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B4R 719924 % X P 48—/~ 3R,

S A Ol AR (M N) -F Rth M8 A 4B Z AR
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Cline ZECER[119 1R TR (AB)* R, B (4B)+t= B A} ,iXBE B, = A% 4B,4,
= AB,B} . Ben-Israel il Greville ZE LR [2]JFH AN T UB)*= Bt At Y KE X 4.
R(A*AB) CR(B)M R(BB*A*) CR(A"). FTRT UB)f, RN K (UB)Y, = BfpAfy
B RERM BT RO, 2] MR 43¢, Fad e i T X7 F A — A 458,
1 &R

EXNL 1M &4 €er,M,N 53510 m B a B Hermite 1EE B, NI FF7EME— R IERE X
€ o R | :

AXA = A, XAX =X, (MAX)* = MAX,(NXA)* = NXA4A

XE X #Y A §9H04 Moore-Penrose ¥, iRfE X = Ay . ' _

% MO N BB m R a B BALRE I R LI, A7, = A%, 4% $529 A #) Moore-Penrose
.

%A RERTHEN, AT=47".

COENL2Y 4 € ot ISR B AT € B B AT =NTAM .
T3 FWAC oI (M N)-FHRECETHNES tun4) = {(plp>

0. LAk oo gy e e
XE zlly = *N2)¥ = |[N¥z ]|,z € C*

1 .
[z |lw=(*M2)% = ||M2z ||,z € C
[|A] |y = sup ||Az||y,4 € C***,z € C*
HENy=1

A3 F 199343 1 20 H 3.



o N e s T T a—— 103

{IBllyw = sup ||Bz||y,B € C**™,z € C™.
11X}y =1

5|11 AL SRR B PR T AR,

(4+B)" =A" + B*,(4B)" = B*A",(4")* =4,(4%)* = (4*)*
SIEL 2 FAecor MEEMN M BHEU € o MM N BREV € o,
HRA=U il_z Z}V'.ﬁq’l) = diag (Kiyw > Mlew s> s Ban ) » |

Muw 2= W 2 2 > 0 AR (M ,N) -HRE,WMLER U v BEMT
XEK: ) :
U*MU =1,,V'N~W = |,

-1 01
ik, B8 At =N [0 s
LO 0.
‘ 1 1 1
D_l = dia (——— ——, 00—
i* g ﬂ}m’ﬂfm, ’l‘fm)

BIFEEL I A€ BMCHHR ™ B Br ERERE,R
(1) B~ « R(BA) = R(A) = R(AC)
(2) N(BA) = N(A) = C + N(AC)
SIEL 4 afy HUTHE.
(1) Aty = N-3(MEaN-D)+ u}
(2) (AE) " = (A" )11
S5IEEL. 8 (DR(A4yA) = R(Afy) = R(4®)
(2)R(AAfy) = R(4)
(BIN (A4%y) = N(4}y) = N(4%)
(N (AfyA) = N(4)
(S)rank (AfyA) = rank (443y) = rank (4fy) = rank(4*) = rank (4)
iE (2194,
AAGy = Preou'vuaty» AfnA = Py~tutww
# R(AA}y) = R(A), N(AiyA) =N(4), (2),(4) .
t 31 L. 3R X 1. 250 '
N(AAfy) =M7IN(A*) = N(A*M) = N(N"'A*M) = N(4")
R(AZyA) = N7'R(A*) = R(N"IA*) = R(N"'A*M) = R(4*)
R(A%y) = RIN-T(MIAN-¥)* M¥] = N~ER[(MEaN-1)* M}]
= N"IR[(MIAN-1)+] = N-IR[(MIAN-1)*]
= N IR-barub) = R4 MY = R(VATM) = R(A®)
N(A#y) = NIN-T(M¥AN-3)* M¥] = N[(MIAN-3)*+ M 1]
=M-IN[(MIAN-D*] = M-IN[3aN-$)]
» =M-IN[N-3A*M~}) = N(N-34°M) = N(N"1A*M) = N(4*)
;S D, R
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B (1),(2) B8 (5) AL,

2 EESR

EE2.1 A4 €C0,BEC,M,N,P R K m,n,p B Hermite TEEM, M (4B)},
= Expzfzv’
XEB B=At,aBe o™, I=

W BARAB = AA yAB =4

4 Y = AB = AB,X = B#, A%y
H A = ABB}, = ABB},BBY, = ZBE3,
T YX = ABBE: A}y == A4y
% YXY = A43yAB = AR =7 .1
AVX o= Hpdifinadaty = BfpdAiy =X 2.2)
H MYX = MAA}y & Hermite 55 RE. 2.3)
FHEIEH PX 7 & Hermite P&
AfivA = AfiyABBY, = AfyAAixABBY,
= :;NAB’B';P = 55;?
Az»/ZBg;P = Z:;NZ
XHEK NAiA f NBBY, ¥ Hermite 5E[%,
FFbh  NALyABBi, = NAA,
3t ERBIEHR, (BB,  WALA) " = (WA LD
(NBBE)*A4yd = NAH A
, NBB#AjiyA = NAjyA
B BB, A4 A = A4
X Aind = AGnAAGA = A4
4 4A4n4 = BBY,»
i Y, 7T 15 PXY = PB},A}yAB = PB},BB4;B = PE},B 2. 4)

B pPXY R Hermite S .

FR (AB)fr = BipA .

#it2.1 &4 €cCc™,B e, # M,N,P S50k m e, p Br BALRE,
Iy (AB)*= B+ 4+, '
He B =A% AB,A = ABB*.

E w2 1RSI LR,

(7] 3[H3.4% 4 € C™*,B € ¢**, W (AB)iy = BinAin LRI R ER R R(A*AB)
C R(B),R(BB*A*) C R(4*). HFEHNRA, XTERBEIRN.

TEHHE—RE-

4

1
A= |0 OER‘”‘Z,B=[2 ﬂekmw
0



B2 . $ 2% B2 . 1 P2 FRAY 14T Moore-Penrose 3§

105

L2 Grovte HESEER 4% = 5 |1 0 ]

5% | Br= [2 ﬂ

B AB =4,
1 0
" (AB)+=A+=?E 0 ﬂ
1 0
B+A+=A+=—
| 2l o 1
Bp (AB)*t= B* A+ , 4 2]4%

R(A*AB) C R(B),R(B3"* A“LR(A")

0 1
X4 M= ‘-‘l) % Ol N = E ;} »M ,N ¥R Hermite 1E & .
oo &
+ =_1_|:—~l 0 —
(5] =g
B | R I
Eﬁ BNN 2 [ 1 2 ’
IR T (AB>$N=A$N=§[_1 ’ —2]
BivAdy = l I:_ ! B 2]
BR (AB)fiy # By A+mﬂi’.ﬂﬂ'§9ﬁ7ﬁ
R(A* AB)CR(B) R(BB*A*) CR(A") )jE'jZ.
ﬁﬁ%[ﬂ*giﬁ'&ﬁ‘]#ﬁ%}%
THEHAH (AB)Y, = BipAfy ML RE XK.

EiE2.2 #44€ C"x‘ B GVC'X',M N,P 4358 m,n,p Y Hermite IESERE, N (4B}

= BipAiy, BIXBERIFRE R(A"AB) C R(B), R(BB“A”) CRMAY).

M EERSHE
H R X531, 541, .
BBi,A*AB = A®AB
bl ALyABB¥ A" = BB*A"
(2.5 8 NBB#pA¥AB = NA®AB
BtHRER,
B B*A*(A®)*NBBf, = B*A*(A")"N

BT Ay ZEHNTEL (ABD5,m1,
(AB)3 S ~1B*A* (A*)*NBB,Afy =(AB)}51y—1B*A* (4*)*N A}
(AB)3 1y-1B*A* (A*)*NBB}pAfy =(AB)2 1, -1B*A* (A*)*N Ay

(AB)}"iy~1(AB)*MAN"\NBB}p Ay =(AB) iy~ B*"A*"MAN'NA}y

(2.5)
(2.6) -
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 [M(4B) (4B 1" ABBY, v =(AB) B A" (MAAL)"
M (AB)(AB)$:(AB)B#;A =(AB);-1~-IB'A‘Aﬁ-’u-‘A'M
' MABB;,A iy =(4B)351B*A'M
MABB#pAky =[M (AB)(ABY}]*
MABB#: Aty =MAB(AB)%,

&% ABBt Aty =AB(AB)E,. Q.7
Xt (2. )L B, AT M1(AB) 1y
H BrAtyABB®A® M~ (AB)p iy-1= B .RBY 4* M~1(A5) i1

BipAZyABPT'B*A* (AB)P—JA'-I_ BhBP-13 °A'(AB),'-:,,-!
B AfiwAB[P1(1B)* (AR)51m1]% = (P7'B*BFiy-1)"B* 4* (AB) iy
B ASvAB(AB)f,ABP~'= P'B*B}y-1B* A* (AB)}"1~
BipAtyABP~'= PT1B*A* (AB)} 14—
BsAfinABP™'= [P~1(4B)* (AB)} 1—1]"
B}pAtyABP'= (AB)%p(AB)P™!

W Bi,AinAB= (AB)}AB (2.8)
f(2.7) AB(B#pAfin)AB = AB(AB)#;AB = AB ,
4 BiA%y € AB{1)}. 2.9

FIRE, B1(2. 7) MAB(B}pAfin) = M (AB)(AB)}, f& Hermite 4RE, Fi 1 (2. 8) P (B, A%x)AB
= P(AB)}pAB JRR: Hermite 5B [%. .
(] B*A* = B*B,-1B* A A}, 1A"

= B'NN“B;—*}N—:B'NN—IA 'Au':‘u"A .

= B*N(N"'B}y-1B* )" N(N"IA A3 71-1) " A"

= B*NBB#, A} yANTA* 2.10)

B}'pAﬁzv = B;PBB;PA;NAAIN
= Bf, N (NBB#) "N (N A}wA)* Afin

= BfipN~1(B#)*B*A* (Ain )" N Alx (2.11)
H(2.10) ,(3,11) Hirank(Bf,A%y) = rank(B*4*) = rank(4B) (2.12)
f1(2.9) K2 12)Puf#Ed Bpddy € AB{Z),
T2 (AB)fp = BipAiy.

BB
B*A* = (AB)* = (AB)"(4B)}"1,-1(4B)"
= P[P~1(4B)* (AB)}",-1]"B* 4"
= P(AB)},ABP™'B*A"*,
A P7'B*A* = (AB)}ABP'B*A"
= B}, A yABP'B* A"
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WiLFLL ABPT'B*NB,,
ABP~'B*NBP'B"A* = ABP'B*NBB};A{yABP™'B* A"
= ABP~'B*(NBB%;)* A yABP'B* A"
= ABP™'B* (B};)*B*NA}yvABP1B* A"
= ABP-'B*B}5y-B*NA}yABP~'B* 4"
= ABP 'B*NA}yABP'B* A"

% , ABPT'B*[N — NA{yAIBP™'B*A* =0 (2.13)
TEIEH N — NALyA & Hermite 2R IE 28,
BAR NAYyA B Hermite 55 5.

-1 [ 3]
1.2, NAtyA = NNV | U*my JV'
Ebi.v'lﬂi. ’ MN L 0 g:! 4 |_0 0

oy geE 3
_Vf ;’]V.

Wy N-IV-I.,%‘N—VV“ XBEV EHR
& N — NA,’;,,,A-—VV'——VF g]v*'

—vi- 7w

v [ I"_J Ve REERE.

BN — NALyA & Hermite 2 TE B Rk,

FRN —NASNATRRHK: N —NAfyA=L-L"*,

#1(2.13),48 ABP'B*LL*BP~'B*A* =0
(L*BP7'B*A*)*(L*BP7'B*A*) =

ap L*BP~B*A* =0
F& LL*BP™'B*A* =0
W2 (N — NAZyA)BP™B*A* =0

WA (I — AfyA)BPT'B*A" =0, X 52.6)%#

FARBIF E B (2. 5).

#it2.2 HAae€c>,Becr, EM,N,PLFIRm,n,p BrafipE, M (4B)t=B*
AT IRERFR

R(A*AB) CR(B) I R(BB*A*) CR(4")

&+ OHER2. 2B R [2]M 5 R.

#it2.3 # 4 €c~*,B € ,M,N 3R m,s B Hermite 1EE [,
] (AB)jy = BiyAfin (2.14)
B TEREN R(A®AB) CR(B) #1 R(BB*A®) CR(4%).

5,35 B IiEREE, (2 14)%
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(AB)fiy = B™'Afw -
#it2.4¢ HA,E€0, WRRE)CTRMU)RE*)CTRMA"), H [|AfvE]|w <1

’

A | (A + Edfy = (I + AGyE) Ay ' (2.15)
iE B JASNE | lyw < 1,8 B =1+ ALE EHR,

X R(E) C BR(A),

Fr LA A4 E=A+ AA}yE = A(I + ALyE) = AP.

THERAEN A f1 B =1+ AYvE HHFHE:
LA + AGE)Jidy = 0 - ALE) 'A%y W
#2341 (2. 1) L, BN F

R(L®AB) C R(B)  (2.16)
fn R(BB®*A®) C R(4*%) 2.17)
BEX B & F,8(2. 1) QAL
55k BB¥A® = B(AB)*

= (I + A¥yE)[A + E]*
= (I + AZnE)(A" + E*)
= A" +E* + AL E(A* + E®) (2.18)
HEIEL3RENL2HRE ) CRU*) EMTF RE®) CRMAY),
1 5]31. 5,948
R[AZNE(A® + E")] C R(Afy) = R(4*) (2.19)
M B (2. 18) , (2. 19)51 R(BB*A®) C R(A* )ﬁ!?.i,
HEiL 2. 4iEEE.
T2 3,k 4241!3#35(:‘&‘1’)‘0&1&[7]*3[123,%lwaﬁ%ﬁ-
AXRASHIBR.EXDAXALGAREIT LA, H KW

2 £ X R
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Weighted Moore-Penrose Inverse of Matrix Products

Wet Yimin
(Department of Mathemctics)

Alsiract ,
The representation and the reversc-order propertv £ cthe weighted Moore-Penrose inverse of
a matrix product are presented. Meanwhile, a mistake appeared in a certain paper in 1992 is
pointed out.
Keywoeds  weighied Moore-Penrose inverse; generalized singular value decomposition ;

reverse order; product of matrices



