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1 �W

p� {ξi, i ≥ 1} cBRd��z��n Sn =
n∑

i=1

ξi, n ≥ 1, � {xn, n ≥ 1} c�
�BK���� lim

n→∞
xn√

n
= +∞, lim

n→∞
xn

n = 0, I(x) c�KMlz�K�� {
P

(
Sn

xn
∈

·), n → ∞}
��Q��Kc I(x) �������� {

P
(

Sn

xn
∈ ·), n→ ∞}

��Q��
Kc I(x), QAc n

x2
n
�������kB R ����i G, �i F , l��D�A�

�

lim inf
n→∞

n

x2
n

logP
(Sn

xn
∈ G

)
≥ − inf

x∈G
I(x), (1.1)

lim sup
n→∞

n

x2
n

logP
(Sn

xn
∈ F

)
≤ − inf

x∈F
I(x). (1.2)

�������l���RdbLJ����k���l��D ����XI��
�� et��W!"h NA Rd��z�����lwSl�k (1.1) D���!E
"#"h NA z��������

n σ- $K Fa,b = σ(ξi, a ≤ i ≤ b), 1 ≤ a ≤ b < +∞, B��K k ≥ 1, %�

ψ−(k) = inf
{ P (A

⋂
B)

P (A)P (B)
, A ∈ F1,l, B ∈ Fl+k,+∞, P (A)P (B) > 0, l ≥ 1

}
. (1.3)

B���� &�#$!'!v"(u%&�)F�DKF"B i.i.d. Rd��'u#
(��) [1–3]. BB"h NA�'u� [4]� Eξ1 = 0, σ2 ∆= Eξ21 + 2

∞∑
k=2

Eξkξ1 > 0,*�
δ0 > 0, C Eeδ0|ξ1| < +∞ j*� N0 ≥ 1, C" ψ−(N0) = 1 �Yrl#(* (1.1), (1.2)
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D���k
{
P

(
Sn

xn
∈ ·), n→ ∞}

��Q��Kc I(x)�������*1 I(x) = x2

2σ2 .

)%��Yr ψ−(N0) = 1 PbV230+1#� et2�,4J%�0��#(
JH3*PYrq5c*� N0 ≥ 1, C" ψ−(N0) > 0, 4EC"%�"#RXI��
��

�%�#(-#j6nQ5l�.��
ZL 1 ([2] �.� 2.1 j P706 �O() �

{
X(t), t > 0

}
c Wiener 6����

X(1) ∼ N(0, σ2), B ∀x ∈ R, r > 0, /l��gp*��

lim
t→∞

1
t

logP
(X(t)

t
∈ B(x, r)

)
= − inf

v∈B(x,r)
I(v),

*1 I(x) = sup
y∈R

(
xy − y2σ2

2

)
= x2

2σ2 , B(x, r) F0 x c1t78c r ��1�
ZL 2 � {ξn, n ≥ 1} c�B"hRd���� Sn =

n∑
i=1

ξi, n ≥ 1, ψ−(k) n9�

(1.3) D��*� N0 ≥ 1, C" ψ (N0) > 0, C ⊂ R c7i�/B��� m ≥ 2 j:;
2� ni, i = 1, 2, · · · ,m, n0 = −N0, ni+1 > ni +N0, i = 1, 2, · · · ,m− 1

P
(∑n1

k=1 ξk +
∑n2

k=n1+N0+1 ξk + · · · + ∑nm

k=nm−1+N0+1 ξk

m
∈ C

)

≥(
ψ (N0)

)m−1
m−1∏
i=0

P (Sni+1−ni−N0 ∈ C).

e 3 C ⊂ R �7w84
m−1⋂
i=0

{ ni+1∑
k=ni+N0+1

ξk ∈ C
}
⊂

{∑n1
k=1 ξk +

∑n2
k=n1+N0+1 ξk + · · · + ∑nm

k=nm−1+N0+1 ξk

m
∈ C

}
.

3 [5] � (3.1) Dj {ξn, n ≥ 1} �"hw8"�

P

( n1∑
k=1

ξk +
n2∑

k=n1+N0+1

ξk + · · · +
nm∑

k=nm−1+N0+1

ξk

m
∈ C

)

≥P
( m−1⋂

i=0

{ ni+1∑
k=ni+N0+1

ξk ∈ C
})

=EI{Sn1∈C}I{m−1∩
i=1

{ ni+1∑
k=ni+N0+1

ξk∈C
}}

=E
(
I{m−1∩

i=1

{ ni+1∑
k=ni+N0+1

ξk∈C
}}E(

I{Sn1∈C}
∣∣Fn1+N0+1,nm

))
)

≥ψ (N0)P (Sn1 ∈ C)P
( m−1⋂

i=1

{ ni+1∑
k=ni+N0+1

ξk ∈ C
})

≥ · · ·
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≥(
ψ (N0)

)m−1
m−1∏
i=0

P (Sni+1−ni−N0 ∈ C).

8F.����
2 9YIE

In�j6W!"h NA �����lwSl�
BL 1 � {ξn, n ≥ 1} c�"h� NA Rd����� Eξ1 = 0, σ2 ∆= Eξ21 +

2
∞∑

k=2

Eξkξ1 > 0, ?3*� δ0 > 0, C Eeδ0|ξ1| < +∞, n Sn =
n∑

k=1

ξk, n ≥ 1, {xn, n ≥ 1}
c��BK���� lim

n→∞
xn√

n
= +∞, lim

n→∞
xn

n = 0, ψ (k) n9� (1.3)D�*� N0 ≥ 1,

C" ψ (N0) > 0, / {
P

(
Sn

xn
∈ ·), n→ ∞} � R 4��Q��Kc x2

2σ2 , QAc n
x2

n
��

��lw�kB���i G ⊂ R, �

lim inf
n→∞

n

x2
n

logP
(Sn

xn
∈ G

)
≥ − inf

x∈G

x2

2σ2
. (2.1)

e ∀x ∈ G, ∃ r > 0, C" B(x, 2r) ⊂ G. 3 [6] �:! 2.2 804@�B���
t > 0, Sn

t
√

n

L→ N(0, σ2

t2 ), U35G;�w:

lim inf
n→∞

1
t2

logP
( Sn

t
√
n
∈ B(x, r/2)

)
≥ 1
t2

logP
(X(1)

t
∈ B(x, r/2)

)
, (2.2)

CG�
{
X(t), t > 0

}
%��.� 1. n I(x) = x2

2σ2 , 3.� 1 84�

lim
t→∞

1
t

logP
(X(t)

t
∈ B(x, r/2)

)
= − inf

v∈B(x,r/2)
I(v) ≥ −I(x). (2.3)

l�a# (2.1) D���In#(80<%�BK� tn ↑ ∞, ��

lim inf
n→∞

1
t2n

logP
( Sn

tn
√
n

∈ B(x, r/2)
)
≥ −I(x). (2.4)

3 (2.3) D84*� am ↓ 0, C"

1
m2

logP
(X(1)

m
∈ B(x, r/2)

)
=

1
m2

logP
(X(m2)

m2
∈ B(x, r/2)

)
≥ −I(x) − am. (2.5)

<%�BK� bm ↓ 0, 3 (2.2), (2.5) �D�BV%� m, *� n(m) ↑ ∞, m → ∞, C"
W n ≥ n(m) A�

1
m2

logP
( Sn

m
√
n

∈ B(x, r/2)
)
≥ −I(x) − am − bm. (2.6)

= tn = m, n(m) ≤ n < n(m+ 1), tn = 1, 1 ≤ n ≤ n(1). 8FB8 n(m) ≤ n < n(m+ 1),
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�
1
t2n

logP
( Sn

tn
√
n
∈ B(x, r/2)

)

=
1
m2

logP
( Sn

m
√
n
∈ B(x, r/2)

)
≥ −I(x) − am − bm,

4E (2.4) D���

>Z#(�B����%� 1 �Yr�BK� {xn, n ≥ 1}, )Z xn ≤ tn
√
n, /8

0"#
lim inf
n→∞

n

x2
n

logP
(Sn

xn
∈ B(x, 2r)

)
≥ −I(x). (2.7)

Ec?�4D#(�j6;y#(

lim inf
n→∞

n

x2
n

logP
(Sn

xn
∈ B(x, r)

)
≥ −I(x). (2.8)

EB4��4D0���/*��� {ni, i ≥ 1}, C" xni√
ni

↑ +∞, ?3

lim
i→∞

ni

x2
ni

logP
(Sni

xni

∈ B(x, r)
)
< −I(x). (2.9)

B@P ni, �� mi ∈ N C" mi ≤ xni√
ni
< mi + 1, 38 xni√

ni
≤ tni , T03 tn �X<J

D84 ni ≥ n(mi), %� t′n = xni√
ni
, ni ≤ n < ni+1. <�#W ni \L�a

{√
niSn

xni

√
n

∈ B(x, r)
}

=
{ xni√

nimi
(x− r) <

Sn

mi
√
n
<

xni√
nimi

(x+ r)
}

⊃
{ Sn

mi
√
n
∈ B(x, r/2)

}
, (2.10)

4E�� (2.6), (2.10) D8"�W n(mi) ≤ ni ≤ n < ni+1 A

1
t′2n

logP
( Sn

t′n
√
n
∈ B(x, r)

)

=
ni

x2
ni

logP
(√

niSn

xni

√
n

∈ B(x, r))
)

≥ ni

x2
ni

logP
( Sn

mi
√
n
∈ B(x, r/2)

)

≥ 1
m2

i

logP
( Sn

mi
√
n
∈ B(x, r/2)

)

≥− I(x) − ami − bmi ,

U

lim inf
n→∞

1
t′2n

logP
( Sn

t′n
√
n
∈ B(x, r)

)
≥ −I(x), (2.11)
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�A<�# { xni√
ni
, i ≥ 1

}
c {t′n, n ≥ 1}�=��8F (2.11)D, (2.9)D[C�U (2.8)

D���
>Z#(�B����%� 1 �Yr��BK� {xn, n ≥ 1}, )Z xn > tn

√
n, /

\]80"#
lim inf
n→∞

n

x2
n

logP
(Sn

xn
∈ B(x, 2r)

)
≥ −I(x). (2.12)

X<�BK� α(n) ��0lYr^ α(n)√
n

↑ +∞, α(n)
n ↓ 0, α(n) = o(tn

√
n). =

k(n) = min
{
n, sup

{
i ≥ 1;

α(i)
i

≥ xn

n

}}

m(n) =
[
n/k(n)

]
, y(n) = xn/m(n), l(n) = n−m(n)k(n).

34��%�84� k(n) → +∞, n→ ∞, l(n) < k(n). j6X<BK� M(n), ��

lim
n→∞M(n) = +∞, lim sup

n→∞
M(n)α(n)
tn
√
n

≤ 1
2
.

^� xn > tn
√
n j α(n) = o (tn

√
n) 84� n \L�a xn

n > α(n)
n , CA k(n) = sup

{
i ≥

1; α(i)
i ≥ xn

n

} ≤ n. B n ∈ {
n : m(n) + 1 ≤M(n)

}
, n \L�a�3 k(n) �%�j α(n)

�X<��
xn ≤α(

k(n)
) · n

k(n)
≤ α

(
k(n)

) · (m(n) + 1
) ≤ α

(
k(n)

)
M(n)

=
α(k(n))√
k(n)

M(n)
√
k(n) ≤ α(n)√

n
M(n)

√
n = α(n)M(n) ≤ tn

√
n.

<�# _L�p��804@ {
n : m(n) + 1 ≤M(n)

}
c�pi`�l�j6;_`

m(n) > M(n) − 1 'u�*A m(n) → +∞. B�����K n �l��WkD

Sn =
m(n)−1∑

j=1

k(n)−N0∑
i=1

ξ(j−1)k(n)+i +
n∑

i=(m(n)−1)k(n)+1

ξi +
m(n)−1∑

j=1

N0∑
i=1

ξjk(n)−N0+i,

8F

{
∑m(n)−1

j=1

k(n)−N0∑
i=1

ξ(j−1)k(n)+i +
n∑

i=(m(n)−1)k(n)+1

ξi

xn
∈ B(x, r)

}

⊂
{Sn

xn
∈ B(x, 2r)

} ⋃{m(n)−1∑
j=1

N0∑
i=1

ξjk(n)−N0+i

xn
/∈ B(0, r)

}
. (2.13)

c?� (2.12) D�#(�;y#(

−I(x) ≤ lim inf
n→∞

n

x2
n

logP
(

m(n)−1∑
j=1

k(n)−N0∑
i=1

ξ(j−1)k(n)+i +
n∑

i=(m(n)−1)k(n)+1

ξi

xn
∈ B(x, r)

)
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≤ lim inf
n→∞

n

x2
n

logP
(Sn

xn
∈ B(x, 2r)

)
. (2.14)

3.� 2 j {ξk, k ≥ 1} �"hw�804@

n

x2
n

logP
(

m(n)−1∑
j=1

k(n)−N0∑
i=1

ξ(j−1)k(n)+i +
n∑

i=(m(n)−1)k(n)+1

ξi

xn
∈ B(x, r)

)

=
n

x2
n

logP
(

m(n)−1∑
j=1

k(n)−N0∑
i=1

ξ(j−1)k(n)+i

/
y(n) +

n∑
i=(m(n)−1)k(n)+1

ξi
/
y(n)

m(n)
∈ B(x, r)

)

≥ n

x2
n

·
[(
m(n) − 1

)
logψ (N0) + logP

(
k(n)+l(n)∑

i=1

ξi

y(n)
∈ B(x, r)

)

+ (m(n) − 1) logP
(

k(n)−N0∑
i=1

ξi

y(n)
∈ B(x, r)

)]
. (2.15)

#J#(!{( n\L�a� k(n) = sup
{
i ≥ 1; α(i)/i ≥ xn

n

}
, U nα(k(n) + 1)/(k(n) +

1) < xn ≤ nα(k(n))/k(n), 8F^� α(n) �w:

y(n) ≤ nα(k(n))
m(n)k(n)

=
nα(k(n))

k(n)[n/k(n)]
≤ 2α

(
k(n)

)

≤2α(k(n))√
k(n)

√
k(n) + l(n) ≤ 2α

(
k(n) + l(n)

)
,

y(n) ≥ nα(k(n) + 1)
m(n)(k(n) + 1)

≥ 1
2
α
(
k(n) + 1

)
, (2.16)

4E�

lim
n→∞

y(n)√
k(n) −N0

= lim
n→∞

y(n)√
k(n)

= lim
n→∞

y(n)√
k(n) + l(n)

= +∞,

lim
n→∞

y(n)
k(n) −N0

= lim
n→∞

y(n)
k(n)

= lim
n→∞

y(n)
k(n) + l(n)

= 0.

<�# tn = O(tn−N0) j α(n) = o(tn
√
n), 84 n \L�a� y(n) ≤ 2α(k(n)) ≤

tk(n)−N0

√
k(n) −N0, y(n) ≤ 2α

(
k(n) + l(n)

) ≤ tk(n)+l(n)

√
k(n) + l(n), 8F3 (2.8) D8

4
lim inf
n→∞

k(n) −N0

y(n)2
logP

(Sk(n)−N0

y(n)
∈ B(x, r)

)
≥ −I(x), (2.17)

j

lim inf
n→∞

k(n) + l(n)
y(n)2

logP
(Sk(n)+l(n)

y(n)
∈ B(x, r)

)
≥ −I(x). (2.18)
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���><�# (2.16) D� m(n) �%�0j m(n) → ∞ �EB� n \L�a�

0 ≤n(m(n) − 1)
x2

n

=
n(m(n) − 1)
y(n)2m(n)2

≤ 4n(m(n) − 1)
α(k(n) + 1)2m(n)2

≤8(k(n) + 1)(m(n) − 1)
α(k(n) + 1)2m(n)

,

8F3 α(n) �%�j m(n) → ∞ �"

lim
n→∞

n(m(n) − 1)
x2

n

= 0. (2.19)

?` (2.15)–(2.19) D8�

lim inf
n→∞

n

x2
n

logP
(

m(n)−1∑
j=1

k(n)−N0∑
i=1

ξ(j−1)k(n)+i +
n∑

i=(m(n)−1)k(n)+1

ξi

xn
∈ B(x, r)

)

≥ lim
n→∞

n(m(n) − 1)
x2

n

logψ−(N0) + lim inf
n→∞

n

x2
n

{
logP

(∑k(n)+l(n)
i=1 ξi
y(n)

∈ B(x, r)
)

+
(
m(n) − 1

)
logP

(
k(n)−N0∑

i=1

ξi

y(n)
∈ B(x, r)

)}

≥− I(x) lim inf
n→∞

ny(n)2

x2
n

[ 1
k(n) + l(n)

+
m(n) − 1
k(n) −N0

]
.

<�# k(n) → ∞, m(n) → ∞, n→ ∞ j k(n), y(n), m(n) | l(n) �<H�j6804
@

lim
n→∞

ny(n)2

x2
n

[ 1
k(n) + l(n)

+
m(n) − 1
k(n) −N0

]
= 1,

8F (2.14) D�}�P0�9���l�#( (2.14) D�}GP0�9���n ξ+n =
ξnI{ξn≥0}, ξ−n = −ξnI{ξn<0}, n ≥ 1. 3 [7] �w: P6 84 {ξ+n , n ≥ 1}, {ξ−n , n ≥ 1} o
c NA ��>3 NA ��w:j {ξk, k ≥ 1} �"hw?^� Markov 0�D� Holder
0�D��

lim sup
n→∞

n

x2
n

logP
(∣∣∣

∑m(n)−1
j=1

∑N0
i=1 ξjk(n)−N0+i

xn

∣∣∣ ≥ r

)

≤ lim sup
n→∞

n

x2
n

log exp
{
− δ0rxn

2

}
· E exp

{δ0
2

·
m(n)−1∑

j=1

N0∑
i=1

|ξjk(n)−N0+i|
}

≤ lim sup
n→∞

{−δ0rn
2xn

+
nN0(m(n) − 1)

2x2
n

logE exp{δ0ξ+1 } +
nN0(m(n) − 1)

2x2
n

logE exp{δ0ξ−1 }
}

≤ lim sup
n→∞

{−δ0rn
2xn

+
nN0(m(n) − 1)

x2
n

logE exp{δ0|ξ1|}
}

= −∞, (2.20)
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4D��9��F38 (2.19) Dj xn

n → 0.3 (2.20), (2.13) Dj {xn, n ≥ 1}�w:8
4

lim inf
n→∞

n

x2
n

logP
(

m(n)−1∑
j=1

k(n)−N0∑
i=1

ξ(j−1)k(n)+i +
n∑

i=(m(n)−1)k(n)+1

ξi

xn
∈ B(x, r)

)

≤ lim inf
n→∞

n

x2
n

log
{
P

(∣∣∣
m(n)−1∑

j=1

N0∑
i=1

ξjk(n)−N0+i

xn

∣∣∣ ≥ r

)
+ P

(Sn

xn
∈ B(x, 2r)

)}

≤ lim sup
n→∞

n

x2
n

log
{
P

(∣∣∣
∑m(n)−1

j=1

∑N0
i=1 ξjk(n)−N0+i

xn

∣∣∣ ≥ r

)}

∨
lim inf
n→∞

n

x2
n

logP
(Sn

xn
∈ B(x, 2r)

)

= lim inf
n→∞

n

x2
n

logP
(Sn

xn
∈ B(x, 2r)

)
,

8F (2.14) D�}GP0�9���4E (2.12) D���

@aO( (2.1) D���EB4�B����%�Yr��BK� {xn, n ≥ 1}, =
N1 = {n : xn ≤ tn

√
n}, N2 = {n : xn > tn

√
n}. 3 (2.7), (2.12) D84

lim inf
N1�n→∞

n

x2
n

logP
(Sn

xn
∈ B(x, 2r)

)
≥ −I(x),

lim inf
N2�n→∞

n

x2
n

logP
(Sn

xn
∈ B(x, 2r)

)
≥ −I(x),

8F
lim inf
n→∞

n

x2
n

logP
(Sn

xn
∈ G

)
≥ lim inf

n→∞
n

x2
n

logP
(Sn

xn
∈ B(x, 2r)

)
≥ −I(x).

3 x ∈ G ���84 (2.1) D���%�"#�
eK@a�j6Q5"h NA z��������
BL 2 � {ξn, n ≥ 1} c�"h� NA Rd����� Eξ1 = 0, σ2 ∆= Eξ21 +

2
∞∑

k=2

Eξkξ1 > 0, ?3*� δ0 > 0, C Eeδ0|ξ1| < +∞, n Sn =
n∑

k=1

ξk, n ≥ 1, {xn, n ≥ 1}
c��BK���� lim

n→∞
xn√

n
= +∞, lim

n→∞
xn

n = 0, ψ(k) n9� (1.3) D�*� N0 ≥ 1,

C" ψ (N0) > 0, / {
P

(
Sn

xn
∈ ·), n→ ∞} � R 4��Q��Kc x2

2σ2 , QAc n
x2

n
��

�����kB R ����i G, �i F , �

lim inf
n→∞

n

x2
n

logP
(Sn

xn
∈ G

)
≥ − inf

x∈G

x2

2σ2
, (2.21)

lim sup
n→∞

n

x2
n

logP
(Sn

xn
∈ F

)
≤ − inf

x∈F

x2

2σ2
. (2.22)
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e 3%� 1 84 (2.21) ���l�;# (2.22) D���n

Λ(y) = lim sup
n→∞

n

x2
n

logE exp
(
y
Snxn

n

)
, ∀ y ∈ R,

Λ∗(x) = sup
{
xy − Λ(y) | y ∈ R

}
, ∀x ∈ R.

3 [4] � (2.4) D804@ Λ(y) ≤ σ2y2

2 < +∞. �� [1] � 271 R{X 1.1 84 {
P

(
Sn

xn
∈

·), n → ∞} � R 4��Q��Kc Λ∗(x), QAc n
x2

n
����4w�CA Λ∗(x) ≥

sup
{
xy − σ2y2

2 | y ∈ R
}

= x2

2σ2 , 8FB����i F ⊂ R, �

lim sup
n→∞

n

x2
n

logP
(Sn

xn
∈ F

)
≤ − inf

x∈F
Λ∗(x) = − inf

x∈F

x2

2σ2
,

k (2.22) D���4E%�"#�
U � e�%���j6^� NARd�����tgp%�j5G;�w:#

(������*F�[0�8 [4]�%�#(�JH�}~� e�Yro]58 [4]
�%��Yr�U e%�8\c [4] �%��:X�
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THE LOWER BOUND ESTIMATE OF MODERATE
DEVIATION FOR NA RANDOM VARIABLES

WITH STATIONARY DISTRIBUTION

DONG Zhishan YANG Xiaoyun

(Institute of Mathematics, Jilin University (Qianwei Campus), Changchun 130012)

Abstract In this article, we establish the lower bound estimate of moderate deviation
for NA random variables with stationary distribution,and then we establish the moderate
deviation principle for NA random variables with stationary distribution.
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