2m

2α(m−k)2rk+dk/p

<<Ω(2−m)2rm+md/p
∞∑

k=2m

2(α−r−d/p)(m−k)

<<Ω(2−m)2m(2d/p+r−α) << Ω(n−1/d)nr/d+1/p−1/2. (3.10)

K (3.8)–(3.10) ib (3.5).
Kki dn

(
B(lMp ), lMq

)
= dn

(
B(lMq′ ), lMp′

)
W (3.5) �deib

dn
(
SΩ

pθ(T
d), W r

q

)
<<

{
Ω(n−1/d)nr/d, 2 ≤ p ≤ q ≤ ∞,

Ω(n−1/d)nr/d+1/2−1/q, 1 ≤ p ≤ 2 ≤ q ≤ ∞.
(3.11)

(3) ^|de

d′n
(
SΩ

pθ(T
d), W r

q

)
<<

{
Ω(n−1/d)nr/d+1/p−1/2, 1 ≤ p ≤ 2 ≤ q ≤ ∞, p′ ≥ q,

Ω(n−1/d)nr/d+1/2−1/q, 1 ≤ p ≤ 2 ≤ q ≤ ∞, p′ ≤ q.
(3.12)

� p′ ≥ q, d′n
(
SΩ

pθ(T
d), W r

q

)
<< d′n

(
SΩ

pθ(T
d), W r

p′
)
, Y� p′ ≤ q, d′n

(
SΩ

pθ(T
d), W r

q

)
<<

d′n
(
SΩ

q′θ(T
d), W r

q

)
. }|_~de� 1 ≤ p ≤ 2,

d′n
(
SΩ

pθ(T
d), W r

p′
)

<< Ω(n−1/d)nr/d+1/p−1/2.

� nk K (3.6) &��� 0 ≤ k ≤ m, d′
2(k+3)d

(
B(l2

(k+3)d

p ), l2
(k+3)d

q

)
= 0, YK p ≤ p′ {�



26 A B C D D D 29�

2m ≤ k, d′0
(
B(l2

(k+3)d

p ), l2
(k+3)d

p′
)

= 1. � m < k < 2m, K [4] {

d′2(2m−k)d

(
B(l2

(k+3)d

p ), l2
(k+3)d

p′
)

<< 2−(m−k/2)d(1/2−1/p)+2(2k−2m)d/p′( k

2m − k

) 2
p−1

. (3.13)

K (2.4) W (3.13), ,cS (3.5) �de(3 α >
(
3 1

2 − 3
p

)
d, XVib

d′n
(
SΩ

pθ(T
d), W r

p′
)

<< Ω(n−1/d)nr/d+1/p−1/2. (3.14)

K dn

(
SΩ

pθ(T
d), W r

q

) ≤ d′n
(
SΩ

pθ(T
d), W r

q

)
, dn

(
SΩ

pθ(T
d), W r

q

) ≤ d′n
(
SΩ

pθ(T
d), W r

q

)
, (3.1),

(3.5), (3.11) W (3.12) ibMcX�
645
� λ = 4([n1/d] + 1), Y� 1 ≤ l ≤ λ, I

ϕl(t) = sink(λt)χ[2π(l−1)/λ,2πl/λ](t), t ∈ R. (3.15)

} s = λd, Ix {f1, · · · , fs} ��+$x
{ d∏

j=1

ϕlj (xj) : 1 ≤ lj ≤ λ, 1 ≤ j ≤ d
}
. &���

+$x Φ z^

Φ =
{
f : f |[0,2π]d(x) =

s∑
j=1

ajfj(x)
}

. (3.16)

��� g ∈ (W r
q )∗, &� g̃ ∈ (lsq)∗ z^

g̃(a1, · · · , as) = g
( s∑

j=1

ajfj

)
. (3.17)

��� L = {g1, · · · , gn} ⊂ (W r
q )∗, ^� a ∈ lsp 4!

g̃i(a) = 0, i = 1, · · · , n; (3.18)
‖a‖q ≥ dn(B(lsp), l

s
q)‖a‖p. (3.19)

EF ‖a‖p = ‖a‖lsp. � f =
s∑

j=1

ajfj. K (3.17)–(3.19)ib f ∈ L⊥. gjh

‖f‖q = λ−d/q
∥∥ sink(·)∥∥d

q
‖a‖q, (3.20)

Y��� α ∈ Zd
+,

∥∥∥∂αf

∂xα

∥∥∥
p

= λ|α|−d/p
d∏

i=1

(∫ 2π

0

∣∣(sink)(αi)(t)
∣∣p dt

)1/p

‖a‖p. (3.21)

� h = (h1, · · · , hd) ∈ Rd, K Minkowski 3ki( (3.21) W

∆k
hf(x) =

∫ 1

0

· · ·
∫ 1

0

( ∂

∂x1
h1 + · · · + ∂

∂xd
hd

)k

f
(
x +

k∑
j=1

ujh
)

du1 · · · duk,
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ib
‖∆k

hf‖p << |h|kλk−d/p‖a‖p. (3.22)

K (1.1) W (3.20) ib
‖∆k

hf‖p << λ−d/p‖a‖p. (3.23)

K (1.1), (3.22) W (3.23) ib

Ωk(f, t)p << tkλk−d/p‖a‖p, (3.24)

Ωk(f, t)p << λ−d/p‖a‖p. (3.25)

� 1 ≤ θ < ∞, K (3.24) W (3.25) ib

∫ +∞

0

(Ωk(f, t)p

Ω(t)

)θ dt

t
<<

(
λkθ

∫ 1/λ

0

tkθ−1

Ωθ(t)
dt +

∫ +∞

1/λ

dt

Ωθ(t)t

)
λ−dθ/p‖a‖θ

p. (3.26)

K Ω(t)/tβ Z[\]~b

∫ 1/λ

0

tkθ−1

Ωθ(t)
dt <<

(1/λ)βθ

Ωθ(1/λ)

∫ 1/λ

0

t(k−β)θ−1 dt <<
1

Ωθ(1/λ)λkθ
. (3.27)

K Ω(t)/tα Z[\]Xb

∫ +∞

1/λ

dt

Ωθ(t)t
<<

(1/λ)αθ

Ωθ(1/λ)

∫ +∞

1/λ

dt

tαθ+1
<<

1
Ωθ(1/λ)

. (3.28)

K (3.26)–(3.28)ib
‖f‖bΩ

pθ
(T d) << λ−d/p‖a‖p/Ω(1/λ). (3.29)

}|ib

‖f‖BΩ
pθ

(T d) << ‖f‖p + λ−d/p‖a‖p/Ω(1/λ) << λ−d/p‖a‖p/Ω(1/λ), (3.30)

,cib� θ = ∞, (3.30) G{�� f = f/‖f‖BΩ
pθ

(T d), J f ∈ L⊥ ∩ BΩ
pθ(T

d). K

‖f‖BΩ
pθ

(T d) = 1, (3.19), (3.20) W (3.30) {

‖f‖q >> Ω(1/λ)dn(B(lsp), l
s
q)λ

d/p−d/q >> Ω(1/λ)d
s
2 (B(lsp), l

s
q)λ

d/p−d/q. (3.31)

K [4] { dn(B(lMp ), lMq ) = dn(B(lMq′ ), lMp′ ), Y

dn(B(l2n
p ), l2n

q ) >>

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

n1/q−1/p, 1 ≤ q ≤ p ≤ ∞,

n1/q−1/p, 2 ≤ p ≤ q ≤ ∞,

n1/q−1/2, 1 ≤ p ≤ 2 ≤ q ≤ ∞,

1, 1 ≤ p ≤ q ≤ 2.

(3.32)

K (3.31), (3.32), (3.20), (3.21) W λ � n1/d ib dn
(
SΩ

pθ(T
d), Lq(T d)

)
�^cX�,c

ib dn

(
SΩ

pθ(T
d), Lq(T d)

)
�^cX�K dn

(
SΩ

pθ(T
d), Lq(T d)

) ≤ d′n
(
SΩ

pθ(T
d), Lq(T d)

)
W

dn

(
SΩ

pθ(T
d), Lq(T d)

) ≤ d′n
(
SΩ

pθ(T
d), Lq(T d)

)
ib d′n

(
SΩ

pθ(T
d), Lq(T d)

)
�^cX�
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