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��� f : D → C, �c (D, d) �������. �����d������������
�, � ��� !�!""##�"$�$%%e&�'(&)�*'(� Banach ��)�
Lipschtiz ��, ������%%+*%,�-f [1−6]. . [7–11] /+,-0- Lipschtiz 1
g.2/3 Lipschtiz ��, 45,06 Lipschitz 1�# Dahlquist 1�, 27,��-0-1
g��8394-f&. [12–14] 5:, Lipschtiz-α 1g, /+,��-0-1g��;-6
Lip-α 1g3�<7-$=8>?Æ9:,%;<= /+-0-1g� �>-�$�'(&
. [15] 45,? Lipschtiz-α 1g@�AB���-0-1g, . Lipschtiz-φ 1g, Æ/+,)
C�1g'(�-0-1gD�, . Lipschtiz-φ 1gD�. @ X,Y � Banach ��, D ⊂ X, -
0-1g T : D → Y )� Lipschtiz-α 1g (E) Lip-α 1g), A=F B�1� M , CG

‖Tx − Ty‖ ≤ M‖x − y‖α, ∀x, y ∈ D. (1.2)

( Lα(D,Y ) H7I D J Y �DE Lip-α 1gFK. LGH� T ∈ Lα(D,Y ), . [12] c45,
T � Lipschitz-α 1�

Lα(T ) = sup
{‖Tx − Ty‖

‖x − y‖α
: x, y ∈ D, x 	= y

}
,

ÆIJ,:M D � X �NgKK, KO Lα(D,Y );GP� ‖T‖α = Lα(T )+‖T‖∞ '( Banach
��&

 . [17] c, Fuad /+,��Q Hilbert �� H L��M1� Lipschitz -f, IJ: A=
N R M � H L�BS1g, f � Ω = σ(N) ∪ σ(M) L�Q3 Lipschitz ��, NF B1�
K, CGLGHO X ∈ B(H), %

‖f(N)X − Xf(M)‖2 ≤ K‖NX − XM‖2. (1.3)

PC, LQÆ$ C �H�gK D 6�L�H� Lipschitz �� f : D → C, ) f 5:���M1

a �→ f(a) �����

X(D) := {T ∈ B(H) : T ∗T = TT ∗, ‖T‖2 < +∞, σ(T ) ⊂ D}

J B(H) c� Lipschitz-1 1g, .F B1� K, CG

‖f(N) − f(M)‖2 ≤ K‖N − M‖2, ∀M,N ∈ X(D). (1.4)

 . [18] c Cavaretta R Smithies 9:,;GTL3QR A → |A| � Lipschitz U�S",
IJ,: LGHO R > 0, F MR, NR > 0 	\

‖
√

A −
√

B‖ ≤ MR‖A − B‖, ∀A,B ∈ B+
R(H), (1.5)

‖|A| − |B|‖ ≤ NR‖A − B‖, ∀A,B ∈ BR(H), (1.6)

�c B+
R(H) = {T ∈ B(H) : ‖T‖ ≥ R, T ≥ 0}, BR(H) = {T ∈ B(H) : ‖T‖ ≥ R}. V$T (1.6)

�) (1.5) GJ�, W (1.5) T (.. [17], 4" 1) �IJc'(, Riesz ��M1

C
1
2 =

1
2πi

∫
Γ

w
1
2 (w − C)−1dw,
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�c C � B(H) c�B1g, Γ = {z ∈ C : |z| = 1 + α}. iYjZ, ]( Riesz ��M1K, ^
[&\M1��� f  _` σ(C) �]�^_ G L>`a σ(C) ⊂ insΓ ⊂ G. bc, L*3�
� f(z) = z

1
2 6�a�B1g C, �d�^_V�5F . bA, M σ(C) = [0, 1] K, VF _`

σ(C) �^_ G, CG f  G L�^��c3>`�e. )C�d, . [18, 4" 1] �IJ�V
fg�. ;GTL3QR6�h;/+ed. [16, 19–22].

ijLfkkg, h./+%cl�Q Banach D� A c� Riesz ��M1� Lipschitz -
f, IJF A �gK Aγ

δ , CGLG Ω L�H�>`�� f , Riesz ��M1 f : x �→ f(x) �I
Aγ

δ J A c� Lipschitz QRa� Lipschtiz 1� L1(f) ≤ Mf (γ)Γ
2πδ2 . k���<=�'(, IJ1

g3�iT��6TL3��� Lipschitz -f.

2 Riesz lmnop Lipschitz qr
@ H �Q Hilbert ��, B(H) H7 H L�DE%U0-1g'(� C∗- D�, A ���

%cl�Q Banach D�, ( Ω H7QÆ$L���^_, H(Ω) H7 Ω LY%�Q3>`��
'(�jkD�, ∀ a ∈ A, σ(a) H7 a �m, ρ(a) = C \ σ(a) � a �n>K. LGHO x ∈ A 6

f ∈ H(Ω), M σ(x) ⊂ Ω K, ( f(x) H7) f 5:� x � Riesz ��M1

f(x) =
1

2πi

∫
γ

f(z)(z − x)−1dz, (2.1)

�c γ �QÆ$L	\
�: σ(x) ⊂ ins(γ) ⊂ Ω �H�lm�\n�o0, �o ins(γ) H7 γ

�pp^_. @ γ �QÆ$LH�lm�\n�o0, δ �H�B�. �,/+ Riesz ��M1
� Lipschitz -f, q*45KO

N(A) =
{

a ∈ A : ‖(z − a)−1‖ ≤ 1
d(z, σ(a))

(∀z ∈ ρ(a))
}
, (2.2)

Aγ
δ = {a ∈ N(A) : d(γ, σ(a)) ≥ δ, σ(a) ⊂ ins(γ)}. (2.3)

rZ, M A = B(H) K, KO N(B(H)) _`, H L�Y%BS1g.
st 2.1 @ f ∈ H(Ω), ins(γ) ⊂ Ω, N f ∈ L1(Aγ

δ ,A) a L1(f) ≤ Mf (γ)Γ
2πδ2 , �c Mf (γ) =

max{|f(z)| : z ∈ γ}, Γ H7 γ �nq.
uv LGHO a, b ∈ Aγ

δ , %

‖f(a) − f(b)‖ =
∥∥∥∥ 1

2πi

∫
γ

f(z)(z − a)−1dz − 1
2πi

∫
γ

f(z)(z − b)−1dz

∥∥∥∥
=

1
2π

∥∥∥∥
∫

γ

f(z)[(z − a)−1 − (z − b)−1]dz

∥∥∥∥
=

1
2π

∥∥∥∥
∫

γ

f(z)(z − a)−1(a − b)(z − b)−1dz

∥∥∥∥
≤ Mf (γ)Γ

2π
sup
z∈γ

‖(z − a)−1‖ ‖a − b‖ sup
z∈γ

‖(z − b)−1‖

=
Mf (γ)Γ

2π
1

d(γ, σ(a))d(γ, σ(b))
‖a − b‖ ≤ Mf (γ)Γ

2πδ2
‖a − b‖.

Yj, f �I Aγ
δ J A c� Lip-1 1g, a L1(f) ≤ Mf (γ)Γ

2πδ2 . Ir.
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st 2.2 @ H �Q Hilbert ��, 0 < α ≤ β, s

Eα,β(H) = {A ∈ B(H) : α ≤ A ≤ β}. (2.4)

(a) = Ω �stÆ$, NLH� f ∈ H(Ω), %

‖f(A) − f(B)‖ ≤ Mf (γ)
4(α + β)

πα2
‖A − B‖, ∀A,B ∈ Eα,β(H), (2.5)

�c γ =
{
x + iy : x ∈ {α

2 , β + α
2 }, |y| ≤ α

2

} ∪ {x + iy : α
2 ≤ x ≤ β + α

2 , y ∈ {−α
2 , α

2 }};
(b) LH�Bt� m, %

∥∥A
1
m − B

1
m

∥∥ ≤ 4(α + β)
πα2

((
β +

α

2

)2

+
α2

4

) 1
2m ‖A − B‖, ∀A,B ∈ Eα,β(H). (2.6)

uv s A = B(H), δ = α
2 , N

Eα,β(H) ⊂ Aγ
δ , Γ = 2(α + β), (2.7)

Iu)5" 2.1 Z: LH� f ∈ H(Ω), (2.5) T(v. �wIJ, (a). �I (b), u

f(z) = |z| 1
m exp

(arg z

m

)
, z ∈ Ω := {z ∈ C : −π < arg z < π}, (2.8)

N f ∈ H(Ω) a Mf (γ) =
(
(β + α

2 )2 + α2

4

) 1
2m . PC, ix (a) Z (2.6) T(v. Ir.

w 1 )L$5" 2.2 c� (b) �Z: LGHO A,B ∈ Eα,β(H), %

lim
m→+∞

∥∥A
1
m − B

1
m

∥∥ ≤ lim
m→+∞

4(α + β)
πα2

((
β +

α

2

)2

+
α2

4

) 1
2m ‖A − B‖

=
4(α + β)

πα2
‖A − B‖.

w 2 M α < β ≤
√

1 − α2

4 − α
2 K, �3

{(
(β + α

2 )2 + α2

4

) 1
2m

}∞
m=1

yv<7G 1. PC, )

(2.6) T�Z: LHO� m ∈ N, z%

∥∥A
1
m − B

1
m

∥∥ ≤ 4(α + β)
πα2

‖A − B‖, ∀A,B ∈ Eα,β(H).

w 3 V$T (2.6) c�${��j(v�, edwb.
x 2.1 xd, M 2 ≤ m ≤ ln 2

2 ln 2−ln π K, F 1� k > 1, CG

π

4
=

k2 − 1
k

1
m − 1

[(
k +

1
2

)2

+
1
4

] 1
m

. (2.9)

LHO� α > 0, y β = kα, A = αI, B = βI, N A,B ∈ Eα,β(H), a

∥∥A
1
m − B

1
m

∥∥ =
4(α + β)

πα2

((
β +

α

2

)2

+
α2

4

) 1
2m ‖A − B‖.

st 2.3 @ H �Q Hilbert ��, α, β �HOB�, m �H�Bt�, s

Fα,β(H) = {A ∈ B(H) : α ≤ A∗A ≤ β}, (2.10)
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N

(a) = Ω �stÆ$, NLH� f ∈ H(Ω), %

‖f(A∗A) − f(B∗B)‖ ≤ 8(α + β)
√

β

πα2
Mf (γ)‖A − B‖, ∀A,B ∈ Fα,β(H), (2.11)

�c γ =
{
x + iy : x ∈ {α

2 , β + α
2 }, |y| ≤ α

2

} ∪ {x + iy : α
2 ≤ x ≤ β + α

2 , y ∈ {−α
2 , α

2 }};
(b) ∀A,B ∈ Fα,β(H), %

‖|A| − |B|‖ ≤ 8(α + β)
√

β

πα2

((
β +

α

2

)2

+
α2

4

) 1
4 ‖A − B‖. (2.12)

uv @ A,B ∈ Fα,β(H), N A∗A,B∗B ∈ Eα,β(H). G�, )5" 2.2(a) Z

‖f(A∗A) − f(B∗B)‖ ≤ 4(α + β)
πα2

Mf (γ)‖A∗A − B∗B‖

≤ 4(α + β)
πα2

Mf (γ)(‖A∗(A − B)‖ + ‖(A∗ − B∗)B‖)

≤ 8(α + β)
√

β

πα2
Mf (γ)‖A − B‖.

�wIJ, (a). �I<" (b), u f(z) = |z| 12 exp( arg z
2 ), z ∈ Ω := {z ∈ C : −π

2 < arg z < π
2 },

N f ∈ H(Ω) a Mf (γ) =
(
(β + α

2 )2 + α2

4

) 1
4 . PC, ix (a) Z (b) (v. Ir.

yt 2.1 @ a, b ∈ A, n ∈ N, r = max{‖a‖, ‖b‖}, N

‖an − bn‖ ≤ (n − 1)rn−1‖a − b‖. (2.13)

uv |1�Z

‖an − bn‖ = ‖an − an−1b + an−1b − bn‖
≤ ‖an−1‖ ‖a − b‖ + ‖an−1 − bn−1‖ ‖b‖
≤ ‖an−1‖ ‖a − b‖ + ‖an−1 − an−2b + an−2b − bn−1‖ ‖b‖
≤ ‖an−1‖ ‖a − b‖ + ‖an−2‖ ‖a − b‖ ‖b‖ + ‖an−2 − bn−2‖ ‖b‖2

...

≤ (‖an−1‖ + ‖an−2‖ ‖b‖ + · · · + ‖b‖n−1)‖a − b‖
≤ (‖a‖n−1 + ‖a‖n−2‖b‖ + · · · + ‖b‖n−1)‖a − b‖
≤ (n − 1)rn−1‖a − b‖.

@ r > 0, B(r) = {z ∈ C : |z| ≤ r}.
st 2.4 @Q3�� f  mz{ B(r) L>`, r > 0, D(r) = {a ∈ A : ‖a‖ ≤ r}, N

f ∈ L1(D(r),A) a L1(f) ≤
∑∞

n=1
n−1
n! |f (n)(0)|rn−1.

uv P� f  B(r) L>`, Yj� }z{L�|~� Taylor ��

f(z) =
∞∑

n=0

cnzn, ∀ z ∈ B(r),
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�c cn = 1
n!f

(n)(0). u M =
∑∞

n=1(n − 1)|cn|rn−1, N)}���-f�Z M F a%~, �
)4" 2.1 �Z ∀ a, b ∈ D(r), %

‖f(a) − f(b)‖ =
∥∥∥∥

∞∑
n=0

cnan −
∞∑

n=0

cnbn

∥∥∥∥ ≤
∞∑

n=1

|cn| ‖an − bn‖ ≤
∞∑

n=1

|cn|(n − 1)rn−1‖a − b‖

= M‖a − b‖.

�wIJ, f ∈ L1(D(r),A) a L1(f) ≤
∑∞

n=1
n−1
n! |f (n)(0)|rn−1. Ir.

z{ 2.1 @ f ���Q3t��, NLH�-�%UK E ⊂ A, % f ∈ L1(E,A) a
L1(f) ≤

∑∞
n=1

n−1
n! |f (n)(0)|rn−1, �c sup{‖x‖ : x ∈ E} < r < +∞.
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