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1 Intr0ducti0n 

As we know ，the NLKG equation plays an important role in quantum mechanicsË．It is of the 

form 

f V(y，f)一 A V(y，f)+V(y，f)+V。( ，f)一F(y，f)， Y∈I，t∈ (o，T3， 

V(y，o)一 V1( )， Y ∈ I， (1) 

【V(y，O)一 V。( )， Y ∈ I， 

where I R ，AV(y，f)一 V(y，f)andVo，V1，Fare given functions．AlsoV satisfies some bound— 

ary conditions．There are many papers concerning the existence and uniqueness of the smoothness or 

weak solution of(1)[引．Numerical studies of this equation in bounded domains are also considered by 

many authors[。’ ．But it is more challenging to solve the NLKG equation numerically in unbounded 

domains．Indeed。there are several ways to deal with this kind of problems．The first one is to restrict 

the calculations to certain bounded domains and impose some conditions on artificial boundaries．But 

this treatment usually destroys the accuracy．The second way is to use spectral approximations associ— 

ated with some orthogonal systems in unbounded domains[ ’引．This kind of method keeps the physical 

meanings properly but requires some quadratures over unbounded domains．The third approach is to 
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change the original problems into certain problems in bounded domains．But the coefficients of the 

derivatives are degenerating on the boundaries． Recently，GUO[ ’ ]developed the Jacobi spectral 

method for numerical solutions of such problems．The main advantages of this treatment are that it 

avoids quadratures in unbounded domains and keeps the spectral accuracy． But in actual computa— 

tions，the Jacobi pseudospectral method is more preferable since it only needs to evaluate the numerical 

solutions at some interpolation nodes．Hence，it saves a lot of work and is easier in dealing with non— 

linear problems． 

In this paper，we consider the numerical solution of the NKLG equation on the half line 

一 (0，+ oo) withV satisfying 

V(0，f)一0， hm e-专 V(y，f)一 0， ￡∈ E0，T]． (2) 
一 + ∞ 

Let A = (一 1，1)and 

(z)一ln2一ln(1一z)， z( )=1一号． (3) 

C1early，z(o)一 一 1，z(+ ∞ )一 1，and f。r au z ∈ 以， 一 1一 z> o．Put U(x，f)一 ( (z)， 

f)，Uo(z)=V0( (z))，U1(z)一V1( (z))andf(x，f)一 F( (z)，f)．Then the problem (1)，(2) 

is tranformed into 

f U(x，f)一 U(x，f)+U(z，f)+U。(z， )一f(x，f)， z∈A，t∈ (O，丁]， 

U(o，f)一lim(1一z)号 U(x，f)：0， t∈ [o，丁]， (4) 
I 一 
【 U(x，o)一U1(z)， U(x，o)一U0(z)，z∈以， 

where U(x，f)一 (1一 z) ((1一 z) U(z))．In the sequel，we shall propose a Jacobi pseudospec— 

tral scheme for(4)，and prove the stability and convergence of the proposed scheme．W e shall present 

some numerical results to illustrate the efficiency of this method．The implementations in this paper 

are easy to be generalized to multiple—dimensional problems，and can also be applied to some other 

nonlinear differential equations in unbounded domains． 

2 The Scheme 

Let (z)be a certain weight function in the usual sense，and N be the set of all nonnegative inte— 

gers．The weighted Sobolev space H；(以)is defined in the usual way and its inner product，semi—norm 

and norm are denoted by (“， )州， I r,X and ll lI ． In particular，L；(以) 一 H；(以)， 

(“， ) 一 (“， ) and ll ll z= ll ll ．The spaceHg．z(以)stands for the closure of the set of all 

infinitely differentiable functions with compact support in A．W hen (z)三 1，we omit in the nota— 

tions as usua1．If (z)三 1，then we drop the script in the above definitions．For any N ∈ N，let 

be the set of all algebraic polynomials of degree at mostN ．Let 0 ==：{ I ∈ ， (一 1)一 0}， 

and c be a generic constant independent of any function and N ． 

Let ’ (z)= (1一 z) (1+ z) ，and the Jacobi polynomial of degree is defined by 

(1一 z)。(1+ z) (z)= ((1一 z)件。(1+ z)件 )， z： 。，1，2，⋯． 

If a， >一1，then the set of Jacobi polynomials is ( )(以)一orthogona1．Let{zJ}Ⅳ_0 be the set of dis— 

tinct zeros of the Jacobi polynomial(1+ z) (z)．Assume that they are arranged in the increasing 

order．Then there exists a unique set of quadrature weights{ ) 0(cf．[9])such that for any 
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∈ Ⅳ， 

蒯 z— 
j=0 

v(x mi． 

Further，let AⅣ一 { ：1≤ ≤ Ⅳ}，and define the discrete L 一norm 

一 { 
In particular，for P一 2，II II N— II 

denoted by ( ，v)N一 

1≤ P≤ c×)， 

P 一 。。． 

(5) 

L2
,
N ， I I ．Ⅳ= ll ll Lm，Ⅳand the discrete inner product is 

Let ：C([一 1，1)) Ⅳbe the interpolation operator 

such that 

v(xj)一 v(x )， 0≤ ≤ Ⅳ． 

The semi—discrete Jaeobi pseudospectral scheme for(4)is to find U∈o such that 

raf u(x，￡)一 (-Au)(z，￡)+ u(x，￡)+“。(z，￡)一 f(x，￡)， 

u(x，o)= “1(z)一 U1(z)， 

【u(x，O)一 “o(z)一 Uo(z)， 

z∈AⅣ， t∈ (0，丁]， 

X ∈ AⅣ， 

z ∈ AⅣ． 

For simplicity，let (z)一 (1一 z)。，Co(x)一 1一 and for any“， ∈C ([一 1，1))， 

(“， )一(Coax“，a=(Co )) + ， ) ， >专． 

(6) 

Taking the discrete inner product on both sides of(6)，we find that the scheme (6)is equivalent to 

f( “(￡)+(1一 )“(￡)+“。(￡)， )Ⅳ+口 ，Ⅳ (“(￡)， )一(厂(￡)， )Ⅳ， V ∈o ，t∈ (0，丁]， 

( “(0)， )Ⅳ一 ( 1， )Ⅳ， V ∈o ， (7) 

【(“(O)， )Ⅳ= (Uo， )N， V ∈o N． 

3 Numerical Results 

In actual computations，we need to discretize the problem in time t．Let r be the mesh size of t， 

=
{￡：kr I k一 1，2，⋯，[ ]}， ，丌 (z

，

￡)一 1( ( 
，￡+ r)+ (z，￡一 r))， 

D (z，￡)一 1 ( (z
，￡+ r)一 2 (z，￡)+ (z，￡一 r))． 

To increase the computational stability，we discretize the nonlinear term as 

e(“(z，￡))一 1∑uj(x，￡+r)uS-J ，￡一r)． 
‘ j=0 

The fully discrete Jaeobi pseudospectral scheme for(4)is 

D (z，￡)一 ( “)(z，￡)+ u(x，￡)+ e(“(z，￡))一 (z，￡)， z∈ AN ￡∈ r， 
(8) I

u(x，0)一 Uo(z)，“(z，r)一 o(z)+ rIbU1(z)， z∈ AⅣ． 

W e next present some numerical results．Let ( )and z( )be the same as those in (3)．W e consider 

two typical examples． 

Example 1 The exact solution of the original problem is V(y，￡)= ysech(ay— bt— c)，口一 1． 

8，b一 0．5，C一 4．0．Clearly，it is exponential decay at infinity． 

Example 2 The exact solution of the original problem is 

∑ 

、，  

， 

、 ，  

， 
∑ 
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V(y，f)一 1 sin(专(1+z( ))(￡+1))· 

C1earlv，if叩> 0，then V(y，f) 。。as + 。。，i．e．，the exact solution of the transformed p 0bl。m 

(4)also tends to infinity as z 1． 

W e now use the scheme(8)to solve(1)with (2)numerically．To illustrate the accuracy n thc 

sDatial direction，the time step is chosen to be sufficiently small so that the error is dominated by the 

sDatial disretization errors．Let Y，= y(x，)， ，∈ AⅣ，u(x，f)be the solution of(8)and (j，，f)一 

“( (v)，f)．For description of the errors，let 

Eabs∽一 l，E ∽一 I O≤』≤Ⅳ ” J I ’ 、一』 ，t∈． ． 
In Figure 1，we plot the errors of Examples 1 and 2 at 一 1 with r= lO一 ’77一 lO and different N · 

W e notice that the scheme(8)converges very fast for smooth solution decaying exponentially at mtm— 

itv。and achieves the spectral accuracy of exponential order．M oreover'this method ProV des good nu- 

merica1 resuIts for solutions with weak singularities，but the convergence rate IS rdatively slower· w e 

p1ot in Figure 2 the exact solution and pseudospectral solution obtained with N 6 4' 一 O·1 

(Exapmle z)in space—time domain[0，2o]×[0，2]．We find that the exact solution and he apprOx卜 

mation solution are indistinguished in both cases． 

4 The Stability and Convergence of the Proposed Scheme 

This section is for the main theoretical results of this paper．W e shall show the stability and COIl— 

vergence of the scheme(6)．To do this，we first list some useful lemmas· 

Lemma 1 For any ∈。 Ⅳ ，and 1≤ P< 。。， 

II口II Lp,I"4≤ c(p)U U ≤ d(p)N卜7‘II II， (9) 

where c(户)and (户)are positive constants depending only on P· 

The validity of the first statement is ensured by a similar argument that can be found in the proof 

of I舢 ma 4．11 in Do3，and the second result follows from an inverse inequality in[11]· 

In numerical analysis of the Jacobi pseudospectral method，we need to consider some orthogonal 

Drojections．For description of the approximation results，we introduce the Hilbert space H：、 (以)as 

appears in[73．For any r∈N， 
H：．̂(A)= { l is measurable and I1 I1⋯，̂< 。。} 

where 

[ ] 
、 

1 

I1 II⋯． =(∑ II(1一z )南 II：+II I1 2 r j‘· 
Simi1ar1v，we deftne the spaces H ：，̂(A)，H：． (A)and their norms by replacing~o with aJ in the above 

definitions．For any rea1 r> 0，the space H：．̂(A)is defined by space interpolation·For r≥ 1' 

H2． (以)= { I 口∈H r--． I(以)and Il Il， = II 口II 一 < 。。)· 

W e a1so deftne the Hilbert space H～
to (A)as 

—

to

(A)一 { l is measurable on A and I1 u Il1I⋯ = (I1 2十 II )专< 。。}· 

Further，1et H～
to

(A)一 { I ∈疗 (以)and v(-- 1)= 0)．For any“， ∈H (A)， 

口：．(“， )一 ( ja ，a (三 ))+ u(u， )． 
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The orthogonal projection 。尸 ：。j4』 1(以) 。乡)Ⅳis a mapping such that for any ∈。 (以)， 

口：(o尸 ～ ， = 0，V ∈o Ⅳ ． 

Lemma 2 Let v> 1
． Then f。r any“， ∈ (以)， 

n (“，“) min(1， 一 1)II“II 
～ ， (“， )≤ c II“II。 ～II II。，一 ． 

Proof Integrating by parts yields that 

“，as(if,“))=( “， “) 一丢J’ 动“ ( )= 
“ 

Hence口：(“，“)≥ min(1， — 

Following the same lines 

following results． 

一  1 II“II +u2(～ 1)≥ II以“II：一 1 II“II 
．  

1)II“II 
～ ． The sec。nd reSult is clear． 口 

(1O) 

as those in the proof of Theorems 3．3 and 3．4 in[13]，we can get the 

Lemma 3 For any ∈0疗 (以)n H：
． (以)and r≥ 

ll。尸lⅣ 一 ll 1， ．～≤ cN 一 

Moreover，for any ∈。疗 (以)n Ⅳ l+
．
．d(以)n Hd(A)and 

ll PⅣ ll。。≤ f(1l ll 1+ ， ，． 

By Theorem 4．8 of[9]，we have that 

Lemma 4 For any ∈ Ⅳ：．．(以)and r≥ 1， 

1， 

ll llrI⋯ ． 

d> 1， 

+ ll ll )． (12) 

ll G(I．v 一 )ll；+N ll IⅣ 一 ll≤ cN 一 ll ll，．；， ． 

We now analyze the stability of scheme(6)．To this end，suppose that the data U0，U1 and f are 

disturbed by U～。，U一1 and 7，respectively，which induce the error of“，denoted by U～．Assume that a11 

functions are valued a Let v>丢， )一rain(1， 一号)and 
E( ，￡)：口( )II五(￡)II ，”+ 1 II (￡)II 

， + II (￡)II ， 

p(u～。，U～。，7，￡)一g( ) U ，⋯ + 1 II U～
。 II + II U～。IIⅣ 

where II II。． ．～． 一 (II cu 1 II + II II 2 1． 

+ 
。 

『I 7( )『I ， 

Then we have the following stability result． 

Theorem 1 Let >寺， be the solution of(6)，and五be its error induced by U～0，U～1 and 7 
0  

Then for all 0≤ t≤ T， 

E(五，￡)≤p(u～。，U～1，7，￡) 

where M (v， )is given in the proof below． 

Proof By (7)，we have that 

f( 五+(1一 )五十U～。+ 。， ) +口：， (五， )一(7， )．v， v ∈。 ，t∈(o，T3， 

1 五(o)：U～。，五(0)一U～。， 
where 0= 3 “+ 3uu ．Taking 一 2a,u in (13)，we get from (5)and Lemma 2 that 

( )II U～II} + 1 II U～II 
． + II 五II )≤ IW( I (14) 

where (￡)： (1一 )( ，2a,u)．v+ ( 0，2a,u)．v+ (7，2a,u)JⅣ．Clearly， 

2(5， 五) l≤ I U～II 
， 

+ 1 II U～II + 18(I“IL
， + l“IL． )II a{五)II i，， 
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l 2(1一 )( ， )．Ⅳl≤ ll ll +2(1一 ) ll ll ． 
厶 

W e get from the above inequalities and (1 4)that 

J 

E( ，f)≤ M(u，“)E( ，f)+ II 7(f)I1 2 (15) 

where M(u，“)一 1+2(1一 ) + 18 maxo≤ ≤?·(1u l ．．Ⅳ+ lu l ，．Ⅳ)．This implies the desired result． 

Theorem 2 Let U and u be the solutions of(4)and(6)，respectively．Assume that for ，s2，s3≥ 

0，s1≥ 1 and d> 1，【，∈ H (O，了1；。疗 (以)n H r+
。 
1(以))n (0，T；H (以)n H (以))，厂∈ 

(O，T；H0，．(以))，【，o∈H站 (以)and U1∈H (以)．Then for all 0≤ t≤T， 

E(【，一 u，f)≤ M (Ⅳ + Ⅳ -+ N-2s2+ N-2sa) 

where M is a positive constant depending only on i,i and the norms of U in the mentioned spaces． 

Proof To obtain a better error estimate，compare the numerical solution with u 一 0 U ．By 

the exactness(5)and the definition (10)，we have that 

口 
。
．Ⅳ(“ ， )一 口：(“ ， )一 口：(U， )， V ∈o ． 

So by (4)， 

4 

( “ +(1一 )“ +u一， )．Ⅳ+口：．．Ⅳ(“ ， )+∑Gj(v)一(厂， )．Ⅳ， V ∈。 ，(16) 
J= 1 

where 

G1( )一 ( U ， )一 ( u ， )．Ⅳ， G2( )一 (【，。， )一 (“．。’， )．Ⅳ， 

G3( )一 (1一 )(【，， )一 (1一 )(“ ， )．Ⅳ， G4( )一 (厂， )．Ⅳ一 (厂， )． 

Further let u 一 u— u ．Then by (7)and (16)， 

( z u +(1-- ) 。+( )。+0 ， )．Ⅳ+ 口：
．．Ⅳ( ’ 

where 0 一 3(u )2u + 3u (“ )。．In addition， 

V ∈。 ，0< t≤ T (17) 

u (O)一 【，。一。P U。， (0)一 蛉【， 一。 U ． 

Taking = 2 u in (17)and comparing (17)with (13)，we derive an error estimation similar to 

(15)．But u，u，u～o，u～1 and ll u ll ，．Ⅳare now replaced by u ，u ，u (0)，O,u (0)and lJ u 『l。。．．Ⅳ， 

respectively．Thus it remains to estimate lGj( )l(1≤ J≤ 4)，ll (0)ll 1． ．～．．Ⅳ，『l u (0)lJ 1．4,N 

and ll 0,u (0)l1．Ⅳ．Let e be a suitably small positive constant．By(5)and(11)， 

G ( )l≤ e ll + c
e 
N II 【，(f)II 2 ．⋯ ， 

IG。( ·)I≤ e～ ll ·ll + Ⅳ一zr ll【，(f)ll r+12 。． 

Let K一 [ ]．Then by(5)，(9)，(11)，Lemma 1 and Lemma 4，we get that for d> 1， 

lG2( )l—l(【，。，O,u。)一({u )。，O,u。)．Ⅳl—l(【，。一(。PK 【，)。，O,u )l+l(oPK1【，)。一“一， 五 )Ⅳ 

≤ (1l【，。一 (。P 【，)。ll+ ll(。PK1【，)。一 ．Ⅳ “̈ l1．Ⅳ)ll l1．Ⅳ 

≤ c(1l【，ll + ll。P 【，ll + ll U ll )Ⅳ一 ll【，(f)ll，+ ．1l lI．Ⅳ 

≤e ll ll +÷ (【，)N_z，ll【，(f)ll州2 ．， 

where (【，)一 max((1l【，(f)ll l+2 d， ，．+ ll【，(f)ll ) )．Next，by(5)and Lemma 4， 

lG ( )l≤ ll 厂一厂ll ll u l1．Ⅳ≤e ll ll +÷Ⅳ -ll厂 2．⋯． 

Moreover，by (5)，Lemma 3 and Lemma 4， 

、，  

／ 

G ∑ 

一 

、，  
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～  

(0)II ， ，～， — II (0)II ， ，～≤c(II ( u。一【，。)II + II以( u。一 u。)II+ II。PfU。一【，。II ， 

≤ cN z II U。II， +z． ． 

Using Lemma 1，Lemma 3 and Lemma 4，we obtain that 

lf U～ (0)ff ， ≤ C If U～ (0)I1 ≤ cN II， 【，。一。P 【，。 

Finally we get from (5)，Lemma 3 and Lemma 4 that 

lI U～’(0)I1 ≤ I1 【， 一。P 【， II≤ cN 

A combination of the above estimates leads to the desired result． 
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用Jacobi拟谱方法求解半直线上的非线性 Klei—Gordon方程 

王立联 

(上海师范大学 数理信息学院，上海 200234) 

摘要 研究半直线上的非线性 Klein—Gordon方程的数值求解方法．通过适当的变换 ，将此问题变成有限区间上的 

某类奇异问题．然后利用 Jacobi拟谱方法来求解．证明了拟谱格式的稳定性和收敛性．数值结果也说明了该方法 

的有效 性． 

关键词：非线性 Klein—Gordon方程；半直线 ；Jacobi拟谱方法 
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