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�� P –Laplacian��������� ∗

	
�
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��
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� � ��	B Leggett-Williams �E�B��
��F P -Laplacian su	T��
bz
(ϕ(u′))′ + a(t)f(u) = 0, αϕ(u(0)) − βϕ(u′(0)) = 0, γϕ(u(1)) + δϕ(u′(1)) = 0 ��	�U��H
i ϕ(s) := |s|p−2s, p > 1. �	
��Zze�UYa��	�V��
��� P -Laplacian �a�y����q� Leggett-Williams �D�A�

1 ��
����T� P -Laplacian ���x

(
ϕ(u′)

)′ + a(t)f(u) = 0, 0 < t < 1, (1)

αϕ
(
u(0)

) − βϕ
(
u′(0)

)
= 0, γϕ

(
u(1)

)
+ δϕ

(
u′(1)

)
= 0 (2)

Z���T��Gh ϕ(s) := |s|P−2s, P > 1. P�w�
(A) α > 0, β ≥ 0, γ > 0, δ ≥ 0;
(B) f ∈ C

(
[0,∞), [0,∞)

)
;

(C) a ∈ C
(
[0, 1], [0,∞)

)
K a(t) T (0, 1) �RotM�Z�q���

eHQ� (1) T�x Dirichlet ���� u(0) = 0 = u(1) ��Z���T���E
���h��� [1–5] v�e���m�f�ic Leray-Schauder S!��V [2,3] v
Z��QN [3] ���� 1997  �"!KT [1] hv"#Q� (1) T�x����

u(0) −B0

(
u′(0)

)
= 0, u(1) +B2

(
u′(1)

)
= 0, (3)

bZ���T��Gh Bi(v), i = 0, 1, FfS��Ikl�K�T�l m > 0 c�
Bi(v) ≤ mv, IHuE v ≥ 0, i = 0, s i = 1 ���T f f !��w f0 = lim

x→0+

f(u)
up−1 =

0, f∞ = lim
x→∞

f(u)
up−1 = +∞m!!��w f0 = +∞, f∞ = 0$kL#���Wang[1] % 

Z��"�m Kransnoselskii �C#$&���#�x (1), (3) �TZ��%U���
&$ 2001 B 4 Q 20 Sh'(
∗ gzvQ��u' (19871005) n(L)*e+o%u' (1999000722) sn%)(
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y+�t*Em2+3T [4] hv"#Q� (1) T�x����
αu(0) − βu′(0) = 0, γu(1) + δu′(1) = 0 (4)

bZ���T��N,# f f !�m!!��-f�m�QNf. p�C#c4
$& [4]. /����� (4) f (2) �wjL#�

���QN�,H0Z���1-% "kl��gv Leggett-Williams�C#$
&���# (1), (2)�Td.W5Z��%U���+/�Y5�C#$&�6 /2
0L1m31�3UQ����xW���T��2T [6–8]. 7 8QNv"���
x (1), (2) Z���T��J344�9Ro�h�
2 �5��

�51-667��p&"�t�:Cmyl�67kp�$8�
�� 2.1 � E =

(
E, ‖ · ‖) f�5 Banach 8�� P ⊂ E S8�K�x

(i) αu+ βv ∈ P, I ∀u, v ∈ P, α, β ≥ 0 ���
(ii) Th −u, u ∈ P, ;E u = 0,

W< P f E h�5p�
�� 2.2 <99 ψ f�5p P Z�SY::"Pk�Th�x ψ : P → [0,∞)f

::�K
ψ

(
tu+ (1 − t)v

) ≥ tψ(u) + (1 − t)ψ(v)

IH ∀u, v ∈ P m 0 ≤ t ≤ 1 ���
Dp P v"Pk ψ �$8�1-;U�;�yl�< 0 < a < b, r > 0. $8

Pr =
{
u ∈ P

∣∣‖u‖ < r
}
, 0v P (ψ, a, b) =

{
u ∈ P

∣∣a ≤ ψ(u), ‖u‖ ≤ r
}
.

�;1-7k Leggett-Williams �C#$& [6], Yf��m��h�&"<=�
�� 2.1[6−8] � T : P c → P c fP::�K ψ f P Z�SY::"Pk��x

ψ(u) ≤ ‖u‖, ∀u ∈ P c. G��T�l 0 < a < b < d ≤ c c��;�����=
(C1)

{
u ∈ P (ψ, b, d)

∣∣ψ(u) > b
} 
= ∅, K ψ(Tu) > b, IH ∀u ∈ P (ψ, b, d);

(C2) ‖Tu‖ < a, > ‖u‖ ≤ a;
(C3) ψ(Tu) > b, IH u ∈ P (ψ, b, c) K ‖Tu‖ > d.

>? T d.�TW5�C# u1, u2 m u3 �x
‖u1‖ < a, b < ψ(u2), ‖u3‖ > a K ψ(u3) < b.

3 ���� =!"
D (C) @>��T�l η ∈ (0, 1

2 ) c�

0 <
∫ 1−η

η

a(t) dt <∞. (5)

?8kl
L(x) := G

(∫ x

η

a(t) dt
)

+G
(∫ 1−η

x

a(t) dt
)
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T [η, 1 − η] ZfSY::��Gh G(v) := |v| 1
p−1 sgn v f ϕ �Okl��Q@�y

L = min
η≤x≤1−η

L(x), λ = G
(

β
α

∫ 1

0
a(r) dr

)
+

∫ 1

0
G

( ∫ 1

s
a(r) dr

)
ds.

� E = C[0, 1] 6XID ‖u‖ = sup
0≤t≤1

∣∣u(t)∣∣, u ∈ P, W E � Banach 8��$8p
P ⊂ E �

P =
{
u ∈ E

∣∣u f [0, 1] Z�SY"kl
}
.

Dp P �$8@��;��"
�� 3.1[1] < u ∈ P, η ∈ (0, 1/2) WE
(i) u(t) ≥ η‖u‖, I ∀ t ∈ [η, 1 − η],

(ii) u(t) ≥
{ ‖u‖t/σ, 0 ≤ t ≤ σ,

‖u‖ (1 − t)/(1 − σ), σ ≤ t ≤ 1,
Gh η T (5) hu$8��l σ ∈ [0, 1] �x u(σ) = ‖u‖.

yr�1-$8SY::"Pk ψ : P → [0,∞) �

ψ(u) =
u(η) + u(1 − η)

2
, ∀u ∈ P.

/� ψ(u) ≤ ‖u‖, I ∀u ∈ P .
���m��"T�=
�� 3.1 G��T�l 0 < a < ηb < b < d c��O����=
(H1) f(w) < ϕ( a

λ ), I 0 ≤ w ≤ a;
(H2) �OL#���x
(i) lim sup

w→∞
f(w)
wp−1 < ϕ(1/λ);

(ii) �T�5�l q > d c�

f(w) ≤ ϕ(q/λ), > 0 ≤ w ≤ q;

(H3) f(w) > ϕ(2b/ηL), > ηb ≤ w ≤ d.
>?���x (1), (2) d.�TW5Z� u1, u2, m u3 �x

‖u1‖ < a, ψ(u2) > b, ‖u3‖ > a K ψ(u3) < b.

# 1-$899 T : P → E �

W (t) = (Tu)(t) :=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

G
(β
α

∫ σ

0

a(r)f
(
u(r)

)
dr

)
+

∫ t

0

G
(∫ σ

s

a(r)f
(
u(r)

)
dr

)
ds,

> 0 ≤ t ≤ σ,

G
( δ
γ

∫ 1

σ

a(r)f
(
u(r)

)
dr

)
+

∫ 1

t

G
(∫ s

σ

a(r)f
(
u(r)

)
dr

)
ds,

> σ ≤ t ≤ 1,

(6)

D T �$8v (A)–(C), H [1] �Jl/2 T (P ) ⊂ P, W (σ) = ‖Tu‖, K T fP::9
9� T T P h�V�5�C#�[f (1), (2) �Z� (�� [1]).
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�;1-R2;& 2.1 �uE��F�x�i6�1-20D (H2) Rjr�T�
5�l c(> d) c�

T : P c → P c. (7)

G� (H2) h� (ii) ���>?IH ∀u ∈ Pq, E

‖W‖ =W (σ) ≤ G
(β
α

∫ σ

0

a(r) dr · ϕ(q/λ)
)

+
∫ σ

0

G
(∫ σ

s

a(r) dr · ϕ(q/λ)
)

ds

≤ q

λ

[
G

(β
α

∫ 1

0

a(r) dr
)

+
∫ 1

0

G
(∫ 1

s

a(r) dr
)

ds
]

=
q

λ
λ = q.

?8> c = q b (7) d���V� (H2) h� (i) ���W�T D > 0 m ε < ϕ(1/λ)
c�

f(w)
wp−1

≤ ε, > w ≥ D. (8)

y M = max
{
f(w)

∣∣0 ≤ w ≤ D}, WD (8) @�

f(w) ≤M + εwp−1, IH w ≥ 0. (9)

XT1-[N�l c > 0 �x
ϕ(c) > max

{
ϕ(d), M(ϕ(1/λ) − ε)−1

}
. (10)

>?�I ∀u ∈ Pc, D (9), (10) @�

‖Tu‖ ≤G
(β
α

∫ σ

0

a(r)
(
M + ε(u(r))p−1

)
dr

)

+
∫ σ

0

G
(∫ σ

s

a(r)
(
M + ε(u(r))p−1

)
dr

)
ds

≤
[
G

(β
α

∫ 1

0

a(r) dr
)

+
∫ 1

0

G
(∫ 1

s

a(r) dr
)

ds
]
G

(
εcp−1 + ϕ(c)

(
ϕ(1/λ) − ε

))

=λ
c

λ
= c.

u0 (7)d���wKM�TN u ∈ P a,WD (H1)mZ;�v"�1-\� ‖Tu‖ < a.

WK;& 2.1 h��� (C2) �x�
1-]rR2;& 2.1 h� (C1). /� u(t) ≡ b+d

2 (> b) f P (ψ, b, d) h��Mq�
K ψ(u) = ψ

(
b+d
2

)
> b, ?8 {

u ∈ P (ψ, b, d)
∣∣ψ(u) > b

} 
= ∅. >N u ∈ P (ψ, b, d) b�>?
ψ(u) =

(
u(η) + u(1 − η)

)
/2 ≥ b, d b ≤ ‖u‖ ≤ d. SD;& 3.1 h� (i), @> ηb ≤ η‖u‖ ≤

u(s) ≤ d, s ∈ [η, 1−η].D (H3)> f
(
u(s)

)
> ϕ(2b/ηL),IH ηb ≤ u(s) ≤ d, η ≤ s ≤ 1−η.

�;1-U (a) σ < η, (b) σ > 1 − η m (c) σ ∈ [η, 1 − η] WkL#UK\0v"�
VL# (a) Ma�WE

ψ(Tu) =
(
Tu(η) + Tu(1 − η)

)/
2 ≥ Tu(1 − η) ≥

∫ 1

1−η

G
(∫ s

σ

a(r)f
(
u(r)

)
dr

)
ds

≥
∫ 1

1−η

G
(∫ 1−η

η

a(r)f
(
u(r)

)
dr

)
ds > ηG

(∫ 1−η

η

a(r)ϕ(2b/ηL) dr
)
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=ηG
(∫ 1−η

η

a(r) dr
) 2b
ηL

≥ 2b > b.

VL# (b) Ma�WE

ψ(Tu) =
(
Tu(η) + Tu(1 − η)

) ≥ Tu(η) ≥
∫ η

0

G
(∫ σ

s

a(r)f
(
u(r)

)
dr

)
ds

≥
∫ η

0

G
(∫ 1−η

η

a(r)f
(
u(r)

)
dr

)
ds > ηG

(∫ 1−η

η

a(r)ϕ(2b/ηL) dr
)
≥ 2b > b.

VL# (c) Ma�WE
2ψ(Tu) =Tu(η) + Tu(1 − η)

≥
∫ η

0

G
(∫ σ

s

a(r)f
(
u(r)

)
dr

)
ds+

∫ 1

1−η

G
(∫ s

σ

a(r)f
(
u(r)

)
dr

)
ds

≥η
[
G

(∫ σ

η

a(r)f
(
u(r)

)
dr

)
+G

(∫ 1−η

σ

a(r)f
(
u(r)

)
dr

)]

>η
[
G

(∫ σ

η

a(r)ϕ(2b/ηL) dr
)

+G
(∫ 1−η

σ

a(r)ϕ(2b/ηL) dr
)]

≥η
[
G

(∫ σ

η

a(r) dr
)

+G
(∫ 1−η

σ

a(r) dr
)] 2b
ηL

≥ 2b.

u0�IH ∀u ∈ P (ψ, b, d) E ψ(Tu) > b, WK;& 2.1 � (C1) ���yr�1-R2
;& 2.1 � (C3) ����8�1-N d ≥ b/η, � u ∈ P (ψ, b, c) �x ‖Tu‖ > d. >?D
;& 3.1 @�

ψ(Tu) =
(
Tu(η) + Tu(1 − η)

)/
2 ≥ η‖Tu‖ > ηd ≥ b.

WK;& 2.1 h� (C3) _���u0D;& 2.1 >$& 3.1 ���2^�
D$& 3.11-^9�>#T (H1)–(H3)�G�gGM\�H f ,@0�9�x (1),

(2) �TbJ�Z��_`Mp�1-E�;��"
�� 3.2 ��T�l 0 < a1 < ηb1 < b1 < d1 < a2 < ηb2 < b2 < d2 < · · · < an, n ∈

N, c��O����
(S1) f(w) < ϕ(ai/λ), 0 ≤ w ≤ ai, 1 ≤ i ≤ n,
(S2) f(w) > ϕ(2bi/ηL), ηbi ≤ w ≤ di, 1 ≤ i ≤ n− 1,

>?�x (1), (2) d.�T 2n− 1 5Z��
#  frN�> n = 1b�D$& 3.1�20v (S1)@> T : P a1 → Pa1 ⊂ Pa1 ,G

T fP::��u0D Schauder�C#$&> T T P a1 d.�T�5�C# u1 ∈ P a1 .
> n = 2b�1-D (S1)m (S2)>$& 3.1�� (�>H a = a1, b = b1, d = d1, q =

a2), d1-d.@�W5Z� u1, u2, m u3 �x ‖u1‖ < a1, ψ(u2) > b1, ‖u3‖ > a1 K
ψ(u3) < b1. X8Jl{z�O�DfrNN&>$& 3.2 ���

yr�1-}�52t/p0���m��h�
$ T���x (1), (2) h�V� p = 3, α = γ = δ = 1, β = 0, η = 1

4 , a(t) = 2t, K

f(u) =
{
u2, ≤ u ≤ 1,
8192u− 8191, u ≥ 1,



3F p&*,-'./() P -Laplacian R0��1X�A� 509

W (1), (2) d.�TW5Z��
# /��� (A)–(C) �x�1-z��x{�xr�9

λ =
∫ 1

0

G
(∫ 1

s

2r dr
)

ds =
∫ 1

0

(1 − s2)
1
2 ds =

π

4
,

L = min
1/4≤x≤3/4

(x2 − 1/16)
1
2 + (9/16 − x2)

1
2 = L(1/4) = L(3/4) =

√
2/2.

XN a = 1, b = 8, d = 50, >?E

f(u) = u2 < ϕ(4/π) =
16
π2
, I 0 ≤ u ≤ 1 ��,

f(u) = 8192u− 8191 > 8192 = ϕ

(
2b
ηL

)
, I 2 ≤ u ≤ 50,

}K

lim sup
u→+∞

f(u)
u2

= 0 < ϕ(1/λ) =
16
π2
,

Y[fp$& 3.1h� (H1), (H2)h� (i)m (H3)�x�dD$& 3.1>�2d.�T
W5Z� u1, u2 m u3 �x

‖u1‖ < 1, ψ(u2) > 8, ‖u3‖ > 1 K ψ(u3) < 8.

2^�
% T�2h�/� f wS !���}S!!#� (T u = 0 m u = +∞), d

[1,4,5] �m��"f~NDH�2fW�TZ���
� & ' (
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AN THEOREM ABOUT TRIPLE POSITIVE
SOLUTIONS FOR THE ONE-DIMENSIONAL

P -LAPLACIAN EQUATIONS

HE Xiaoming

(Academy of Mathematics and System Sciences, Chinese Academy of Sciences, Beijing 100080)

GE Weigao

(Department of Applied Mathematics, Beijing Institute of Technology, Beijing 100081)

Abstract By means of the Leggtt-Williams fixed-point theorem in cones, we study the ex-
istence of positive solutions for the nonlinear p-Laplacian boundary value problem,

(
ϕ(u′)

)′+
a(t)f(u) = 0, αϕ

(
u(0)

)− βϕ
(
u′(0)

)
= 0, γϕ

(
u(1)

)
+ δϕ

(
u′(1)

)
= 0, where ϕ(s) := |s|p−2s,

p > 1. Sufficient conditions are established which guarantee the existence of at least three
positive solutions of this problem.

Key words p-Laplacian boundary value problem, positive solutions, cone,
Leggett-Williams fixed-point theorem


