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0 Introduction 

． For any discrete group G，an y subset E of G，a Toeplitz algebra can be fixed．To study the algebraic 

structure of the Toeplitz algebras，one important way is to clarify the hithful representations of the associated 

Toeplitz algebras．Some former works can be found in this field
． For example，when(G，E)is a quasi．1attice 

ordered group，a necessary and sufficient condition was given by Laca and Raeburn in[2]；when G is abelian 

and(G，E)is a quasily ordered group，a similar condition was given by the author in[3]．Recently Lorch 

and the author introduced the concept of quasi-lattice quasi-ordered group．More precisely
，
for an y qu asi．1at． 

tice ordered group(G，G+)，any directed and hereditary subsetHofG+，ifGⅣ=G+·H一 is a semigroup ofG， 

then(G，GⅣ)is referred to as a quasi-lattice quasi-ordered group．Note that when H = {e}，a quasi．1attice 

qu asi’ordered group reduces to a quasi-lattice ordered group；when G is abelian an d G = GⅣU GⅣ～
， a quasi． 

1attice qu asi’ordered group reduces to a quasily ordered group．So
， a generalization of both [2]and[3]has 

been obtained by clarifying the faithful representations of the Toeplitz algebras on quasi．．1attice quasi．．ordered 

groups．Following the sarfle lines as[2] 4]，in this paper we study further the faithful representations of 

the Toeplitz algebras．The main result of this paper is Theorem 1
， where a faithful representation of has 

been given without an additional assumption that GⅣis a semigroup(in other words，(G，GⅣ)need not to be a 

quasi-lattice quasi’ordered group)．Thus，the technique result of[4]appears as a special case of our result． 

Moreover，our proof given here is simpler than the original one even in the special case． 

1 Quasi—lattice ordered groups 

In this section，we recall some facts about quasi-lattice ordered groups stated in[1]，[2]and[4]． 
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Let G be a discrete group，and G+a semigroup ofG such that G+n C： ={e}．There is a partial order on 

G defined by ≤ y -1Y ∈ G
+ ，
which is left invariant in the sense that，if ≤ Y，then ≤ zy for any ， 

Y，z ∈ G． 

Definition 1 (G，G+)is said to be a quasi—lattice ordered group，ifevery finite subset ofGwith an up— 

per bound in G+has a least upper bound in G+． 

Let(G，G+)be a quasi—lattice ordered group．We follow the notations provided in[1]and[2]．For any 

∈G，it is easy to show that has an upper bound in G+if and only ifx∈G+-C： ，and when ∈G+·C： ， 

its least upper bound in C+will be denoted by o(x)．More generally，for any subsetA G+，ifA has an upper 

bound in G+，then its least upper bound in G+will be denoted by (A)．When ∈G+·C： ， _1 also belongs 

to G+·G： ，and if we let 7-( )= 一 o(x)，then it is easy to show thato(x)=7-( 一 )，cr(x一 )=7-( )and 

=o(x)·7-( )-1．To simplify the notation given in[2]，for any pair ，Y∈G+，if they have no common 

upper bound in C+，then let ( ，y)=oo． 

Definition 2 Let(G，G+)be a quasi—lattice ordered group and G+． is said to be hereditary，if for 

an y x，Y ∈ G ，x≤ Y ∈ H implies that x ∈ H ；and H is said to be directed，if any two elements of H have a 

common upper bound in H． 

Definition 3 Let(G，G+)be a quasi—lattice ordered group， a directed and hereditary subset of G+． 

And letGH=G+’ ～．IfGHis a semigroup ofG，then(G，GH)is called a quasi—lattice quasi—ordered group． 

2 Toeplitz algebras on quasi—lattice ordered groups 

Let G be a discrete group and{ g I g∈C}be the usual orthonormal basis for l2(C)．For any g∈G，we 

define a unitary operator ug on l2(C)by ug( ̂ )= ĝforh∈G．For any subset E ofG，letl (E)be the closed 

subspace ofl (G)generated by{ I g∈E}；the projection froml2(c)ontol2(E)is denoted byp ． 

Definition 4 The c 一algebra generated by{ Ap ugP I g∈c}is denoted by and is called the 

Toeplitz algebra，with respect to E． 

Throughout the rest of this section，(G，G+)is a quasi—lattice ordered group． 
’

= 0．By([1]，Section 2 and Section 3)we know that 
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kt (c+)=span{TgO T O*l g
，h∈G+}．Then by(2．1) (2．4)， (c+)is a dense ubalgebra 

。f +．LetD。+=span{T G+ ：
。 ， I g∈c+}．It a c。mmutative c’．subalgebra。f +．M。re。ver，there is 

a faithful c。mpress linear。perator 0。 from 。ntoD。 such that 0。 ( ：。)=8g
,
h ’T

^

G + 

Lemma 1 Let(C，G+)be a quasi—lattice ordered group andE a subset ofG such that G E．Then 
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the following two conditions are equivalent： 

(1)There is a C’‘morphism’， ： +一 satisfying Y +( +)= for any g∈G； 

(2)There exists a hereditary and directed subset H of G+such that E=G 
． 

e preceding Lemma，we know that ven any direct and hereditary 

span{ I g， ∈G+}and D。 垒 。 +( ) 

subsetⅣ of G
+ ，

g- 

=span{ I g∈G+}is a commuta c ．suba1． 

gebra of ·simj d y山ere iSa faithful compress linear operat0r fr0m 。nto Dcu 
with ( )： 

8s
．
h ． since y ·以 ： +— is a c’．m。rphism

， replacing G+by G ，we kn。w that the same equa． 

tions as(2．1)一(2．4)also hold． 

3 The faithful representation of Toeplitz algebras 

Through。u this secti。n，(G，G+)is a quasi·1attice。rdered group
，
H is a directed and hereditary sub． 

set ofG+． 

Lemma 2 E 1 

tions of a unital C’ 

Let(G，G+)be a quasi-1attice ordered grouP and I L(t)I ∈G
+ }be a family。f projec． 

-

algebraB satisfyingL(e)=1 and 

(s) ( )= 

Then for any finite subset F ={t1，t2， 

fL(or(s，t))， l 
0 。 

if (s，t)E G+； 

if ( ，Y)=∞ 
⋯

，t }of G+，any A1，A2，⋯，A E C，we have 

∑A ( )=0． 
，：1 

(2)For conVenience’s sake，in the following we take L(∞)：0
． 

Now suppose that B is a unital C’·algebra，7r is a unital C’．moI1)hism from t0 B
． 

订( )and L(t)=7r( )for any t E G+．For any te c。llecti。n g1’g2’⋯
，g E(G+＼{ 

Let (t)= 

e})u{∞} 

，
I

：

-I
1

( 一L(毋))≠o， ，)， ∈G+such that ≠)， fl0r au l≤ ≤n
，
and A。，A1，⋯ ，A ∈ c

， let 

r(g， ，y，A)： + A
IV( ) (yi)一

川

lq(1一L( )) (3．1) 
Theorem 1 Le t仃： _  be a unital C’

． morphism．Th en 7r is hithful if and。n1y if the foil。wing 

two conditions hold： 

(1)The restriction of7r onDC．is hithhl； 

(2)For all such r(g， ，Y，A)defined as(3．1)
， I A。I≤ II (g， ，y，A)II． 

P】 of rst aSsume that．7r is faithfu1
． Th en obviously its restriction on Dc"is faithfu1

． Since bv assumption 

l
川
-I(卜 。)≠0，we kn0w that f0r any ∈(G+＼{e})u{∞ 

。
E G+ ≠ y 

。
E c， 

。。。 (1一弩 )If=If (-一学 )·A。 (·一 )『I 
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=  

( 一 (A。+ n A 謇( ) )垂c卜T~g，"T c" ) 
≤ll垂c卜T GHT GH。 (A。+ i=I A。 ( )’)尊c卜T GHT旷GH。 l1． 

The inequality I Ao I≤ ll (g， ，)，，A)ll then follows from the faithfulness of仃． 

For the reverse implication，assume that conditions(1)and(2)are satisfied．As in[3]，it suffices to 

prove that there is a contractive and linear operator from C’({V(g) (h)’I g，h ∈ G+})to 

C’({V(g)V(g)’I g∈G+})such that 

( (g) ( )’) { g ：̂ ’ ， if g=h， otherwise． 
We focus on proving the existing of such a morphism 

． First we note that (GH)=span{ g，h∈ 

G+}is dense in ，so to show that is well—defined and can be extended as a contractive and linear opera— 

tor，it su~ces to verify that for any finite subset F G
+ ，
the following inequality holds： 

ll A ( ) ll∑～ ( ) ()，)’ll， 
where A 

．y
∈ C for ，Y ∈ — 

Let T∈ (GH)．Then Tcan be decomposed as T=T1+ with 

∑ A ( ) ()，)’， 
．
yEF2． ，‘ 

whereFJ an d are two finite subsets ofG
+ ． It su~ces to prove that 

By Lemma 2，we know there is a non—empty subsetA ofFl such 

兀L(ti)· 
EA 

Define 

IJ II≤ II 『f． 

that 

( 一 ( ))≠。 and A ( ) 

= nL(tj)·兀 (1一L(t )) 
JEA IE^ Ⅵ 

Then sinceQ̂ ≠0，we know thattr(A)∈ 

we know 

∑A I． 
EA 

(3．2) 

(equivalently，tr(A)≠a。)．Leta=tr(A)．Then by(2．3)， 

●

‘  

Q =H ( (口)一 ( a，)，)))． 
ye，l、A 

First， we note that for any ∈ A，tr(x
，
口)= 口 and tr(x

， a，)，))= 

( )‘Q̂ =Q̂ for any ∈A．By the SalTle reason， ()，)Q̂ =0 for any y∈Fl＼ 

Q Q =Q (∑A )Q =(∑ 
EA EA 

Next，note that 

Q = (口)‘n (1一L(a-lo．(口，)，) 
yE，l、A 

A ) ． 

))·V(a)’． 

(3．3) 

tr(a，)，)，which implies 

A．It f0l1ows that 

(3．4) 

(3．5) 

So for an y s，t∈ G
+ ， if (s) (t)’Q̂ ≠0，then (口)’ (s) (t)’ (口)≠0．It foliows from(2．2)and 

(2·4)that in this case (口)’ (s) (t)’ (口)= (Ⅱ) ( )’for someⅡ， ∈G
+ ， an d s≠ t implies thatⅡ 

≠ ．Hence，for such s，t， 

QA (s) (t)’Q =V(a)P(a，)，) (Ⅱ) ( )’P(口，)，) (口)’， 

where P(a，)，)=兀 (1一L(a～ (口，)，)))． 
yEFI、A 

Finally，by(3．4)and(3．6)we know that 

(3．6) 

兀 
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for some ∈ (G+＼{e}) 

Q TQ =Q (T1+ )Q 

u {oo}， 。，y ∈G+with 

= V(a)r(g， ，y，A)V(a) 

。
≠ Y ，A。∈ C and A0= Since 

(3．7) 

(口) (口)= 

1，we know ll V(a)SV(a)‘ll= ll S ll for any S∈B(f (GH))．It follows that 

II T1 ll=l A0 l≤ ll r(g， ，)，，A)ll= ll (口)r(g， ，)，，A)V(a) ll= ll Q TQ ll≤ l1 T II． 

Remark 2 In the proof above，we assume thatA F1．If it happens thatA = F1
， then just replace QA 

by 1． 

As the first application ofTheorem 1， 

Corollary 1[ Le t 7r： +_÷B be 

g2，⋯，g ∈G+＼{e}， 

we get the following main technique result of[2]． 

a unital C’ morphism．Th en 7ris faithful if and only if for an y g1
， 

一 t(gi、)≠0· 

Proof For any g1，g2，⋯，g ∈G+＼{e}，since 

follows． 

(3．8) 

，
H
：1

(1一 T G+T G+

一

。

) 。= e≠ 0，the necessary part 

For the revise direction，suppose(3．8)holds．First we show that 7r l Dc+is faithfu1．Let F={t1，t2，⋯， 

t }be any finite subset ofG+，andA be any subset ofF， 

： H c-一 ： ，≠。 

甘 (A)∈G+and(F＼A) G+＼{e} 

甘n L(ts)兀 (1一L(t ))≠0． 

s0 by Lemma 2，7r l DG
+ is faithfu1．LetO≠ Q̂ be as in the proof of Theorem 1．For any ，Y∈F2 with ≠ 

Y，ifV(a) V(x)V(y) V(a)≠0，then V(a) V(x)V(y) V(a)=V(s)v(t)‘for some s，t∈G．．Since 

≠ ，，， is not equal to t，so one csxl choo se厅 
．
y∈{ ，t}such that，l 

．y ≠e．Then Q̂ (1一 (n ． ))≠0．If 
，l 

． =s，then Q (1一L(，l 
． 
))V(s)=Q (v(s)一L(s)V(s))=Q (v(s)一v(s))=0；otherwise， 

(t) (1一 (nx
,y
))Q = (Q (1 一 (nx

,y)) (t)) = 0． In any case，we have Q (1 一 

( ． ))V(s)V(t) Q (1一 (，l 
。 
))=0． 

Let 

Q =Q ‘ (口)‘( n (1一 ( 。 )))。 (口) ． 
·y E，2· y 

v(B)‘ ) y)· B)，‘0 

Then Q1≠o and there exist some g1，g2，⋯，g ∈G+＼{e}such that 

Q TQ =Ao (口)‘兀 (1一L(gs))‘V(a) ． 
』 l 

Th erefore， 

II II=l A。l=llA0兀(1一L( ))ll 
J 1 

= llA0 (口)·兀(1一L(gj))· (口) ll=II Q TQ II≤II II． 
J 1 

Th e second application of Theorem 1 can be stated as follows： 

Corollary 2 Suppose that(G，GH)is a quasi—lattice quasi—ordered group such thatH≠ ，7r： 

_÷B is a unital C’ morphism．Th en仃 is faithful if and only if
，
for any finite collectiong1，g2，⋯

，g ∈ G+ 

＼日，：gl，Yl， 2，Y2，⋯ ， ，Y in G
+
with x ，Y‘∈ H， ≠ Y for all i

， and A0，A1，⋯ ，A ∈ C，the foliowing ine一 

∑州 

兀 
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quMi~ holds： 

I≤ (1 (A0+耋 ) ()， )垂(1 
Proof By assumpti。n，G日is a semigroup of G，s。for any g E H，T~glt g-I=1． 

一 ￡( ))lI． (3．9) 
It follows that for any gl，g2， 

⋯

，gm E G” r i(1一T ~fT c "
。
)≠ 0 if and。nly if g E G+＼日 for all ·N。te if(3·9)holds，then 

H(1一L(g ))≠0 for any gl，g2，⋯，g E G+＼ Hence 7r I DGH is faithfu1． 

Let F1，F2 and (A) ： a be as in the proof of Theorem 1． For any ，Y E F2 with ≠ Y，if 

V(a)’V(x)V(Y)’V(a)≠0，then V(a)’V( )v(r) V(a)：V(s)V(t)’for some s，t E G+with s≠t． 

If either s or t belongs to G+＼日，say s∈G+＼日，then Q̂(1一￡(s))V(s)V(t)’Q̂ ：0 and Q̂(1一L(s))≠ 

0．Multiplying Q̂ by some projections as above， know that there exists a pr0jection Q2= V(a)· 

(H(1一L( )))。 (口)’with some gl，g2，⋯，g E G+＼日，such that 
J J 

Q2rQ：= (口)1
．

-I
，

(1一t(gj))(A。+∑A ( i)v(yi)’)l-I
，

(1一L(gj)) (口)’ 

with some菇 ，Yi E H，菇i≠Y for all i．The inequality 0 0≤ ll 0 then follows as in the proof of Cor— 
olIary I． 
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Toeplitz算子代数的忠实表示 

许庆祥 

(上海师范大学 数理信息学院，上海 200234) 

摘要：设 (G，G+)为一个拟格序群 ，H为 G+的可传定向子集．令 G =G+·H～， 为相应的 Toeplitz算子代数．作者刻 

划了 的忠实表示． 
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