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1 ��

[1] rA
N�����Z�������Lwa�����
ẋ = −y − 2x2 + y2, ẏ = x(1 − 2y). (1)

�O� Poincare Ut�J����w� (0, 0), (0, 1), (1, 1), (0, 2), (0, 3) U��Z��N
���w�b���w��F����
���p�UtnM�p�� (��� [1]��
� 2), �op���c�rA� �Zej�!���ej�� C�"!G�" Abel
�U���!

#��h��$A� [2] �A�k��%��#

{
ẋ = xy + µ(�1x

2 + m1xy + n1y
2 + p1x + q1y) = P (x, y, µ),

ẏ = 1
2 − 1

2x2 + 2y2 + µ(�2x
2 + m2xy + n2y

2 + p2x + q2y) = Q(x, y, µ).
(2)
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2 �� (2)� Abel !
�� (2) (µ = 0) .�� (1) ,/�0��� (2) � Abel �U�

Ai(h) =
∮

Γi(h)

[
(Pµ0Q0 − Qµ0P0) exp

(
−

∫ t

0

(Px0 + Qy0) dt
)]

dt, i = 1, 2,

A1(h) p A2(h) U-.n1"�/J$c�Lwa� Abel �U!�UU2 Γ1(h) p�
� (2)(µ = 0) 3% A(1, 0) �0h�MR1�

⎧⎪⎪⎨
⎪⎪⎩

x =
1 − h

[(1 − h)2 + (2h − h2) cos t]1/2
= x(t, h),

y =
(2h − h2) sin t

2[(1 − h)2 + (2h − h2) cos t]
= y(t, h). 0 < h < 1 −

√
2

2
.

(3)

#M�Jc� (3) mh [2] �Z24�I&q!
3 h = 0 i� (3) m45f'D A(1, 0), B(−1, 0). 3 h = 1 −

√
2

2 i� (3) m45

⎧⎪⎪⎨
⎪⎪⎩

x(t) =
1

(1 + cos t)1/2
,

y(t) =
sin t

2(1 + cos t)
,

(yU2 2x2 − 4y2 = 1.
[2] I)��
�� (2) � Abel �U�

A1,2(h) =
1
12

{[
6(2 − k2)2�1 − 2(2 − k2)2m2 + (k4 − 16k2 + 16)n1

]
E(k)

− 4(1 − k2)(2 − k2)(3�1 − m2 + 2n2)K(k)

± 3π(4p1 − q2)
4
√

2
k4

√
2 − k2

}
, 0 < k < 1, (4)

M�

k2 = 2h(2 − h), E(k) =
∫ π/2

0

√
1 − k2 sin2 θ dθ, K(k) =

∫ π/2

0

dθ√
1 − k2 sin2 θ

.

(4) �$rF56qWn�qnKS" A1(h), WnKS" A2(h).
* ρ = k2, � = 3�1 − m2, n = n1, λ = 4p1 − q2, k A1(h) �65

A1(h) = A1(ρ) =
1
12

{[
(2� + n)ρ2 − 8(� + 2n)ρ + 8(� + 2n)

]
E(

√
ρ)

− 4(� + 2n)(1 − ρ)(2 − ρ)K(
√

ρ) +
3πλρ2

√
2 − ρ

4
√

2

}
. (5)

g* �′ = 2� + 4n = 6�1 − 2m2 + 4n1, n′ = −3n = −3n1, λ′ = 3π
4
√

2
λ = 3π

4
√

2
(4p1 − q2),
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A1(ρ) x�J+F8,t5

A1(ρ) =
ρ2

12

{[(
1 − 4

ρ
+

4
ρ2

)
E(

√
ρ) − 2(1 − ρ)(2 − ρ)

1
ρ2

K(
√

ρ)
]
�′

+ E(
√

ρ)n′ +
√

2 − ρλ′
}
, (6)

g- (6) Z65

A1(ρ) =
ρ2

12
[
f1(ρ)�′ + f2(ρ)n′ + f3(ρ)λ′] =

ρ2

12
A1(ρ), (7)

M�

f1(ρ) =
(
1 − 4

ρ
+

4
ρ2

)
E(

√
ρ) − 2(1 − ρ)(2 − ρ)

1
ρ2

K(
√

ρ),

f2(ρ) = E(
√

ρ), f3(ρ) =
√

2 − ρ.

(7) m� A1(ρ) p2��g�b�lw f1(ρ), f2(ρ), f3(ρ) g"b�H'�w �′, n′,
λ′ �2�%q!
3 �� (2)G&'()*+� (0, 2)!,-�.K�/D01
23 1 h 0 < ρ < 1 E.V�D ρ1, ρ2. fR1%

{
f1(ρ1)�′ + f2(ρ1)n′ + f3(ρ1)λ′ = 0,
f1(ρ2)�′ + f2(ρ2)n′ + f3(ρ2)λ′ = 0.

�S/�� �′ = �0, n′ = n0, λ′ = λ0. �j�� (2) ��w04J%81

6�1 − 2m2 + 4n1 = �0, −3n1 = n0,
3π

4
√

2
(4p1 − q2) = λ0,

k3 0 < µ � 1 i��� (2) yd����w� (0, 2) U�!o����wU-9"1
/J$c��80U2

x = x
(
t, 1 −

√
4 − 2ρi

2

)
, y = y

(
t, 1 −

√
4 − 2ρi

2

)
, i = 1, 2

�:2aE!
S #M9 f1(ρ), f2(ρ), f3(ρ) 2��g�K" 0 < ρ < 1 E.M�D ρ1, ρ2, A1(ρ)

h 0 < ρ < 1 EZ��/D ρ1, ρ2. ;YF� 1 �3�5'!r:!
F� 1 �p�� (2) yd����w (0, 2) U��F�ej�F�!X" ρ1 p ρ2

h 0 < ρ < 1 E�.M��D( h1 p h2 h 0 < h < 1 −
√

2
2 E�.M���Jo���

�w�J4��bA*��5h0U25; 3 <�.M�80U2�:2aE!
23 2 h 0 < ρ < 1 E.VFD ρ1, fR1%

{
f1(ρ1)�′ + f2(ρ1)n′ + f3(ρ1)λ′ = 0,
f ′
1(ρ1)�′ + f ′

2(ρ1)n′ + f ′
3(ρ1)λ′ = 0.
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�S/�� �′ = �0, n′ = n0, λ′ = λ0, �j�� (2) ��w04J%81
6�1 − 2m2 + 4n1 = �0, −3n1 = n0,

3π
4
√

2
(4p1 − q2) = λ0,

k3 0 < µ � 1 i��� (2) p�ZF�N���w�F�67��!=N���w-
9"U25 (3) 1/J$c�F80U2

x = x
(
t, 1 −

√
4 − 2ρ1

2

)
, y = y

(
t, 1 −

√
4 − 2ρ1

2

)

�:2aE!
S Noi A1(ρ) h 0 < ρ < 1 EZF�N�/D ρ = ρ1, a8 [3] u#F� 2 3�

5'!r:!
F� 2 �p�� (2) ��F�N�w�F�ej�F�!LO=N�wD�Z9z

c�.M�!�jhF� 2 �* ρ1 = 1, ka8 [4] u�� (2) 5�F�ZN9<U2
w���F�67��!=N9U2w-9"1/J$c�0U2

x = x
(
t, 1 −

√
2

2

)
, y = y

(
t, 1 −

√
2

2

)
,

D(yU2 2x2 − 4y2 = 1 �:2aE!
�j#�-F� 1 ��R1%Z65

{
f1(ρ1)�′ + f2(ρ1)n′ + f3(ρ1)λ′ = 0,
f1(ρ2)�′ + f2(ρ2)n′ − f3(ρ2)λ′ = 0.

�>9�-p�� (2) ��w�yd (1, 1) U�!

4 �� (2)'()*+ (0, 3)!,�/D01
A1(ρ) h 0 < ρ < 1 EFV��b�/D�� h"FVn9oB�b�D ρ1, ρ2,

ρ3, k>J%R1%?hS/� �′, n′, λ′,
⎧⎪⎨
⎪⎩

f1(ρ1)�′ + f2(ρ1)n′ + f3(ρ1)λ′ = 0,
f1(ρ2)�′ + f2(ρ2)n′ + f3(ρ2)λ′ = 0.
f1(ρ3)�′ + f2(ρ3)n′ + f3(ρ3)λ′ = 0,

(8)

L(?h ρ1, ρ2, ρ3, k>M�w=:m

∆1(ρ1, ρ2, ρ3) =

∣∣∣∣∣∣
f1(ρ1) f2(ρ1) f3(ρ1)
f1(ρ2) f2(ρ2) f3(ρ2)
f1(ρ3) f2(ρ3) f3(ρ3)

∣∣∣∣∣∣ = 0.

�=�>�;@ fi(ρ) (i = 1, 2, 3) hS< 0 < ρ < 1 �JD�w!Ku

f1(1) = lim
ρ3→ 1−0

f1(ρ3) = 1,

f2(1) = lim
ρ3→ 1−0

f2(ρ3) = 1,

f3(1) = lim
ρ3→ 1−0

f3(ρ3) = 1.
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g- fi(ρ1) (i = 1, 2, 3) U-m=� ρ1 �>?w�>

f1(ρ1) =
(3

4
− 1

32
ρ1 + o (ρ1)

) π

2
,

f2(ρ1) =
(
1 − 1

4
ρ1 + o(ρ1)

)π

2
,

f3(ρ1) =
√

2
(
1 − 1

4
ρ1 + o (ρ1)

)
.

�J

f1(0) = lim
ρ1→+0

f1(ρ1) =
3
8
π,

f2(0) = lim
ρ1→+0

f2(ρ1) =
π

2
,

f3(0) = lim
ρ1→+0

f3(ρ1) =
√

2,

∆1(0, ρ2, 1) =

∣∣∣∣∣∣
3
8π 1

2π
√

2
f1(ρ2) f2(ρ2) f3(ρ2)

1 1 1

∣∣∣∣∣∣
=(

√
2 − π

2
)f1(ρ2) + (

3
8
π −

√
2)f2(ρ2) +

π

8
f3(ρ2) = ∆1(ρ2).

�h;@lw ∆1(ρ2) h 0 < ρ2 < 1 E?h/D��F�!W.Jc@7�RP�;@
∆1(ρ2) hS< 0 < ρ2 < 1 �J��?!s>Ku ∆1(0) = ∆1(1) = 0, - ∆1(ρ2) m=5
ρ2 �>?w�>

∆1(ρ2) =
(√

2 − π

2

)(3
4
− 1

32
ρ2

)π

2
+

(3π
8

−
√

2
)(

1 − 1
4
ρ2

)π

2
+

√
2π

8

(
1 − 1

4
ρ2

)
+ o (ρ2)

=
5π
128

(2
√

2 − π)ρ2 + o (ρ2).

N 2
√

2 − π � −0.3131165528 · · · < 0, �J ∆1(ρ2) hD ρ2 = 0 �1/:2aE"�W!
gK ∆1(ρ2) QC!N�

d

dρ2
E(

√
ρ2) =

1
2ρ2

[
E(

√
ρ2) − K(

√
ρ2)

]
,

d

dρ2
K(

√
ρ2) =

1
2ρ2

[
− K(

√
ρ2 ) +

1
1 − ρ2

E(
√

ρ2)
]
.

�J���>

f ′
1(ρ2) =

( 1
2ρ2

+
3
ρ2
2

− 8
ρ3
2

)
E(

√
ρ2) +

( 1
2ρ2

− 7
ρ2
2

+
8
ρ3
2

)
K(

√
ρ2),

f ′
2(ρ2) =

1
2ρ2

[
E(

√
ρ2) − K(

√
ρ2)

]
,

f ′
3(ρ2) = − 1

2
√

2 − ρ2
.



2K +,,*+f�E#M��	-�x
��Kv�	 Poincare Ts 305

�L

∆
′
1(ρ2) =

[(√
2 − π

2

)( 1
2ρ2

+
3
ρ2
2

− 8
ρ3
2

)
+

(3π
8

−
√

2
) 1

2ρ2

]
E(

√
ρ2)

+
[(√

2 − π

2

)( 1
2ρ2

− 7
ρ2
2

+
8
ρ3
2

)
−

(3π
8

−
√

2
) 1

2ρ2

]
K(

√
ρ2) − π

16
√

2 − ρ2
.

N
lim

ρ2−→1−0
K(

√
ρ2) = +∞, lim

ρ2→1−0
E(

√
ρ2) = 1.

�J3 ρ2 → 1−0 i� ∆
′
1(ρ2) ��CFpCb5DZ�CN5 K(

√
ρ2) ��wR@"

(√
2 − π

2

) 3
2
−

(3π
8

−
√

2
) 1

2
= 2

√
2 − 15

16
π � −0.1168 · · · < 0,

�J
lim

ρ2→ 1−0
∆

′
1(ρ2) = −∞,

�J ∆1(ρ2) hD ρ2 = 1 �"/2aE"�q!�LCu ∆1(ρ2) h 0 < ρ2 < 1 E"?h
ydF�/D!fo�/D� ρ2 = ρ0, "p A1(ρ) ?hb�/D���p ρ = 0, ρ = ρ0

p ρ = 1. �pG
 ρ = ρ0 H� ρ = 0 p ρ = 1 G p A1(ρ) h 0 < ρ2 < 1 �ED! k
#�6�JOk[Z�-��G45 0 < ρ2 < 1 �ED!RP�%#

f ρ2 = ρ0 pR1 ∆1(0, ρ2, 1) = 0 �Xa��u ∆1(ρ1, ρ2, ρ3) = 0 hD (ρ1, ρ2, ρ3) =
(0, ρ0, 1) �2aE� ρ2 p ρ1 p ρ3 �Olw ρ2 = φ(ρ1, ρ3), �hD (ρ1, ρ3) = (0, 1) �l
ww� ρ0 = φ(0, 1). K"�F�:qw ε1, ε2 > 0, f ρ0 = φ(ε1, 1 − ε2), xC ε1, ε2 > 0
q3:�Xlw�N$��u ρ0 D"9" 0 < ρ0 < 1 E�( ∆1(ε1, ρ0, 1 − ε2) = 0. o
�rA
 A1(ρ) h 0 < ρ < 1 E?hb�/D���p ρ = ε1, ρ = ρ0, ρ = 1 − ε2. "p
ZJ%F�#
23 3 �F[U:�qw ε1, ε2 > 0, f ρ = ρ0 pR1

∆1(ρ) =

∣∣∣∣∣∣
f1(ε1) f2(ε1) f3(ε1)
f1(ρ) f2(ρ) f3(ρ)

f1(1 − ε2) f2(1 − ε2) f3(1 − ε2)

∣∣∣∣∣∣ = 0 (9)

�F�/D��fR1%
⎧⎪⎨
⎪⎩

f1(ε1)�′ + f2(ε1)n′ + f3(ε1)λ′ = 0,
f1(ρ0)�′ + f2(ρ0)n′ + f3(ρ0)λ′ = 0,
f1(1 − ε2)�′ + f2(1 − ε2)n′ + f3(1 − ε2)λ′ = 0

(10)

�S/�� �′ = �′0, n
′
= n

′
0, λ′ = λ′

0. �j�� (2) ��w04J%81
6�1 − 2m2 + 4n1 = �′0, −3n1 = n

′
0,

3π
4
√

2
(4p1 − q2) = λ′

0,

k3 0 < µ � min (ε1, ε2) i���wydZ (0, 3) U�!ob���wU-9"1/J
$c�b80U2

x = x
(
t, 1 −

√
4 − 2ρi

2

)
, y = y

(
t, 1 −

√
4 − 2ρi

2

)
, i = 1, 2, 3
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�:2aE�M� ρ1 = ε1, ρ2 = ρ0, ρ3 = 1 − ε2.

S �N$�U^Iu�R1 (9) h ε1 < ρ < 1 − ε2 E"?h/D�f=/D�
ρ = ρ0, �JR1% (10) ?hS/��(lw A1(ρ) yd?hb�/D ρ1 = ε1, ρ2 =
ρ0, ρ3 = 1 − ε2. �JF� 3 �3�5'!r:!

NK"�F
� ε1, ε2 > 0, R1 (9) h ε1 < ρ < 1 − ε2 E�ja ρ = ρ0 pX ε1 p
ε2 �w�WF�� ρ = ρ0 �wp�JOk��\�����!�LR1%; 10 <�S
/� �′ = �′0, n′ = n′

0, λ′ = λ′
0 Dp�J�����JF� 3 ��
�� (2) ��wy

d (0, 3) U��F_ejRP!

5 7A89:I)*+��� (2)�/D01

zG uHN���Z?hb���w��F!Mj [1] Ih��c�l
rA!
�h#��[eF_ejN����b���w�RP!

N\#�Iej�
lw A1(ρ)h 0 < ρ < 1 Eyd?hb�/D ρ = ε1, ρ0, 1− ε2

�];�M� ρ0 h ε1 < ρ < 1 − ε2 E�9zV�" ε1 p ε2 �w!�j* ε1 p ε2 ]
<N$Al^�k ρ0 �9z-4vLN$A4t�$r6y���_�F#F_p ρ0

�q" ε1 � 1− ε2, oi A1(ρ) = 0 ��
F�N�apF�Xa_F_p ρ0 l| �
q" ε1 � 1 − ε2, $r9`��9z�( ε1, ρ0 p 1 − ε2 bD�q5F�b�/D!x
Cq3Ep ε1 p ε2 l^��K^I�o�_P`GpZ�F���!�h�� pC
ej�����}];!#�x;o A1(ρ) ��b�/D�P~!

;oJ%R1% ⎧⎪⎨
⎪⎩

f1(ρ)�′ + f2(ρ)n′ + f3(ρ)λ′ = 0,
f ′
1(ρ)�′ + f ′

2(ρ)n′ + f ′
3(ρ)λ′ = 0,

f ′′
1 (ρ)�′ + f ′′

2 (ρ)n′ + f ′′
3 (ρ)λ′ = 0.

(11)

���w=:m�

∆(ρ) =

∣∣∣∣∣∣
f1(ρ) f2(ρ) f3(ρ)
f ′
1(ρ) f ′

2(ρ) f ′
3(ρ)

f ′′
1 (ρ) f ′′

2 (ρ) f ′′
3 (ρ)

∣∣∣∣∣∣ = 0, (12)

M�

f1(ρ) =
(
1 − 4

ρ
+

4
ρ2

)E(
√

ρ) − 2(1 − ρ)(2 − ρ)
1
ρ2

K(
√

ρ),

f2(ρ) = E(
√

ρ), f3(ρ) =
√

2 − ρ,

f ′
1(ρ) =

( 1
2ρ

+
3
ρ2

− 8
ρ3

)
E(

√
ρ) +

( 1
2ρ

− 7
ρ2

+
8
ρ3

)
K(

√
ρ),

f ′
2(ρ) =

1
2ρ

[
E(

√
ρ) − K(

√
ρ)

]
, f ′

3(ρ) = − 1
2
√

2 − ρ
,

f ′′
1 (ρ) =

(
− 1

4ρ2
− 19

4ρ3
+

93
4ρ4

)
E(

√
ρ) +

3
4ρ4(1 − ρ)

E(
√

ρ) +
(
− 1

2ρ2
+

19
ρ3

− 24
ρ4

)
K(

√
ρ),

f ′′
2 (ρ) = − 1

4ρ
E(

√
ρ), f ′′

3 (ρ) = − 1
4(2 − ρ)3/2

.
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m==:m ∆(ρ), >

∆(ρ) =f3(ρ)
[
f ′
1(ρ)f ′′

2 (ρ) − f ′
2(ρ)f ′′

1 (ρ)
]

+ f ′
3(ρ)

[
f2(ρ)f ′′

1 (ρ) − f1(ρ)f ′′
2 (ρ)

]
+ f ′′

3 (ρ)
[
f1(ρ)f ′

2(ρ) − f2(ρ)f ′
1(ρ)

]
.

gU-- fi(ρ), f ′
i(ρ) ,f ′′

i (ρ) (i = 1, 2, 3) �.`m6{cm��* ∆(ρ) = K(
√

ρ)

1−ρ ∆(ρ),Z

∆(ρ) =
√

2 − ρ
{
− 1

4ρ
E(

√
ρ)(1 − ρ)

[( 1
2ρ

+
3
ρ2

− 8
ρ3

) E(
√

ρ)
K(

√
ρ)

+
( 1

2ρ
− 7

ρ2
+

8
ρ3

)]

− 1
2ρ

[ E(
√

ρ)
K(

√
ρ)

− 1
][

(1 − ρ)
(
− 1

4ρ2
− 19

4ρ3
+

93
4ρ4

)
E(

√
ρ) +

3
4ρ4

E(
√

ρ)

+ (1 − ρ)
(
− 1

2ρ2
+

19
ρ3

− 24
ρ4

)
K(

√
ρ)

]}

− 1
2
√

2 − ρ

{
E(

√
ρ)

[
(1 − ρ)

(
− 1

4ρ2
− 19

4ρ3
+

93
4ρ4

) E(
√

ρ)
K(

√
ρ)

+
3

4ρ4

E(
√

ρ)
K(

√
ρ)

+ (1 − ρ)
(
− 1

2ρ2
+

19
ρ3

− 24
ρ4

)]
+

1
4ρ

E(
√

ρ)
[
(1 − ρ)

(
1 − 4

ρ
+

4
ρ2

) E(
√

ρ)
K(

√
ρ)

− 2(1 − ρ)2(2 − ρ)
1
ρ2

]}

− 1
4(2 − ρ)3/2

{ 1
2ρ

[ E(
√

ρ)
K(

√
ρ)

− 1
][

(1 − ρ)
(
1 − 4

ρ
+

4
ρ2

)
E(

√
ρ)

− 2(1 − ρ)2(2 − ρ)
1
ρ2

K(
√

ρ)
]
− E(

√
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√
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√
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√
ρ) +

3
4
E(

√
ρ)

+ (1 − ρ)
(
− 1

2
ρ2 + 19ρ − 24

)
K(

√
ρ)

]}

− 1
2(2 − ρ)

{
E(

√
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√
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√
ρ)

+ (1 − ρ)
(
− 1

2
ρ2 + 19ρ − 24

)
K(

√
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√
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√
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√
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⎧⎪⎨
⎪⎩
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√
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STUDY ON THE POINCARE BIFURCATION
OF QUADRATIC SYSTEM WITH TWO
CENTERS AND TWO UNBOUNDED

HETEROCLINIC LOOPS ONCE AGAIN

TAN Xinxin

(Department of Applied Mathematics, Dalian University of Technology, Dalian 116024) &

(College of Information Engineering, Dalian University, Dalian 116622)

FENG Enmin

(Department of Applied Mathematics, Dalian University of Technoligy, Dalian 116024)

SHEN Boqian

(Department of Mathematics, Liaoning Normal University, Dalian 116029)

Abstract In this paper, we studay the Poincare bifurcation of quadratic system with two
centers and two unbounded heteroclinic loops once again. There bounds are formed by the
hyperbola and the equatorial arc. We construct some concrete examples, in which there are
three limit cycles with (0,3) distribution or a triple limit cycle.

Key words Quadratic system, Poincare bifurcation, Abelian intergral, triple limit cycle


