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1 Úó9½Â

1935c, Whitney [1] uL
Í¶�~fµ��C1 a¼êf : R2 → R 3���.lþØ
ð�u~ê. 3ù�~f¥,�.83f e���¹
��LebesgueÿÝ�u0�«m. þã
�Whitney y�wå5q��Morse–Sard ½ngñ, Morse–Sard ½n�Ñ�.8���ÿ
Ý�0. ù´du�.l´��©/8,¿�f äk�$�1w5. 3d,·�£�Whitney.
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�.8�½Âµ

½Â1 Rnþ�ëÏ8A�¡�´Whitney.�.8({¡Whitney8),XJ�3��C1a

¼êf : Rn→ R, ¦�f ��3AþØ´~�, �3A �z�:þ, f �¤k�� �ê�0.

51 A^Morse–Sard ½n, ��þã½Â¥�¼êf ØU�1w[2].

�â½Â, e¡ü«8ÜØ´Whitney8:

(1) e8ÜF ¥�?¿ü:Ñ�^F ¥��¦�­�ë�, K8ÜF Ø´Whitney8[3];

(2) ?ÛëY¼êg : R → R ��8Ü�½Ø´Whitney8[4].

Q,Xd, @oXÛlAÛþ�xWhitney8Q? Túm¯K´Whitney3Ø©[1]¥J
Ñ, ù�¯K��±Qã�: �½��¼êf , f ��.8�ëÏ48, @oT8��¦�
5“��õ�”âU¦�f 3ÙþØ�~ê?

3©[5]¥, Nortony²
: XJγ´�^÷vdimH γ > t�t-[l,Kγ´��Whitney8.
©[6]y²
é÷v1 ≤ s ≤ z�z��s,Ñ�3�^Hausdorff�ê�1,�.Ý�1�²¡l
�Whitney8. ©[7]y²
¦+Sierpinski /#Ø´��Whitney8, �´§�¹
���Ù
�ê���Whitneyf8,Ó�y²
Koch­��´��Whitney8. ©[8]�E
��Whitney8,
§´�^l, ¦�ÙþØ�Uk���~��¼ê÷ÙüN¿3Ùþ��©�0. ?�Ú/,
�ê�u1�g�ql(�)Koch­�), þ´Whitney8[9].

�©òy²XJã48l��ê��u1, @o§�Ñ´Whitney 8.

�d, ·�£�k�ã8�½Â. �(V, E) ´��k�ã, §�º:8V = {1, 2, . . . ,m},
§�>��NP�E . -Ei,j ´lº:i �j �>��N. eéuz^>e ∈ E , Ñ�3�A�

Ø �qN�Se : Rn → Rn, ÙØ '�re ∈ (0, 1). �â©[10]7�3����x��;
8Γ1,Γ2, . . . ,Γm, ¦�éz�i, ¤á

Γi =
m⋃

j=1

⋃
e∈Ei,j

Se(Γj). (1)

ùp{Se : e ∈ E} �¡�(V, E)þ�S�¼êX({¡IFS), 
{Γ1,Γ2, . . . ,Γm}�¡�TIFS¤
éA�k�ã8.

½Â2 �{Se : e ∈ E} ´(V, E)þ�S�¼êX, ¿�{Γ1,Γ2, . . . ,Γm} ´÷v(1)�k�
ã8. @o{Γ1,Γ2, . . . ,Γm} �¡�ã48l, XJe¡�^�÷v:

(1) éz�i, Γi´l;

(2) XJe ∈ Ei,j , e′ ∈ Ei,j′ �e 6= e′,@oSe (Γj) ∩ Se′ (Γj′) (⊂ Γi) ½´ü:8, ½´�8.

�©òy²e¡�(Ø.

½n1 �{Γ1,Γ2, . . . ,Γm} ´ã48l�éuz�i, dimH Γi > 1, KΓ1,Γ2, . . . ,Γm þ

´Whitney 8.

52 3þã½n¥, ·�ØI�k�ã÷vD4^�.

2 �
ý�

�(V, E) ´k�ã. -E∗ ´(V, E) þ�#N´». é?¿k ∈ N, PEk
i,j �Ý�k �å:

´i ª:´j �#N´»��N. -Se∗ = Se1 ◦ Se2 ◦ · · · ◦ Sek
9re∗ = re1 · re2 · · · · · rek

. �E
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$^(1)ª, éi = 1, . . . ,m, k

Γi =
m⋃

j=1

⋃
e∗∈Ek

i,j

Se∗(Γj). (2)

-A(s) ´�A�'éÝ
, §�1(i, j)���

A
(s)
i,j =

∑
e∈Ei,j

r(s)
e . (3)

-ρ
(
A(s)

)
´A(s) �Ì�». ¡(V, E) ´D4�, XJéz�i, j ∈ V, [

⋃
k≥1 Ek

i,j ] 6= ∅, =(V, E)
�´ëÏ.

·�òA^5g©[11]����'(J:
�(V, E) ´D4�. -{K1,K2, . . . ,Km} ´(V, E) þ�k�ã8, �éuz�i ∈ V, (1)ª

´Ø�¿. @o�3ês, ¦�dimH Ki = dimB Ki = s �éuz�i ∈ V, 0 < Hs(Ki) < ∞, ù

ps ´÷vρ
(
A(s)

)
= 1����ê.

�y²½n1, ·�I�Whitney òÿ½n�XeAÏ/ª[12]:
Ún1 �A´Rn¥�;8, f : A → R´��¢�¼ê. XJéu?¿ε > 0,�3δ > 0,

¦�éu?¿÷v0 < |x− y| < δ �x, y ∈ A, ¤á

|f(x)− f(y)|
|x− y|

< ε, (4)

@o7�3f���C1 òÿf̄ : Rn → R, ¦�f |A = f �∇f |A ≡ 0.
53 Ø�ª(4)=�|f(x)− f(y)| = o(|x− y|).
e¡Ú\äkã(��IFS�fIFS.
½Â3 -Ξ ´E∗ ��k�f8. ¡{Se∗ : e∗ ∈ Ξ} �(V, E)þ��éu{Se : e ∈ E} ��

�fIFS.
¯¢þ, �ÀΞ �>8��ÿ, {Se∗ : e∗ ∈ Ξ} Ò�±w�(V,Ξ) þ���IFS. AO/,

�{K1, . . . ,Km} ´(V, E)þ�k�ã8, 
{K ′
1, . . . ,K

′
m}´(V,Ξ)þ�k�ã8, @oéz�i,

¤áK ′
i ⊂ Ki. -Ξi,j ´Ξ ¥å:�i ª:´j �>��N.
Ún2 XJmini dimH(Ki) > 1, @o�3(V, E)þ���fIFS {Se∗ : e ∈ Ξ} (Ξ ⊂ E∗),

¦�e�¤á:
(1) ee∗1 ∈ Ξi,j1 , e∗2 ∈ Ξi,j2 �e∗1 6= e∗2, K

Se∗1
(Kj1) ∩ Se∗2

(Kj2) = ∅;

?�Ú/, XJ{Ki}i ´l, @oéz�e∗ ∈ Ξi,j , Se∗(Kj) Ø�¹Ki�?�à:.
(2) �3��êτ > 1, ¦�

ρ(B(τ)) = 1,

ùp{B(s)}s∈R ´�AufIFS {Se∗ : e ∈ Ξ} �'éÝ
.
y² -t = mini(dimH Ki). �½s, s0, ÷v1 < s < s0 < t.

Pc1 = (mine∈E re)/[max j(diam (Kj))].�½h ∈ V ,·�^Nk(h)L«�Kh���k�2?
�N��N.
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e¡�¯¢´¯¤±��(�©[13]½[14]): XJM´�
k�2?�N,@o·�o�±
l¥]ÀÑeZ�, P�M1, ¦�M1 ¥��NüüØ�, ¿�#M1 ≥ (#M)/c, ùpc ´

��6Rn���~ê.
Ï�dimH Kh ≥ t > 1,¤±s∗ = dimBKh ≥ dimH Kh ≥ t > 1. �âBox�ê�½Â, k

s∗ = lim
k→∞

log #Nk(h)
k log 2

,

u´, �3��f�{ki}i, ¦�

s∗ = lim
i→∞

log #Nki(h)
ki log 2

.

?�Ú/, �3¿©����êi, ¦�eª¤á,

#Nki
(h) ≥ 2kis0 ≥ 4c � 2ki(s0−s) > 2c/cs

1.

Xþ¤ã, ·��±ÀJNki
(h)���f8N ∗

ki
(h), ¦�N ∗

ki
(h) ���(ki�2?�N)ü

üØ�, ¿�
#N ∗

ki
(h) ≥ #Nki

(h)/c ≥ 2kis0/c. (5)

éu2?�NI ∈ N ∗
ki

(h), Ï�I ∩Kh 6= ∅, ·��:x ∈ I ∩Kh(⊆ Kh). u´�3�ÝÃ
��k�´»e1e2 · · · ek · · · (Ù¥éz�k, ek �ª:´ik), ¦�{x} = limk→∞ Se∗k

(Kik
), ù

pe∗k = e1e2 · · · ek, k

diam [Se∗k
(Kik

)] = (re1 · re2 · · · · · rek
)[diam (Kik

)].

u´�3���6uI ���êN(I), ¦�(
min

e
re

)
· 2−ki ≤ (re1 · re2 · · · · · reN(I))[diam (KiN(I))] < 2−ki . (6)

éI ∈ N ∗
ki

(h), -S(I) = Se∗
N(I)

, e(I) = e∗N(I) � K(I) = KiN(I) . ÏdéuØÓ�I, J ∈ N ∗
ki

(h),
k

S(I)(K(I)) ∩ S(J)(K(J)) = ∅, (7)

ù´du(6)ª9d(I, J) ≥ 2−ki .
Pr(I)´S(I)�Ø ', 5¿�r(I)o´�uc12−ki , ùpc1Xc½Â.
-Φh = N ∗

ki
(h). ?�Ú/, �{Ki}i ´l��ÿ, -Φh = {I ∈ N ∗

ki
(h) : I ∩ {ah, bh} = ∅},

ùpah, bh ´Kh �à:. -Ξh = {e∗ = e(I) : I ∈ Φh}, k∑
I∈Φh

(r(I))s >
(
c12−ki

)s (
#N ∗

ki
(h)− 2

)
> cs

12
−kis

(
2kis0/c− 2

)
> cs

12
−kis(2kis0/c)/2

= (cs
1/2c)2ki(s−s0) > 1,

= ∑
e∗∈Ξh

(re∗)s > 1. (8)
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-Ξ = ∪h∈V Ξh, ·�����#�k�ã(V,Ξ). éuz^>e(I) ∈ Ξ, �3��Ø �
qN�S(I), ÙØ '�r(I).

-B(s) ´�Au(V,Ξ)�m×m 'éÝ
, =

(B(s))i,j =
∑

e(I)∈Ξi,j

(r(I))s.

d(8)ª, B(s) �z�1Ú�u1, |^Perron–Frobenius½n, ·�kρ
(
B(s)

)
> 1. ,��

¡, �s → ∞�, ρ
(
B(s)

)
→ 0. duf(s) = ρ

(
B(s)

)
´ëY�, ¿�´s�î�4~¼ê(�

âPerron–Frobenius ½n), l
�3����êτ ∈ (s,+∞) ÷v

ρ(B(τ)) = 1,

ùpτ > s > 1. y..
54 þãy²��{É©[14, 128–131�] �éu.

3 ½n�y²

�©o´òlγ(⊂ Rn) �§�L«γ : [0, 1] −→ Rn À��Ó.
·�¡lγ �üNl, XJ�3N�f : γ → [0, 1], d1 6= d2 ±90 < t1 < t2 < 1, ¦�é

ux, y ∈ γ, |f(x)− f(y)| = o(|x− y|), (f ◦ γ) 3[0, 1]þüN�

(f ◦ γ)|[0,t1] ≡ d1, (f ◦ γ)|[t2,1] ≡ d2.

-üNl��N�Ω.
Ún3 eγ ∈ Ω, Kγ ´Whitney 8.
y² Ï|f(x)− f(y)| = o(|x− y|) �d1 6= d2, �âÚn1Ú½Â1, �Ún�y. y..
·�ò|^e¡�ü�·K5y²½n1.
·K1 eΓj ∈ Ω �Ei,j 6= ∅, KΓi ∈ Ω.

·K2 �{Γ1,Γ2, . . . ,Γm} ´ã48l, ÷vmini(dimH Γi) > 1, KΩ ∩ {Γ1,Γ2, . . . ,Γm}
6= ∅.

·K1, 2=⇒½n1 b�Ωc ∩ {Γ1, . . . ,Γm} 6= ∅,@o�â·K2, Ø��{Γ1,Γ2, . . . ,Γk} ⊆
Ω�{Γk+1,Γk+2, . . . ,Γm} ⊆ Ωc (1 ≤ k < m).A^·K1,éu?¿�i > kÚj ≤ k,kEi,j = ∅.
dd, {Γk+1,Γk+2, . . . ,Γm} ´{V ′, E ′} þ�k�ãl, ùpV ′ = {(k + 1), . . . ,m}, E ′ = {e ∈
Ei,j : i, j ≥ k + 1}. 2d·K2�{Γk+1,Γk+2, . . . ,Γm} ∩ Ω 6= ∅. u´gñ. y..

·K1�y² b�Γj ∈ Ω, Ï�Ei,j��, �3��Ø N�Se, ¦�Se (Γj) ⊂ Γi.
e¡òy²Γi ∈ Ω.

-Se : Rn → Rn ´��Ø '�re ∈ (0, 1)��qN�. PΓi �à:©O´a, b, ¿PΓj

�à:©O´a, b. -Se (a) = a1 �Se

(
b
)

= b1.
é?¿�½�γ, -γ(x, y) ´ë�xÚy�γ �fl. ÏΓj ∈ Ω, ¤±�3÷ΓjüN�¼

êf : Γj → [0, 1], ±9x1, y1 ∈ Γj , ¦�éux, y ∈ Γj ,

|f(x)− f(y)| = o(|x− y|) � f |Γj(a,x1) ≡ d1, f |Γj(y1,b̄) ≡ d2 (d1 6= d2).
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-Se (x1) = a2, Se (y1) = b2. ¿�γ1 = Γi(a, a1), γ2 = Γi(a1, a2), γ3 = Γi(a2, b2), γ4 =
Γi(b2, b1) ±9γ5 = Γi(b1, b) (�ã1). Pδ = min|i−j|>1 d(γi, γj) > 0.

ã 1:

Xe½Â¼êg : Γi → R:

g (x) =


d1, e x ∈ Γi(a, a2) = γ1 ∪ γ2,
f(S−1

e (x)), e x ∈ Γi(a1, b1) = γ2 ∪ γ3 ∪ γ4,
d2, e x ∈ Γi(b2, b) = γ4 ∪ γ5.

A^Ún1, �I�éug �y(4)ª, =éu÷v|x′ − y′| < δ�:x′, y′ ∈ Γi, ¤á

|g(x′)− g(y′)| = o(|x′ − y′|). (9)

�x′, y′ ∈ Γi ÷v|x′ − y′| < δ, ¿-x′ ∈ γp, y′ ∈ γq. duδ = min|i−j|>1 d(γi, γj), k

p = q ½ö |p− q| = 1.

·�ò©�¹?Ø:
�¹1 �x′, y′ ∈ γ1 ∪ γ2 ½x′, y′ ∈ γ4 ∪ γ5 �, k|g(x′)− g(y′)| = 0.

�¹2 �x′, y′ ∈ γ2 ∪ γ3 ∪ γ4 �, k

|g(x′)− g(y′)| = |f(S−1
e x′)− f(S−1

e y′)| = o(|S−1
e x′ − S−1

e y′|) = o(|x′ − y′|),

u´��(9)ª, ¿d·K1�y. y..
·K2�y² �âÚn2, ���3��(V,Ξ)þ�fIFS÷vρ(B(τ)) = 1, ùpτ > 1

�{B(s)}s∈R+ fIFS�'éÝ
.
�âPerron–Frobenius½n, �3���K��"�þX = (x1, . . . , xm)T ÷v

B(τ)X = X. (10)

ùpX ≥ 0 � X 6= 0. Ø���5, b�é,�h ∈ V, ¤áxh > 0. ·�òy²Γh ∈ Ω.

Ú½1 3{Γi}iþ½ÂÿÝÚ¼ê.
-Ξ∗ ´¤k/Xα = e∗1 · · · e∗k (e∗i ∈ Ξ)�#N´»�8Ü. éu´»α ∈ Ξ∗, ©OPSα

Úrα ´éA��qN�ÚØ '.
�â(10)ª9Ún2�(1), �3{Γi}i þ�Borel ÿÝ{µi}i∈V ÷vµi (Γi) = xi, ¿�éu

?¿�å:�i ª:�j �´»α ∈ Ξ∗,

µi (Sα (Γj)) = (rα)τxj .

5¿�éuù�´»α ±9?¿�flγ ⊂ Γj , ¤á

µi (Sα (γ)) = (rα)τµj(γ). (11)

b�{K ′
1, . . . ,K

′
m} ´�éufIFS�k�ã8. u´µi�| ´K ′

i.
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éz�i ∈ V, �½Γi���à:ai. ½Â��¼êfi : Γi → R, ¦�éuz�x ∈ Γi,

fi (x) = µi [Γi (ai, x)] , (12)

ùpΓi (x, y) ´ë�x Úy �Γi �fl. ùp

|fi (x)− fi (y) | = µi [Γi (x, y)] (13)

ÏdfiüO¼ê, �fh Ø´~ê, ù´Ï�µh(Γh) = xh > 0. Ï�K ′
i Ø�¹Γi �?Ûà:,

¤±fi 3Γi�à:NC´~�. �â(11), (12)Ú(13)ª, k

|fi(Sα(x))− fi(Sα(y))| = (rα)τ |fj(x)− fj(y)|. (14)

3lΓj þ, ��pØ���fl⋃
q

{Se∗(Γq) : e∗ ∈ Ξj,q} = Πj ,

§�þØ�¹Γj �à:.

u´��÷ve¡^��fl©)Γj =
⋃2(#Πj)+1

t=1 γ
(j)
t :

(1) γ
(j)
t ∈ Πj ��=�t ´óê;

(2)XJt ´Ûê, Kµj(γ
(j)
t ) = 0;

(3)�|t− t′| > 1 �, γ
(j)
t ∩ γ

(j)
t′ = ∅;

(4) éz�t , γ
(j)
t ∩ γ

(j)
t+1 ´ü:8;

(5) Γj �à:�¹3γ
(j)
1 ½γ

(j)
2(#Πj)+1 S.

Ú½2 éux, y ∈ Γi,�O
|fi(x)−fi(y)|

|x−y| .

?�ØÓ�:x, y ∈ Γi, ·���^���k�´»α ∈ Ξ∗, ¦�x �y Ó�¹3Sα(Γj)
S(α �U´�i). ©OPx′ = S−1

α (x), y′ = S−1
α (y)(∈ Γj), ¿�x′ ∈ γ

(j)
t , y′ ∈ γ

(j)
t′ . 3þãb

�e, e¡�/´Ø�UÑy�: t = t′ �γ
(j)
t ∈ Πj .

e¡ò©n«�¹?1?Ø.
�/1 t = t′�γ

(j)
t /∈ Πj . Ï�µj(γ

(j)
t ) = 0, ¤±

|fi(x)− fi(y)| = (rα)τ |fj(x′)− fj(y′)| ≤ (rα)τµj(γ
(j)
t ) = 0.

�/2 |t− t′| > 1. ·�k|x′ − y′| ≥ min|t1−t2|>1 d(γ(j)
t1 , γ

(j)
t2 ), ¿�

|x− y| = |Sα(x′)− Sα(y′)| = rα|x′ − y′| ≥ rα

[
min

|t1−t2|>1
d(γ(j)

t1 , γ
(j)
t2 )

]
,

ùÒL²rα ≤ |x− y| /[min|t1−t2|>1 d(γ(j)
t1 , γ

(j)
t2 )]. Ïd

|fi(x)−fi(y)|
|x− y|

=
|fi(Sα(x′))− fi(Sα(y′))|

|Sα(x′)− Sα(y′)|
=

(rα)τ |fj(x′)− fj(y′)|
rα|x′ − y′|

≤ (rα)τ−1µj(Γj)
[

min
|t1−t2|>1

d(γ(j)
t1 , γ

(j)
t2 )

]−1

≤|x−y|τ−1
µj(Γj)

[
min

|t1−t2|>1
d(γ(j)

t1 , γ
(j)
t2 )

]−τ

.

¤±, éuT�/��
|fi(x)− fi(y)| = o(|x− y|).
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�/3 |t− t′| = 1.

·�b�t′ = t + 1 �t′ ´óê. �γ
(j)
t+1 = Se∗(Γp) ⊂ Γj , Ù¥e∗ ∈ Ξ. u´, Γp =⋃2(#Πp)+1

u=1 γ
(p)
u . ·��γ

(j)
t ∩ γ

(j)
t+1 = {z′}. Ø���5, -z′ ∈ Se∗(γ

(p)
1 ).

XJy′ ∈ Se∗(γ
(p)
1 ), @o

|fj(x′)− fj(y′)| = µj(Γj(x′, y′)) = µj(Γj(x′, z′)) + µj(Γj(z′, y′)) = 0 + 0 = 0.

Ïd, k
|fi(x)− fi(y)| = (rα)τ |fj(x′)− fj(y′)| = 0.

XJy′ /∈ Se∗(γ
(p)
1 ),@o|fj(x′)− fj(y′)| = µj(Γj(x′, y′)) ≤ µj(Γj),¿�|x′−y′| ≥ minu>1(γ

(j)
t , Se∗(γ

(p)
u )).

�ì�/2�y², ·����

|fi(x)− fi(y)| = o(|x− y|).

nÜþã2�Ú½, �
|fh(x)− fh(y)| = o(|x− y|),

ùpfh ��3γ
(h)
1 ½γ

(h)
2(#Πh)+1 þ�~ê. éuà:a, b, ·�k

|fh(a)− fh(b)| = µh(Γh) = xh > 0.

ÏdΓh ∈ Ω. y..

ë � © z
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