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Iterative Algorithms for Finding Approximate Solutions
to Generalized Strongly Nonlinear Complementarity
Problems and Quasi-complementarity Problems *

Zeng Luchuan Yang Yali

Abstract We study iterative algorithms for finding approximate solutions of gerieral-
ized strongly nonlinear complementarity problems and quezsi-complementariiy problems
which include, as special cases, some known results in tbis field. Our resuits extend,
improve and complement the earlier and receat results obtained by sevcral authors in-
cluding Noor, Chang and Huvang, and Li and Ding.
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0 Introduction

The complementarity theory introduced by Lemkel' and Cottle and Dantzigm in the early
1960s and later developed by others is a very powerful tool of the current mathematical technolo-
gy in the study of a wide class of problems arising in control and optimization, economics and
transportation equilibrium, contact problems in elasticity, fluid flow through porous media and
many other branches of physics, mathematics, and engineering sciences. It has been proved by
Karamardian[® that if the convex set involved in a variational inqauality problem and a comple-
mentarity problem is a convex cone, then both problems are equivalent. In recent years the com-
plementarity problems have been extended and generalized in several directions. Among these
generalizations of the complementarity problem, the quasi- (implicit) complementarity problem

considered and studied by Pang!®}, Noorl*],Chang and Huang!?'*1, Ding{**}, Li and Ding"®,
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and Zeng®~", and the class of mildly nonlinear complementarity problems introduced and con-
sidered by Noor!'®! are important and useful generalizations.

Motivated and inspired by recent research work in this field, in this paper, we study itera-
tive algorithms for finding approximate solutions of generalized strongly nonlinear complementar-
ity problems, and quasi-complementarity problems which include, as special cases, some known
results. Our results extend, improve and implement the earlier and recent results obtained previ-

ously by some authors including Noor, Chang and Huang, and Li and Ding.

2 Preliminaries

Let II be a Hilbert space and (*, * ) and || + || denote the inner product and norm on II ,
respectively. If K CC II is a closed convex cone, we use K * to denote the polar cone of K , i. e. ,
Kx ={u€ I : (u,v) =0, for each » € K.

Let D C_II be a nonempty subset. Given set-valued mappings K ,T ,4 ;D — 27 and a single
valued mapping ¢ : D —II , we consider the problem of findingz * € D,u* € 7(z*)and»* &
A(z *) such that

g EK@E*),u* +v* €K (@ )and {gz*) —m(z*),u* +:°) =0, (2.1
which is said to be the generalized strongly nonlinsar quasi-con:plementarity problem introduced
and studied by Li and Ding!*®). In many impeitant applications K (x) has the form

Ki@)=m@)+ K,
where m ;D > K is a given single valued mapping, K * (z) is the polar cone of K(z), i e,
{(K*(@)=w € Il ;(w,z) =0 for each z € K(z))}
and the equality holds; K*(z) = (m(z) + K)*  =m" (@) NV K"~.

Definition 2.1 Let D C I be a given nonempty subset, g ;0 — I and F ;D — 27 be two
given mappings, and @,\I':[[0,00)—(0,00). We say that

(1) F is ®-Lipschitz continuous with respect to g, if

o —oll <@lg@) —g@ ) IgE)—g@ |
for eachz,y € D,u € F(z)and » € F(y) ;
(2) F is W-strongly monotone with respect to g, if
@ —2v,9@) —gGN2¥g@) —g@ D lg@) —g@|?
for eachz,y € D,u € F(x) and » ETF(y).

Definition 2. 20'3] Let D C II be a given nonempty subset, g :D — I be a single valued
mapping, and F:D — C(II) be set-valued mapping, where C(I1) stands for a family of all
nonempty compact subsets of /7, F is said to be I - Lipschitz continuous with respect tog if there
is a constant y > O such taht

HEF@),FGN<ylg@)—g@)| forallz,y €D,
where H( ¢, * ) is the Hausdorff metric on C(H).

Lemma 2. 109 If K C I is a closed convex subset and z € II is a given point , then

u € K satisfies the inequality (¥ — z,0 — u) == 0 for all v & K if and only if
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u = Pyz, 2.2)
where Py is the projection of /7 onto K.
Lemma 2. 27 The mapping P defined by (2. 2) is nonexpansive, that is,
| Pxu — Pyo || < |lu—2| forallu,» € H.
Lemma 2.3 If K(u) =m(u) 4+ K and K C H is a closed convex subset, then for any
u,v € Il , we have
Prawv =m@) + Px(v — m(u)). (2.3
Lemma 2. 41} If K C I is a closed convex cone and K(z) =m(z) + K foreachz € D,
where m ;D — K is a single valued mapping and KCg (D), thenzs* € D, «* € T(z ") and
»* € A (z* ) are a solution of the generalized strongly nonlinear quasi - complementarity problem
(T,A,g;K(x)) (2.1),ifandonlyifz* €D, u* €T(x*)and »* € A(z ") are a solution of
the generalized strongly nonlinear quasivariational inequality (T ,A ,g;K (x)).
Lemma 2. 50'5) Let D C H be a nonempty subset, and K Cg (D). Thenz €D, u €T (2)
and v € A(x) satisfy g (z) € K(z) and
(utv,9@) —g@))=0forallg(yy € K(x),
ifand only ifz € D, u € T(z) and » € A(x) satisfy the relation
g@@)=m(x) + Px(g(z) — plu +v) = m(x)) (2. 49)
where p > 0 is a constant. .
Lemma 2. 615 Lt D be a rionempty svoset of H,9:D0 = H, m:D > KandT,A:D —
C () vinere K is a closed convex cone of IT and K C g (D). Assume that T ;D —~ C(H ) is V-
strongly moriotone with respect to ¢ and H - Lipschitz continuous with respect to ¢ where the I7 -
Lipschitz constant is 8>>0, A; D —C (H ) is [ - Lipschitz continuous with respect tog where the
H - Lipschitz constant is y > 0and m : D — K is u- Lipschitz continuous with respext to g. If there
exist p > 0and £ € (0,1) such that for each t& (0,c0),

0<< (1 — 207 (1) + #ADE <k — py — 2u(0),
) >y —2u)),py <k — 2uQ) (2.5
then thereexistz®* € D,u" € T(z") and »* € A(z ") which form a solution of the generalized

strongly nonlinear quasi-complementarity problem (2. 1).

3 Iterative algorithm for the generalized strongly nonlinear quasi-

complementarity problem

In this section we give the following general and unified algorithms for the generalized
strongly nonlinear quasi-complementarity problem (2. 1), and study the conditions under which
the approximate solution obtained from the iterative algorithms converges strongly to the exact
solution of the generalized strongly nonlinear quasi-complementarity problem (2. 1).

Algorithm 3. 10'*) Let D C II be a nonempty subset, g :D — I, m:D - KandT, A:D
— C(H ) where K C g(D) and K is a closed convex cone of II. For any givenz, € D, we take
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ug € T(x¢) and 2o € A(xy). Let
wy=m(ze) + Pxlg(xe) — plug +v0) —m(z)] € g (D).
Since m(xy) € K C g (D), there exists , € D such that g (z,) = w,. Since
ug € T(zy) ECT) and vo € A(zy) € CH),
by [7] there exist u; € T(z,) and v, € A(z,) such that ||u, —uo || < H(T(2y),T (z,)) and
oy —vo || <HA(xy),A4(x,)). Let
wy =m(z,) + Plg ) — pluy +v,) —m(z,)] € g (D).
Then there exists r, € D such that ¢ (z,) = w,. By induction, we can obtain three sequences
{u.}, {v.}and {z,}:
ue T(z,), v,A(z,),
" Uy — Uy " SKH@(2,), T(x,1)), " Vy — Uy ” < H(A(z,),A(x._),
9 @) =m(z,) + Pilg (2,) — p(u, +2,) —m(z,)], n =0,1,2,--,
where p >> 0 is a constant.
Theorem 3.1 Let D be a nonempty subset of 7, g:D - H, m.D - Kand 7. A.D —
C (Il ) where K is a closed convex cone of 7 and K C g (D). Assume thai 7.0 — O ) is -
strongly monotone with respect to (§ —m) and H - Lipschitz zcatinuous with respect to {y — m)
where the H - Lipschitz constant is >0, A.D -~ C(H ) is H - Lipschitz cuntinuous with respect
to g where the /I - Lipschitz constari is y >> 0and i : D -> X is x- Lipschitz contiouous with respect
to g and A~ strongly monaotone with respect to ¢ wiere 4 and Aare positive constants. If there exist
p>0and kin (9,1) such that for each t € [0,00),
0 (1 — 207 (1) + PB)Y <k — pyh — uh,
(@) >hy(l — hp), phy <k — uh,
where b = (1— 24+ 4?) =1, there existz* €D, u* €T(z*)and »* € A(z*) which are

a solution of the generalized strongly nonlinear quasi-complementarity problem (2. 1) such that

3.

g(,)—>g(z*), u,—>u"and v,—~2v", where {z,}, {u,}and {v,} are the sequences generated by
Algorithm 3. 1.
Proof By Algorithm 3.1 and Lemma 2. 2, we have
| warr —w, | = llg@ar) — gz | =
| mz,) + Pilg(z) — pCu, +2,) —m(z,)] — m(z,_)) —
Pelg @) — pQupey +2,2y) — m(z, )] <
Im) —m@.D | + g€ — pluy +20.) —m(z,) —
g @) + pluay +2,00) +m(z,y) ” <
[m@) —m@. D+ lg@) —m@) —g,) +mz,) —
7 pCu, —u ) || + P ” v, — v, ” .
By using the method of Li and Ding“sl and the II - Lipschitz continuity and ¥ - strong monotonici-
ty of T with respect to (§ — m), we obtain
" g () —mx,) —g(x.) +m(z,y) — plu,_; —u,_y) “ 2=
lg ) —m@) —g@ey) +m@, ) ||2—
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2p(u, — ty_,9(2,) —m(z,) —g(x,o)) +m@,) + 7/ lu, — o, |2
lgG) —m@) —g@.) +mG, D —
200 (|l g(a) —mz,) —g@,—p) +m@. D) lg,) —m,) —
@) +m@ P2+ AU T @), T @<
A—=207(llg@) —mz) —g@) +mG, ) ||)+
7B ¢+ g —mlz,) —ga,) +mz,_) || 2 3.2)
Since m is u- Lipschitz continuous with respect to ¢ and A- strongly monotone with respect tog ,
we have
|9Cx) —m@z) —g@,) +m@,.)|2=
lg) —g @D I?—2(g,) —g@,)smz) —m(z,-)) + | m@,) —m@,_)||?
< o) —gG@a-D 12 —24llgG) —gG, D12+ llg) —gG.-DI?=

A—=224+u)|lg@) —gC.D]|% (3.3)
By using the H-Lipschitz continuity of A with respect to g, we get
2. —vuy | KHWUAUGED,AG@ND<ylg&)—g@._DI|- 3.1

Therefore, we imply by (3.2)~ (3. 4)
| wesy —w. || <<

pllg@@) —g@. Dl + Q=200 liy @) ~miz)—g@, ) +m@.D|)+

2RO gz~ mz,) = g(za +mlz, D | +ovllg@) —g@. )| <
e+ T =20l gx,) —m(z,) —g @) +mz,_)||)+

B — 24+ D] + oy} g @) — g || <
(1 — 22+ @) 120w, —w,_y) Jw, —w,, | (3.5)
Since the condition (3. 1) implies that 0 << (1 — 24+ #?)% <1 and
0w, —w,y) = u(1 — 224 w4+ (1 — 200 (|| g (z.) —
m(z,) — g (as) +mza_) 1) + 2T +
(1l — B4 )t <k <1,

it follows from (3.5) that {w,} is the Cauchy sequence in K. Hence, we deduce that w, >w €
K asn—oco. In view of K C g (D), there exists x * € D such that w =g (z*). Thus, g (z,) —>
g(x*) € K. Since (3. 4) implies
2. —2aci | <y llwa —waei |l
{»,} is the Cauchy sequence in II. It is easily seen that {u,} is also the Cauchy sequence in II.
Consequently, 2, >u"* & Il and v, >v" € Il asn —> co. Let
w' =m(*) + Pglg@*) —plu* +2*) —m(*)]
Since
Nwopr —w' || = [lg() —w' || =
| m(z,) + Pilg (x.) — plus +v,) —m(z,)] —m(z*) —
Pylg(a*) — plu® +o*) —m@ ]| <
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2 m@) —m@)D|| + lg@) —g@*) —p, —u*) —pl, -~ 2o") || <
2ullg@) —gG@ | + llg@) —g9@*) —plu, —u*) — plo. —2*) |,
we know that w, =+ w’. So, w=w', ie,
9@ ) =m@") +Plg@") —pu® +2*) —m@z*)] € K(z*). (3.6)
Now we have to show thatu® € T(z*)and v* € A(r*). Indeed, note that
d@ TN o —u, | +d@,TE*) <
lu* —u, || + (T (,) —T(x*)) (derived by [10]) <
lu* —u, |l +8l9GE) —m@)—g@)+m@")| <

la* —u |l + A0 — 20+ w2 D¥ g —g @I <
la* —ul +BlgGd =g,
whered (u* ,T(z*)) =inf{(||u* —u] , foreachu € T(z*)} . Hence,d (u* ,T(x*)) =0,
which implies that z " € T (x *). Similarly, we can prove that v* € A(z ).

Finally, by Lemma 2. 4 and 2. 5, and the equality (3.6), we know thatz* € D, u* €
T(x*)andv" € A(x ") supply a solution of the generalized strongly nonlinear g:asi-comnplemen-
tarity problem (2.1), g(z,) >g( "), u,—~>u*,and v, > v"* 2s 1 = >0,

Algorithm 3. 2['%]  Let D be a nonempty subszt of I7 , K be a closed cor.vex cone of I7 , and
g :D — H such that g (D) is a convex subset of K and satisfiess X C ¢ (D). Suppose that m ;D —
K, T, A;:D—C(I). zad the sequences {a.} and {g,} satisfy the condition that 0 <C a,,8, << 1

o

for ezclin = 0and ?.oq diverges. For any givenz, € D, we take uo €T (xo) and voE A (x,)- Let

wy = (1 — po)g (o) + Bo[m(zo) + Pi(g(ay) — plug + V) —m(ze))] € g (D).
Then there exists yo & D such that g{y,) =w,’. Since U €T (x¢) EC(H) and v, € A (x,) €EC
(H), by [7], there exist ug€ T (yo) and vo€ A (y,) such that

2o —uo | <HT @) TWo))s llvo—voll <H(A20),A0)).
Let
w, = (1 — &g (o) + a[m(ye) + Pxlg (yo) — plug +v9) —m(ye))] € g (D).
Then there exists , € D such that ¢ (z;) = w,. By induction, we can obtain three sequences
{v,}, {v.} amd {z,} :
u, € T, v. € AW, v, € T(z,), v, € Ax,),
No, —a, || ST @DT @), v —o | <HMAG),AE)).
9 @) =0 —adg @) +alm@.) + Pilg @) — plu, +2v.) —m@.)],
9 () = A — B9 ) + p[m@,) + Pylg(x.) — plu, +2,) —m())],
n=0,1,2,+, where p > 0 is a constant.

Theorem 3.2 Let D be a nonempty subset of I , K be a closed convex cone of I/ , m ;D —
K,T,A.D—>C(I)andg :D —II such that g (D) is a convex subset of H and K C g (D). As-
sume that T ;D — C (II) is ¥ - strongly monotone with respect to (¢ — m) and H - Lipschitz con-
tinuous with respect to (§ — m) where the IT - Lipschitz constant is § > 0, A;.D -~ CI) is H-

Lipschitz continuous with respect to g where the II - Lipschitz constant is y > 0and m:D — K is
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4~ Lipschitz continuous with respect to ¢ and A- strongly monotone with respect to g where £ and

Aare positive constants. Suppose the condition (3. 1) in Theorem 3. 1 holds. If (z*,u*,»")isa

solution of the generalized strongly nonlinear quasi-complementarity problem (7' ,4,¢;K(x))

(2.1), and {z,}, {u.} and {v,} are the sequences generated by Algorithm 3. 2, then g (z,) —

g&@*), u,—~>u"and v, > v".
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Remark Using the same method as in the proof of Theorem 3. 1 , we can prove Theorem 3. 2.
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