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Universal Toeplitz Algebras
on Discrete Abelian Groups

Xu Qingriang

Abstract Let G be a discrete abelian group and (G,G,) a quasi-partially ordered
group. In this note, the universal Toeplitz algebra UT"+(G) associated to sucl: a
quasi-partial ordered group is constructed.
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1  Imuweoduction

Throughout the note, We assume that G is a discrete abelian group. For any subset G, of
G , we say that (G,G,) is a quasi-partial ordered group if 0 € G,, G.+ G, G, and G =
G, — Gy ; further, (G,G,) is referred to as a quasily ordered group if G = G, U (— G,).
Note that when G% = G, (— G;) = {0} , then a quasi-partial ordered group (resp. quasily
ordered group) (G,G, ) is known as a partially ordered (resp. ordered) group.

Murphy G J proved in [1], among other things, that for any partially ordered group (G,
G, ) , there is a universal Toeplitz algebra that played a key role in his subsequent work. In
this note, we generalize such a result to the case when (G,G, ) is only quasi-partially ordered.

The ideas in this note are mostly contained in [1].

2 The main results

Let G be a discrete abelian group and G denote the dual group of G . Since G is discrete and
abelian, G is compact and G is connected if and only if G is torsion-free. By Stone-Weierstrass
Theorem, C(G) is generated by {e,1g € G}, wheree,(7) =7Y(g) for7 € G.

Lemma 1(cf. [1], Lemma 1.2) If n;G— Bis a homomorphism from an abelian group
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into the group of unitaries of a unital C* -algebra B , then there is a unique * -homomorphism
B:C(G) — B such that 8(e,) = n(z), z € G.

Let (G,G..) be a quasi-partially ordered group. By a representation (V,H) of G, , we
mean that H is a Hilbert space and V:G,~> # (H) is a map satisfying

1 Vo =1,V'@V@)=1forx € G, ;

2) Vx4 y)=V(@)V(y) forx,y € G,

(3) V@V =1forx € G

Now let (V,H) be a representation of G, . We call a pair (x, K) a unitary lifting of V if
K is a Hilbert space containing H as a closed subspace, ;G — % (K) is a homomorphism of G
into the group of unitaries of # (K) , H is invariant for all n{(z),z € G, , and n(x) |y =
V(x) for such = .

Lemma 2(cf. [1], Theorem 1.1) Let (G,G,) be a partially ordered groug and 3:G.—
# (H) a semigroup of isometries on a Hilbert space H . Thr £ admits a unitary l'fiing (=,
K).

The following prepusicion is erucial to cur construction of the universal Toeplitz algebras.

Proposition 3 Let (G,G, ) be a quasi-partially ordered group and V.:G,— # (H) a
representation. Ther V admits a unitary lifting (%, K) .

_ Proof Let (G,G.) be a quasi-partially ordered group. G; denotes G \G% . Then it is
easy to show that
G,+ Gi=Gj.
Choose g, € Gy . Thenforanyx € G, x=g, — g, withg, € G, fori=1,2, we haver =
(g, + g0 — (g:+ g0) € GL—GL. It follows that G = G; — G} . Soif we set G, = G U
{0} , then (G,G,) is actually a partially ordered group.

Now if (V,H) is a representation of G, , then needless to say, it is also an isometric
representation of G, . By Lemm 2, we know that V admits a unitary lifting (x,K) . Choose g,
€ G;. Thenforanyx €G% ,z=—g,+ (x+ g,) ,soforanyh € H,

n(x)(h) = n(g,) " w(go)n(z) (h) = n(gy) "n(g, + x)(h) =
1(ge) " Vgy + 2)(h) = n(g) " V(g (V(z)(Rh)) =
7(go) " 7(go) (V(z) (h)) = V(x)(R).
Therefore, H is also invariant for V(z),x € G% and n(x) |4 = V(x) for suchz. So (x, K)
is exactly a unitary lifting of V' .

We can now define the universal Toeplitz algebra as in [1] and show that it has a certain
universal property.

Let (G,G. ) be a quasi-partially ordered group, p denotes the projection (1,0) in C? , and
I be the closed ideal in C? * C(G) generated by alle,p — pe.p,x € G, , where C? % C(G) is the
free product of C? and C(G) . If  denotes the quotient map from C? * C(G) to C? x C(G) /I ,
then we set UT+(G) = n(p)(Im (x)) n(p) . Clearly, UT%+(G) is a unital C* -algebra with
unit ©(p) and we call it the universal Toeplitz algebra with respect to (G,G,) .
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For any x € G, , define V(x) = n(e,)n(p) . Then

V()" V(x) = n(p)n (e_)n(e)n(p) = n(p),

so every ®(x),x € G, is an isometry in UT"+(G) . Further,for any 2,y € G, ,
V)V (y) = n(e,)(x(pinle,)n(p)) =

(e dn(e)n(p) = n(e,. In(p) = Vir + y).

When r € G , we know that
pe. — pep = (e_.p— pe_ . p) € 1" =1,

So pe, — &,p = (pe, — pe,p) — (&,p — pe,p) € I and therefore n(p)n(e,) = n(e, In(p). It
follows that V(x)V(z)" = 1forall z € G%, so Vis in fact a representation of G. .

By Lemma 1, Proposition 3 and [1], Theorem 1. 3, we have the following proclaim .

Theorem 4 Let (G,G.) be a quasi-partially ordered group and B.G,— B a
representation of G in a unital C* -algebra B. Then there is a unique C* -algebra morphism
B* UT*+(G) — Bsuch that 8*V = 3.

Let (G,G.) be a quasi-partially ordersd group. We have another Toeplitz algebra defined
in a usual wav as follows ;

Tet {e.lg € G} be the usual oithonormal basis for 72(G) , where

e, (h) = (1): ::ftfel:vi};. for g,k € G.
Let 2(G ) be the closed subspace of I(G) generated by {e,{g € G, } ; its projection is denoted
by p°+ . For any g € G , we define a unitary «, on /2(G) by u,(e,) = eernforh € G. The
C" -algebra generated by {p°+u,p%+ |g € G} is denoted by T7°+(G) , and is called the Toeplitz
algebra with respect to (G,G.) .

Now let (G,G.) be a quasi-partially ordered group. At this point, there are at least two
Toeplitz algebras associated with such a group: one is the universal Toeplitz algebra UT+ (G);
another is the usual Toeplitz algebra 7°+(G) . By the universal property of UT*+ () , we
know that there is a C* -algebra morphism n.UT%+(G) = T°+(G), n(V(x)) = p%+u, p°+ for
x € G4 . Naturally, one may ask: is = an isomorphism between these two Toeplitz algebras?

Remark (1) When (G,G.) is a quasily ordered group, then by Theorem 4 and [ 2],
Theorem 3. 5, we know that = is exactly an isomorphism.

(2) When (G,G,.) = (¥%, %), it is proved in [3] that in this case 7 is not an
isomorphism.

Question LetG=2?%,G = {mn) €Ex*lm+n>0} U {0}and G, = {(m,n) €
% *|m +n=0} . Whether the natural morphism?%% . T (G) = T%(G) , Yo% (pu, pt) =

pCu, pC for g € G, is well-defined and can be extended to be a C* -algebra morphism?
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