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The Faithful Representations of Toeplitz Algebras
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Abstract: Let (G,G,) be a quasi-lattice ordered group, H a directed and hereditary subset of G,. Let G, = G, -
H™' and F°% the associated Toeplitz algebra. In this paper, the faithful representations of .F°* are clarified.
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0 Introduction

For any discrete group G, any subset E of G, a Toeplitz algebra .7 can be fixed. To study the algebraic
structure of the Toeplitz algebras, one important way is to clarify the faithful representations of the associated
Toeplitz algebras. Some former works can be found in this field. For example, when ( G,E) is a quasi-lattice
ordered group, a necessary and sufficient condition was given by Laca and Raeburn in [2]; when G is abelian
and (G,E) is a quasily ordered group, a similar condition was given by the author in [3]. Recently Lorch
and the author introduced the concept of quasi-lattice quasi-ordered group. More precisely, for any quasi-lat-
tice ordered group (G,G, ) , any directed and hereditary subset Hof G, , if G, = G, - H™' is a semigroup of G,
then (G,Gy) is referred to as a quasi-lattice quasi-ordered group. Note that when H = {e}, a quasi-lattice
quasi-ordered group reduces to a quasi-lattice ordered group; when G is abelian and ¢ = G, U G,”', a quasi-
lattice quasi-ordered group reduces to a quasily ordered group. So, a generalization of both [2] and [3] has
been obtained by clarifying the faithful representations of the Toeplitz algebras on quasi-lattice quasi-ordered
groups. Following the same lines as [2] ~[4], in this paper we study further the faithful representations of
the Toeplitz algebras. The main result of this paper is Theorem 1, where a faithful representation of 7% has
been given without an additional assumption that G, is a semigroup (in other words, (G,G,) need not to be a
quasi-lattice quasi-ordered group). Thus, the technique result of [4] appears as a special case of our result.

Moreover, our proof given here is simpler than the original one even in the special case.
1 Quasi-lattice ordered groups

In this section, we recall some facts about quasi-lattice ordered groups stated in [1], [2] and [4].
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Let G be a discrete group, and G, a semigroup of G such that G, N G' = {e}. There is a partial order on

G defined by x < y x™'y € G, , which is left invariant in the sense that, if x < y, then zx < zy for any x,

v,z € G
Definition1  (G,G, ) is said to be a quasi-lattice ordered group, if every finite subset of G with an up-

per bound in G, has a least upper bound in G,.

Let (G,G. ) be a quasi-lattice ordered group. We follow the notations provided in [1] and [2]. For any
x € G, it is easy to show that x has an upper bound in G, if and only ifx € G, - G}', and whenx € G _- G]',
its least upper bound in G, will be denoted by o(x). More generally, for any subset4 C G, , if A has an upper
bound in G, , then its least upper bound in G, will be denoted by 0(A). Whenx € G, - G;', x™ also belongs
to G,-G;', and if we let 7(x) = 27'0(x), then it is easy to show thato(x) = 7(x7"), o(x”") = 7(x) and
x = o(x) + 7(x)"'. To simplify the notation given in [2], for any pair x,y e G, if they have no common
upper bound in G, , then let o(x,y) = .

Definition 2 Let ( G, G, ) be a quasi-lattice ordered group and H C G,. H is said to be hereditary, if for

anyx,y € G,, x <y € Himplies thatx € H ; and H is said to be directed, if any two elements of H have a

common upper bound in H.
Definition 3 Let (G,G, ) be a quasi-lattice ordered group, H a directed and hereditary subset of G, .
And let G, = G, H'. f G, is a semigroup of G, then (G,G,) is called a quasi-lattice quasi-ordered group.

2 Toeplitz algebras on quasi-lattice ordered groups

Let G be a discrete group and {8, | g € G| be the usual orthonormal basis for *(G). For anyg € G, we
define a unitary operator u, on I*( G) by u,(8,) = 84 forh € G. For any subset E of G, let I*(E) be the closed
subspace of I*( G) generated by {8,1 g € E} ; the projection from I*(G) onto I*(E) is denoted by p°.

Definition 4 The C"° -algebra generated by {T; & p°u,p® | g € G} is denoted by 7 and is called the
Toeplitz algebra, with respect to E.

Throughout the rest of this section, (G,G,) is a quasi-lattice ordered group. With the convention that
T = 0. By([1], Section 2 and Section 3) we know that

G, G

S, T B -T° ifx e G,- G';
T = a(x) () -1 (2. 1)
P 0, ifx g G, -G
and lfx,y € G+, then
™y =1 T T =, T = T
(T,”)" = BTN =1, T, T =T, (2.2)
C. Gy G, G, G, G,
(T, - T,-n) - (T, ‘T,-.) =T, T (2.3)
Coy v s G, Gy .
(T") T =T (2.4)

7 lo(xy) ¥ ~lols,y)

Let 7~ (G,) = span{T:*T:fll g h € G,}. Thenby (2.1) ~ (2.4), 9~ (G,) is a dense * -subalgebra

¢, 6. .
of 7%+, Let D% = span| T! Tg_l , |1 & € G,}. Its a commutative C* -subalgebra of 7. Moreover, there is
a faithful compress linear operator §°* from 7+ onto D°* such that °* ( T? T:jl) = 8,4 T:’ T

Lemma 1™ Let (G,G,) be a quasi-lattice ordered group and E a subset of G such that G, C E. Then
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the following two conditions are equivalent ;
(1) There is a C* -morphism y* ¢+, 7% — g% satisfying y*¢+ ( Tg*) = Tf for any g € G ;
(2) There exists a hereditary and directed subset H of G, such thatE = G,
By the preceding Lemma, we know that given any direct and hereditary subset H of G,, 7 =

span | Tz”TG”] | g,h € G,| and D & y#€+(D°) = span| T;,;”TG”l | g € G,} is a commutative C* -subal-
A= o

gebra of 7%, Similarly there is a faithful compress linear operator §° from 7% onto D" with g% ( Tg"‘ T('”l) =
-

8, hTf”TG”l. Since y-% ; 7% — Fis a C* -morphism, replacing G, by G,, we know that the same equa-
. \-
tions as (2.1) ~(2.4) also hold.

3 The faithful representation of Toeplitz algebras

Throughout this section, { G, G, ) is a quasi-lattice ordered group, H is a directed and hereditary sub-
set of G,.

Lemma 2" Let (G,G,) be a quasi-lattice ordered group and {L(¢) | ¢ € G, | be a family of projec-
tions of a unital C* -algebra B satisfying L(e) = 1 and
L ), ifo(s,t) e G,;
L(s) L(1) ={ (o(s,2)), ifo(s,t) e
0 , ifo(x,y) =«
Then for any finite subset F = {¢,,t,,--,2,} of G, , any A,,A,,+,A, € C, we have

IZ Ak ] = men| 50 [0 44112, 126 - TT - 1¢s)) =}

keA

Remarkl (1) IfA = F, then the product I_[L(tj) . H (1 = L(¢,)) in the preceding lemma should be un-
JjeA ked

derstood as HL(tJ-), and if for every @ # A C {1,2,-., n}, HL(tj) . kl:IA(l - L(t,)) =0, then
je

JeF
Y AL(E) = 0.
i=1
(2) For convenience’s sake, in the following we take L{ e ) = 0.

Now suppose that B is a unital C* -algebra, 7 is a unital C* -morphism from % to B. Let V(t) =
a(T%) and L(¢) = w(T’f”TG_':) foranyt e G,. For any finite collection g, 825" ,8m € (G, \fel) U joo}

with H(l ~L(g)) #0, x,,5, € G, such that x, #yforalll <i<n,andA,, A, ,A, e C, let
i1

T(g,x,y,A) = H(l -L(g)> (A, + iAiV(xi)V(y,.)') 11(1 - L(g))- (3.1)

Theorem 1 Let 77: .°% — B be a unital C* -morphism. Then 7 is faithful if and only if the following
two conditions hold;

(1) The restriction of 7r on D is faithful ;

(2) For all such T(g,x,y,A) defined as B0, LAl < || T(g,x,y,A) -

Proof First assume that 7 is faithful. Then obviously its restriction on D is faithful. Since by assumption

i G
H(l —TZ”T’:) # 0, we knowthatforanygj e (G, \iel) U fol, x,y, € G, with x, #y,A € C,
=1 &

ot = I -mro =TT -2y - AT (- 1™ |
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m ¢ n m
- (L1 =127 (3, + 3 e ) [ o - 7207)|
i 3 = = j
< |TTct-127%5 (a0 + 3 AT (Te) ) [T 1 - 1807
i=1 S =1 ' ' i=1 Yo
The inequality | A, | < || T(g,%,y,A) || then follows from the faithfulness of 7.

For the reverse implication, assume that conditions (1) and (2) are satisfied. As in [3], it suffices to
prove that there is a contractive and linear operator ¢ from C* ({V(g)V(R)* | g,h e G,}) to
C*({V(g)V(g)" | g € G,}) such that
V(g)V(h)*, ifg=nh,

0, otherwise.

sV V(h) > = {

¢
We focus on proving the existing of such a morphism ¢. First we note that 7™ (G,) = span| TeT " g,h e
h-1

G, ! is dense in %, so to show that ¢ is well-defined and can be extended as a contractive and linear opera-

tor, it suffices to verify that for any finite subset F C G, , the following inequality holds
| T AL |<s | T A, Vv
xeF F

x,ye

b

where A , e Cforz,y € F.
LetT € &~ (Gy). Then T can be decomposed as T = T, + T, with

T, = ZA,L(x), T, = z A V() V(y) *, (3.2)

xe F) %,y e Fy,xwky
where F; and F) are two finite subsets of G,. It suffices to prove that || T, || < || T .

By Lemma 2, we know there is a non-empty subset A of F, such that

IT2¢s) - T] (1 - L)) #0 and ||;1A,L<x>|| = [ XA

eFi\A

Define
Qi = TTLG) - T (1 - L(s)).

jeA keF\
Then since Q, # 0, we know that 7 (A) e G, (equivalently, 0(A) % ® ). Leta = ¢(A). Then by (2.3),
we know .
Q=TI <i(a) - L(a(a,))>- (3.3)
yeF\A

First, we note that for any x e A4, o(x,a) = a and 0(x,0(a,y)) = o(a,y), which implies

L(x) + Q, = Q, for anyx € A. By the same reason, L(y)(Q, = O for anyy € F,\ A. Ii follows that

.10, = QA( 2/\,)0,4 = ( ZA,)QA- (3.4)
Next, note that
Qs = V(a) - ]:[\Aq - L(a‘'o(a,y))) V(a)". (3.5)

So for anys,t € G,, if Q,V(s)V(t) *Q, % 0, then V(a) *V(s) V(¢)* V(a) # 0. It follows from (2.2) and
(2.4) that in this case V(a) *V(s) V(t) *V(a) = V(u) V(v) * for someu,v € G, , ands ¢ implies that u
# v. Hence, for suchs,¢,

CuV(s)V(e) "Q, = V(a)P(a,y)V(u)V(v) *P(a,y)V(a)*, (3.6)
where P(a,y) = J] (1 -L(a'a(a,y))).

yeFj\A

Finally, by (3.4) and (3.6) we know that
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Q.TQ, = Q. (T, + T,)Q, = V(a)T(g,x,y,A)V(a)' (3.7)
for some g; € (G, \fe}) U {0}, ,x,,y, € G, withg, ¥y, A, € Cand A, = ZA,. Since V(a) "V(a) =
xed
1, we know || V(a)SV(a)* || = || S| forany S e B(F*(G,)). It follows that
IT =1 Al < [ T(g,2,5,4) | = [[V(a)T(g,2,7,A)V(a)" || = | QTQ, Il < | T].

Remark 2 In the proof above, we assume thatA & F,. If it happens that A = F,, then just replace Q,
by 1.

As the first application of Theorem 1, we get the following main technique result of [2].

Corollary 1) Let 7. %+ — Bbe a unital C* -morphism. Then 7 is faithful if and only if for any g, ,
8., & € G, \ e},

ﬂ(l—L(gj)) # 0. (3.8)

Proof Foranyg, ,g,,*, g, € G, \ {e}, since [J(1 - Tngc+ )8, = 8, # 0, the necessary part
il i g
follows.

For the revise direction, suppose (3.8) holds. First we show that 77 | , is faithful. Let F = {1, ¢,
t,} be any finite subset of G, , and A be any subset of F,
Lo JPR
HT'(I;T H(l_ A T,i-l);éo

-1
tjeAd ] e F\A

& o(A) € G, and (F\A) C G, \{e}
e [1L6) [T a1 - L@g)r=o0.

Led ;e F\A
So by Lemma 2, 7 | j¢, is faithful. LetO = Q, be as in the proof of Theorem 1. For any x,y € F, withx
v, fV(a) "V(x)V(y) " V(a) #0, then V(a) " V(x)V(y) *V(a) = V(s)V(t)"* for somes,t G.. Since
x # ¥, sis not equal to ¢, so one can choose n, , e {s,t| such thatn, 5 ¢. Then Q,(1 -L(n, )) #0. If
My = 5, then Q,(1 = L(n,,))V(s) = Q,(V(s) - L(s)V(s)) = Qu(V(s) - V(s)) = 0; otherwise,
V(e)" (1 - L(n,,))0Q, = (Q (1 - L(n,,))V(t))" = 0. In any case, we have Q,(1 -
L(n:,y))v(s)v(t).QA(l _L(n:,y)) :O‘
Let

Q= Q- V(a) - ( I (1 -L(n,,))) V(a)".
Va) Vomr Vi) ~0(a) wo

Then Q, # 0 and there exist some g, ,g,,"**,g, € G, \|e} such that

n

Qi TQ, = A, V(a) - H(l —L(g,-)) < V(a)".

J=1
Therefore,

1T, =1 Al = ||Aolj(1 - L(g)) |

= [ via) - T4 - £(g)) - V(o) *

The second application of Theorem 1 jcan be stated as follows;
Corollary 2!*)  Suppose that (G ,Gy) is a quasi-lattice quasi-ordered group such that H  {e} , 7. 9
— Bis a unital C* -morphism. Then 7 is faithful if and only if, for any finite collection 81:82-"""28m € G,
\H, %,,%,,%,2,"", %,,¥,in G, withx, )y, € H, x, % y,for alli, and Ay,A,,"-,A, e C, the following ine-

= &Te |l = |IT]| .
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quality holds:

PP Nli(l - L(g)) (4 + 2AiV(xi)V(yi)‘)1}<1 - L(g) | (3.9)

Proof By assumption, G, is a semigroup of G, so for any g € H, Tg” T:fl = 1. It follows that for any g, , g, ,

vgme G, [TC1 -77™ )5 0 if and only if g, € G, \H for all i. Note if (3.9) holds, then
i=1 tog!

H(l - L(g,))# Ofor anyg,,g,, " ,8, € G, \H. Hence 7 | 5, is faithful.
i1

LetF, ,F, and 0(A) = a be as in the proof of Theorem 1. For any xz,y e F, with x # y, if
V(a) " V(x)V(y) " V(a) =0, then V(a) " V(x)V(y) "V(a) = V(s)V(t)" for somes,t € G, withs # .
If either s ort belongs to G, \H, says € G, \H, thenQ,(1 - L(s) )V(s)V(t) " Q, =0and Q,(1 - L(s)) #

0. Multiplying @, by some projections as above, we know that there exists a projection (), = V(a) -

(H(] - L(g;)))* V(a)’ with some g,,8,,'**,g, € G, \H, such that
i1

@10 = V(@) IT (1 - £e)) (ag + T AV V) I (1 - Lg)) V(@)

with some %, ,7; € H, %; # y, for alli. The inequality || T, | < || T | then follows as in the proof of Cor-
ollary 1. :
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