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� � 
 T �� 
, V � T !"#$. % dv � v ∈ V !&, Δ � T !�'"
#&. 
 w ∈ V � dw = 1. % k = ew + 1, �( ew � w ! excentricity. 
 δ′j =

max{dv : dist (v,w) = j}, j = 1, 2, . . . , k − 2, �)�* μ1(T ) < max1≤j≤k−1{
�

δ′j − 1 +

δ′j +
�

δ′j−1 − 1}+ λ1(T ) < max1≤j≤k−1{
�

δ′j − 1 +
�

δ′j−1 − 1}. �( μ1(T ) + λ1(T ) ,
-� T ! Laplacian .�+/0.�!�'���. �-1, % δ′0 = 2.
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Abstract Let T be a tree with vertex set V . Let dv denote the degree of v ∈ V
and let Δ denote the largest vertex degree of T . Let w ∈ V such that dw = 1.
Let k = ew + 1 where ew is the eccentricity of w. For j = 1, 2, . . . , k − 2, let δ′j =

max{dv : dist (v,w) = j}. We prove that μ1(T ) < max1≤j≤k−1{
�

δ′j − 1+ δ′j +
�

δ′j−1 − 1}
and λ1(T ) < max1≤j≤k−1{

�
δ′j − 1 +

�
δ′j−1 − 1}, where μ1(T ) and λ1(T ) are the largest

eigenvalue of the Laplacian matrix and the adjacency matrix of T . Specially, we denote
that δ′0 = 2.
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1 ;<=>?
� G = (V,E)�@	
�AB�
�,� G����C��������C���DA(G)

� D(G). � G � Laplacian �C� L(G) = D(G) − A(G), E� A(G) � L(G) �����C.
L(G) � A(G) �F� GH���D μ1(G) � λ1(G). � dv � v ∈ V ��, d(v, u) ��� v

!�� u �"#.
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� T �@	5, 6 max{d(v) | v ∈ V (T )} = Δ. Stevanović PQ [1, 78 1] RS9:
μ1(T ) < Δ + 2

√
Δ − 1 (1)

�

λ1(T ) < 2
√

Δ − 1. (2)
;�<, (2) =FT�U Godsil PQ [3, 78 3] R>?�, V@ Stevanović WAB�CDS

9: (2) =.
XEF��@	�� u � excentricity �G u !��HIJY���F�"#.
� u ∈ V (T ) 6 du = Δ. � k = eu + 1, V@ eu � u � excentricity. � δj = max{dv :

dist (v, u) = j}, j = 1, 2, . . . , k − 1, Rojo PQ [2, 78 3] RS9:
μ1(T ) < max

{
max

2≤j≤k−2
{√δj − 1 + δj +

√
δj−1 − 1},

√
δ1 − 1 + δ1 +

√
Δ,Δ +

√
Δ

}
(3)

�
λ1(T ) < max

{
max

2≤j≤k−2
{√δj − 1 +

√
δj−1 − 1},

√
δ1 − 1 +

√
Δ

}
. (4)

Q [2] Z? “FK, XELM
√

δj − 1 + δj +
√

δj−1 − 1 ≤ Δ + 2
√

Δ − 1 � j = 2, 3, . . . , k − 2.√
δ1 − 1 + δ1 +

√
Δ ≤ Δ + 2

√
Δ − 1 Æ: δ1 = Δ

� √
δj − 1 +

√
δj−1 − 1 ≤ 2

√
Δ − 1 �j = 2, 3, . . . , k − 2.√

δ1 − 1 +
√

Δ ≤ 2
√

Δ − 1 Æ: δ1 = Δ.

[N, Æ: δ1 = Δ \], U (3), (4) =>?�^<OP Stevanović U (1), (2) =>?�<OQ.”
RQS>?<O (3), (4) =�@	TU. �VTU:�^<O, AW� δ1 = Δ X� δ1 < Δ,

I_PU (1), (2) =>?�<OQ.
� Tk �@	Y` k Z[\�]5, ^_`@\R���`aB��. � dk−j+1 �a j \

(b]��"#� j − 1) R����, j = 1, 2, . . . , k.
� Lj � k × k ��b��c�C Lk � j × j cdeC, j = 1, 2, . . . , k − 1. V@

Lk =

⎛
⎜⎜⎜⎜⎜⎜⎝

1
√

d2 − 1 0 · · · 0 0√
d2 − 1 d2

√
d3 − 1 · · · 0 0

0
√

d3 − 1 d3 · · · 0 0
· · · · · · · · · · · · · · · · · ·
0 0 0 · · · dk−1

√
dk

0 0 0 · · · √
dk dk

⎞
⎟⎟⎟⎟⎟⎟⎠

,

d� Aj � k × k ��b��c�C Ak � j × j cdeC, j = 1, 2, . . . , k − 1. V@

Ak =

⎛
⎜⎜⎜⎜⎜⎜⎝

0
√

d2 − 1 0 · · · 0 0√
d2 − 1 0

√
d3 − 1 · · · 0 0

0
√

d3 − 1 0 · · · 0 0
· · · · · · · · · · · · · · · · · ·
0 0 0 · · · 0

√
dk

0 0 0 · · · √
dk 0

⎞
⎟⎟⎟⎟⎟⎟⎠

.

XE� σ(M) ��C M �e.
fg 1 (fQ [2, gW 2]) μ1(Tk) ∈ σ(Lk) 6 λ1(Tk) ∈ σ(Ak).
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3 nopq
� T �@	5, I�F����� Δ. � w � T �@	��6 dw = 1. � k=ew + 1, V@

ew � w � excentricity. � δ′j = max{dv : dist (v,w) = j}, j = 1, 2, . . . , k − 1. E� δ′k−1=1. �
T ′

k �@	Y` k Z[\�]5, w �I�]�6`@\R���`aB��. T �a j \R�
���� δ′j−1, j = 2, 3, . . . , k. E�, T � Tk �@	r?e�.

rg 2 � T �@	5, w � T �@	 1��. � k = ew +1, V@ ew � w � excentricity.
� δ′j = max{dv : dist (v,w) = j}, j = 1, 2, . . . , k − 1, st

μ1(T ) < max
1≤j≤k−1

{√
δ′j − 1 + δ′j +

√
δ′j−1 − 1

}
(5)

6
λ1(T ) < max

1≤j≤k−1

{√
δ′j − 1 +

√
δ′j−1 − 1

}
. (6)

V@ δ′0 = 2.
st � Tk �Y` k Z[\�]5, 6 Tk �`@\R���`aB��, w �I�]�

6 dw = 1. � Tk �a j \R����� δ′j−1, j = 2, 3, . . . , k, st, T � Tk �@	r?e�.
Uu8 1 _ μ1(L(Tk)) ∈ σ(L′

k) 6 λ1(A(Tk)) ∈ σ(A′
k). V@ L′

k � A′
k �vu k × k �C

L′
k =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
√

δ′k−2 − 1 0 · · · 0 0 0√
δ′k−2 − 1 δ′k−2

√
δ′k−3 − 1 · · · 0 0 0

0
√

δ′k−3 − 1 δ′k−3 · · · 0 0 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 · · · δ′2

√
δ′1 − 1 0

0 0 0 · · · √
δ′1 − 1 δ′1 1

0 0 0 · · · 0 1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

�

A′
k =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
√

δ′k−2 − 1 0 · · · 0 0 0√
δ′k−2 − 1 0

√
δ′k−3 − 1 · · · 0 0 0

0
√

δ′k−3 − 1 0 · · · 0 0 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 · · · 0

√
δ′1 − 1 0

0 0 0 · · · √
δ′1 − 1 0 1

0 0 0 · · · 0 1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

U Gershgorin 78_

μ1(Tk) < max
{

max
2≤j≤k−2

{√
δ′j − 1 + δ′j +

√
δ′j−1 − 1

}
,
√

δ′1 − 1 + δ′1 + 1
}

= max
1≤j≤k−2

{√
δ′j − 1 + δ′j +

√
δ′j−1 − 1

}
,

6

λ1(Tk) < max
{

max
2≤j≤k−2

{√
δ′j−1 +

√
δ′j−1−1

}
,
√

δ′1−1 + 1
}

= max
1≤j≤k−2

{√
δ′j−1 +

√
δ′j−1−1

}
.
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V@� δ′0 = 2. [D T � Tk �@	r?e�, μ1(T ) ≤ μ1(Tk) 6 λ1(T ) ≤ λ1(Tk). [V, (5) �
(6) =vw.

[D δ′j ≥ 2, j = 1, 2, . . . , k − 2. E�
√

δ′j − 1 + δ′j +
√

δ′j−1 − 1 ≤ Δ + 2
√

Δ − 1, j = 1, 2, . . . , k − 2. (7)

6 √
δ′j − 1 +

√
δ′j−1 − 1 ≤ 2

√
Δ − 1, j = 1, 2, . . . , k − 2. (8)

Q [2] Rxy]� u �F���, z du = Δ, 6 δ1 = max{dv : dist (v, u) = 1}. [V, Æ
: δ1 = Δ \], U (5) � (6) >?�<OP Stevanović U (1) � (2) >?�<OQ. {AW�
δ1 = Δ X� δ1 < Δ, <O (7) � (8) |wP<O (1) � (2) Q.

x 1 � T @	5, }� 1. st Δ = 3, ew = 4, k = 5, δ′1 = 3, δ′2 = 2, δ′3 = 3, δ′4 = 1. y
w yD]�, z�{�]5 T5 }� 2

�

�

� � �

�

�

� �

�
�

�
�

�
�

�
�

u

w

~ 1 T

�

�

� �

� �

� � � �

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

w

u

~ 2 T5

V@

L′
5 =

⎛
⎜⎜⎜⎜⎝

1
√

2 0 0 0√
2 3 1 0 0

0 1 2
√

2 0
0 0

√
2 3 1

0 0 0 1 1

⎞
⎟⎟⎟⎟⎠
6 A′

5 =

⎛
⎜⎜⎜⎜⎝

0
√

2 0 0 0√
2 0 1 0 0

0 1 0
√

2 0
0 0

√
2 0 1

0 0 0 1 0

⎞
⎟⎟⎟⎟⎠

.

[V μ1(T ) ≤ μ1(T5) < 4 +
√

2 6 λ1(T ) ≤ λ1(T5) < 1 +
√

2. U (1) � (2) =>?�<O�
μ1(T ) < 3 + 2

√
2 6 λ1(T ) < 2

√
2. }�yF����\@ u (eu=3) yD]�, z�{�]5

T4 �}� 3
�

� � �

� � �

� � � � � �

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

u

~ 3 T4

U (3) � (4) =>?�<O� μ1(T ) < 4 +
√

2 6 λ1(T ) < 1 +
√

3.
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