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Nonlinear Ergodic Retraction
Theorem for Lipschitzian Semigroups
in Uniformly Convex Spaces

Yang Yals Zeng Luchuan

Abstract Let C be a bounded closed convex subse! cf a p- uniformly convex Banach
space . We prove an existence theorern of nonlinear ergodic retractions for
Lipschitzian semigroups of self-mappings on ¢ . Furthe,, we give an application of such
a theorem in L? (1 <~ j <+ ©0) spaces-
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1 Introduction

In 1975, Baillon' first established a nonlinear ergodic theorem for nonexpansive mappings :

Let C be a bounded closed convex subset of a Hilbert space H and T a nonexpansive mapping of C

s—1 .
into itself. Then, for each z in C , the Cesaro means S,(z) = —i— ZT"x converge weakly to
k=0

some y € F(T) . In this case, setting ¥y = Pz for each r in ¢ , we define a nonexpansive
retraction P from C onto F (T ) such that PT = TP = P and Pz € co{T"z: n =>0)} for each z in
C , where co(A) is the closure of the convex hull of 4 . The analogous results were obtained for
nonexpansive semigroups on C by [1, 3, 4, 5, 9]. Recently, Mizoguchi and Takahashi [ 6]
proved an existence theorem of nonlinear ergodic retractions for Lipschitzian semigroups in
Hilbert spaces by introducing submeans.

In this paper, let C' be a nonempty bounded closed convex subset of a p- uniformly convex
Banach space F . Using the method of [6], we show an existence theorem of nonlinear ergodic

retractions for Lipschitzian semigroups, which partially extends the corresponding result in [6]
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to the p- uniformly convex Banach space setting. Further we give an application of such a

theorem in L* (1 < p <4 oo) spaces.

2 Preliminaries and Lemmas

It is known that the modulus of convexity of a Banach space I is defined as
05(e) = inf{l — || (@ +9)/2|| 2,y € Bpand [z —y || =¢},
where By = {x € E. ||« || <{1} is the closed unit ball of £ . Recall that F is said to have the
modulus of convexity of power type p == 2 (and E is said to be p- uniformly convex) i.f thare is a
constant d >> O such that 65(¢) =de? for 0 <e<C 2. Note that a Hlibert space I{ iz 2-uniformly
convex (indeed 05(e) =1 — (1 — (—;—-5)2)% = —21;-52 ) and an L7 space (1 < p <+ o0) is max
(2,p) -uniformly convex.
Lemma 2. 17 ¥ Eisa p~- uniformly convex Banacii space, then there exists a constant
d, > 0 such that
e+ =0y P <elz lr+A—0lylr—a,W,®lc —yl* @D
for allz ,y € Hand 0s¢=<1, where W,(®) =¢(1 —t)" +¢#(1 — ).
Lemma 2. 271 If I is an L space with 1 <{p <+ oo, then
Itz + A=ty ' <tllz "+ A= llgll*—d,W, O —y|"
for all x,y€ Eand 0 <<t <1, where ¢ = max(2,p) , W,(t) =t'(1 —t) +¢t(1 —¢)"and
g = A+¢7H/A + ¢! it 2<<p <<+ oo
ol —1 if1<<p<2
with ¢, being the unique solution of the equation
(p—20 4+ (—Dr?2—1=0, ¢t& 0,D.

Throughout this paper, we assume that S is a semitopological semigroup, i.e. , a semigroup

(2.2

with a Hausdorff topology such that for every s € S the mappingst—>s+tand{—>1 * sof Sinto
itself are continuous. Let B(S) denote the Banach space of all bounded real valued functions on §
with supremum norm. Let X be a subspace of B () containing constants. A real valued function
4 on X is called a submean on X if the following conditions are satisfied ;

(D ulf +¢) <<u(f) + ulg) for every f,g € X ;

(2) plaf) = au(f) for every f € X and a = 0;

(3) for f,g € X, f < g implies u(f) << n(g);

(4) u#(c) = ¢ for every constant c.

Let # be a submean on X and f € X . Then according to time and circumstances, we use
w(f @)) instead of u(f) .

Lemma 2. 37 Suppose that Z is a p- uniformly convex Banach space, C is a bounded closed
convex subset of I , and {z,: ¢t € S} is a bounded family of elements of & . Suppose also that for
each r € C , the function f on Sdefined by f(¢) = [[z,—z ||?, t €S, belongs to X . Setr(z)

=uflz,—2z ||"yz €ECandr=inf{r(z): z € C} . Then there exists a unique point z in C such
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that r(z) =r.

For s & Sand f € B(S) , we define r.f ({) = f (¢s) for allt € §. Let X be a subspace of
B(8) containing constants which is 7, -invariant, i.e., 7,(X) C X for each s € §. Then a
submean £ on X is right invariant if u(f) = u(rf) foralls&€ S, f € X .

Let C be a nonempty closed convex subset of the Banach space I . Then a family # == {T.:
s € S} of mappings of C into itself is said to be a Lipschitzian semigroup on C if it satisfies the
following :

DT,k =TTa, for all s,t &€ Sandz € C ;

(2)for each r € C , the mapping s — T x is continuous on S ;

(3)for each t € 8, T, is a Lipschitzian mapping of C into itself, i-e. , there iz &, = 0 such
that || Tax — Ty || <k |z —y | forallz,y € C. Let F(# ) denote the set ¢f common fixed
points of T, , s &€ S, i.e.,

v F(2)={r € C, Tx = x for ail s € &'}.
Lemma 2. 4% Let C be a nonempty closed convex suktset of a p- uniformly convex Banach

space F and let # = {T,; = & S} be a Lipschiizian semigroup on C with inf supk,’ <(d, . Then
8 t

F(# ) is closed 2nd convex.

3 The main result

Theorem 3.1 Let C be a nonempty bounded closed convex subset of a p~ uniformly convex
Banach space F with 0 < ¢, < (1 + 2'=1)=% and let X be a r, -invariant subspace of B (S)
containing constants which has a right invariant submean 4. Let # = {T,:. t € S} be a
Lipschitzian semigroup on C with ir:f SLllp/C,S" < d,and F(# ) % . If for every 2,y in C , the
function f on S defined by f(¢) == || T.2 — y || ? for allt € S and the function ¢ on § defined by
g (t) =k for allt € S, belong to X , then the following are equivalent :

(D NyescolTz:t € S} N F(# ) 3£ K foreachr € C

(2) There is a uniformly continuous ergodic retraction P of € onto ¥ (¢ ) such that PT, =
TP = P for everys € Sand Pr € co{Tx:tE S)foreveryz inC .

Proof For simplicity, 4, is denoted by ¢ .

()=

Letz € C . Then, it is obvious that Px &€ F(# ). Since

Pr =PTx € colTTax:tES) =col{l,z:tES)
for each s € S, we have Pz € [J,esco{T x :t € S} .
(DH=(2)
Letz € C. Then by virtue of Lemma 2. 3, there is a unique element z in F (¢ ) such that
wl|Ta —z||* =min{g || Ta —y||*:y € F(#)}.
Zeng and Yang!® have proved that
(k) <irzf sgpk,}, sup irtlf/c,,‘.< Ye, Nesco{Tuz: t €8y N F(2) = {z},
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and
1nfsup||T,ﬁz——f]|’ cou||Tx —F? << cqnf”T“x—f”" (%)
forevetys€ S, f € F(# )andz € C.
Setting Pr = z for each z &€ C , we have, foreachs &€ S,
He “Tt-’” —PTx "' = "Tuﬂ —PTx “P =
ml|TTz —PTa " <w||TTx —Pz | =
wml|Twe — Pz ||?=p|Ta — Pz |".
From the uniqueness of Pz it follows that PT 2 = Px for every s € §. It is clear that T P = P.
Finally we show that P is uniformly continuous. Let w € F(# )and 0 <A<C1. Then we have,
for each s, € S,
7w — (A — Dz +fw) |7 <
MTiw —w |+ A= Tz —zllf —c W, - w- 2"
sup Tz —z||* + 2| Tx —w [|? — || TWwr —2z|i?> —c-W,() -

and hence
inf | Tor - (A — Dz +a0) |7 <
sup f e — 2" it T —w |7 = || Tuz =2 17) —c - W, () -

lw —z]| "
From ( %), we also have

bl Tae — (A =Nz~ ) ||? < c-meT,x—((l——A)?—i—Aw)”"

and
infsup [ Tor —z|” <cw|[Ta —z]"

Then, we obtain
Tl || Tae — (A — Dz +2w) || ? —Airtlf( [T —w ||[? — [T —z||?) <

sup [Tz — 2|7 —c + W, () -

and hence
TullTe —z " —Aswpint(| Twr —w || — | Tz —w |) <

¢l | T —((l—x)z—{—-ﬁw)ﬂ"—}.supir}f( T —wl||?— | T — 2| <
nfsup | Tz — 2 17 —c W, « v —2 7 <
e | Ta —z||[? —c oW, (W)« [w—2z]|".

Note that 0 <Tc¢ < ,/ # implies ¢ — ¢~! <C 0. Hence we have

—Asupirtlf(HT,;t—wll’—— ”T,_,x—-z||’)<—c-W,(A)° lw—=z]",
Supirtxf( T —w|?— |Twx —2z||) >c-[A—D"+A—1F¥1]

Now, letting A— 0 , we obtain

sup inf( [| Tz —w [[7 — [Tz —z | Zcx v —z] .

Therefore, fory € C , we have
supinf( || Twr — Py |* — | Twx — Pz [[) Zc - [Pz — Py ||".
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Let ¢ > 0. Then there exists s; € Ssuch that

inf( | Twz —Pyll* — | Twz —Pz||")>c+ | P2 —Py | —e (% %)
For such ans; € S, we also have
supinf( || 7Ty — P |* — | 7Ty — PToy 1) =c+ | PTyy — Pz (R
and hence there exists s, & S such that
inf( | 70Ty —Pzl|* — | Ty —PT,ylI")>ce | PT,y — Pz ||* —e
Then, from PT,y = Py , we have
inf([| Toy — Po ||* = I Tuuy =Py D >c [Pz —Pyr —e
On the other hand, it follows from ( % * ) that
in( | Tuz — Py |7 — [ Tz — P2 1) > | P2 =Py 7 =
Combining these two inequalities, we get
2 || Px - Fyij?-— 2 <C
inf(| Tupy — Pz |7 — [ T = 2y I + 0 Tz = Py |7 — | Tupz — Pr | <
(| Tz — Py 47 = (i Tuy = Py 17+ [Ty — Po 17 = | T — Pa |1} <
int{p « (GamCy "+ | | Tuuy = Py || — | Tupz =Py Il | +
p + (iamC)*™ o | [ Typz — Pa || — [[Tupy — Pz || |} <<

2p « (diamC)*~! - irtlf N Ty — Tz | <
2p + (diamC )™t < infhuy, |y — o || <

2p + (diam€)*™" + (sup infk,) - ||z — vl <
2p + (diamC)*™ + ¥/ ¢

Since £ > 0 is arbitrary, this implies

le —y .

[Pz —Py |7 <p - @ame)r~t o7 o —y ||
So, it follows that P is uniformly continuous.

Corollary 3.1 Let C be a nonempty bounded closed convex subset of an L’ space with

1<P<%

and let X be ar, -invariant subspace of B (S) containing constants which has a

right invariant submean z. Let # = {T,: s € S} be a Lipschitzian semigroup on C with
ir}f s1.11pk,s2 <p—1land F(® ) 7% & . If for every z ,y in C , the function f on S defined by f (¢)
= || T, —y || ?for allt € S and the function g on S defined by g (t) = k,*for allt € S , belong
to X , then the statements (1) and (2) in Theorem 3. 1 are equivalent.

Remark 3.1 Obviously, for an L? space with 2<Cp <{- oo we can also obtain the corollary
of Theorem 3. 1.
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